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Iterated Function System in ()— Metric Spaces

Shaimaa S. Al-Bundi

ABSTRACT: Fractals have gained great attention from researchers due to their wide applications in engineering
and applied sciences. Especially, in several topics of applied sciences, the iterated function systems theory has
important roles. As is well known, examples of fractals are derived from the fixed point theory for suitable
operators in spaces with complete or compact structures. In this article, a new generalization of Hausdorff
distance hg on H(2), H(Q) is a class of all nonempty compact subsets of the generalized b—metric space (€2,
dp). Completeness and compactness of (H (Q2),hy) are analogously obtained from its counterparts of (2,
dy). Furthermore, a fractal is presented under a finite set of generalized p-contraction mappings. Also, other
special cases are presented.
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1. Introduction and Preliminaries

The important objects in the fractals field are the theory of the Iterated function system (IFS) and
supplied powerful tools for the search of fractals. They are applied for both generating and modeling of
very irregular forms. As it’s known, a fractal is the attractor of the IFS. Interesting results in this field are
found, for example, in [1,2,3,4,5]. (IFS) is developed by Hutchison (1981) [6], and Barnsley and others
(1985, 1986, 1988) [2,7,8]. Many papers worked on the fixed point theory in different types of general
metric spaces such as, [9,10,11,12,13,14,15,16,17,18,19,20]. Here, we construct a fractal set of (IFS), in a
generalized b—metric space as the invariant set of a Hutchinson operator. This operator induced by the
generalized pF —contraction mappings. The obtained fractal is the successive iterations of a generalized
pF—Hutchinson operator. Now, let Q be a nonempty set and § : Q x Q — [1, oo) be a function, we
recall the following:

Definition 1.1. [18] ”If a function dy : Q x Q@ — [0, o0) satisfies the following:
forallp, q, v € Q

1.dy (p, 9) =0<=p=q
2. dy (p, ¢9) = dy (¢, p)
8.dy (p, @) < O(p, @) [dg (p, )+ dp (r,9)]

Then, the pair (Q, dg) is called an extended b-metric (shortly, O- metric space). The following diagram

s true, let b > 17

. O(p, q)=b . b=1 .
(- metric spaces (:g b-metric spaces = metric spaces.

Example 1.2: [12] ”Let @ = C([a,b], R) be the space of all continuous real-valued functions defined
on [a, b].

Note that  is complete extended b-metric space by dy (a,b) = supye(, 4P (t) — o

with 0 (p,q) = |p (t)] + |q (t)| + 2 where 0: Q x Qx — [1,00).”
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Remark 1.2. [16]

(i) The dy -metric function may be discontinuous.
(i) A convergent sequence has a unique limit,

(iii) Each convergent sequence is Cauchy”

Definition 1.3. [16] A sequence {p,} C Q is said to be:

1. Converge to a point p € Q if Ve >0, 3 ke N >dy (pn, p) < eVn >k
2. Cauchy sequence if Ve >0, AN = N(e)> dy (pm, pn) < €, Vm,¥n > N.

3. If any Cauchy sequence < p,, > C Q converge to p € Q then Q is called complete O-metric space.”

We reform the Hausdorff distance [2] in the case of (- metric spaces.

Definition 1.4. [16] Let H(Y) be the class of all compact subsets of Q). The extended Hausdor(f distance
hy between A and B in H(Q) is,

h@ (A, B) = max{ d@ (A, B), d@ (B, A)},
where dy (A, B) = suppeAd@ (p, B) = suppe At f e pdo (p, q)-

Examplel.6: Consider Q = R with dg (p, q) = (p— q)2, p,q € Q, then Q is — metric space with
D(p,q) =2, let A = [0, 20, B = [32, 50].

We find that sup,c 5 dy (p, B) = sup,epdy (20, B) = dy (20, 50) = 30% = 900.

Similarly, sup,c 4 dg (¢, A) = sup,cadp (32, A) = dy (32,0) = 322 =1024.S0, hy (A, B) = 1024.
Throughout this article () is symmetric, bounded above,

(Z) (pa B) = infqu(Z)(pv q)

and
0 (A, B) = sup,cA0(p, A).

From Definitions 1.1 and 1.4, directly getting the following;:
Lemma 1.5. For all A, B, C, D € H(Q), the following hold:
1. dy(p, B)=0iff p € B.
2. dy(A, B)=0iffAC B.
Jae A>d(p,A) =d(p,a)

If BC C, then sup,c 5 dy(a, C) < sup,ca dy(a, B)

AR

SUPpecaU B d@ (pa C) = max{supaeA d@ (CL, C)a SUPye B d@ (bv C)
hg (A U B,C U D)< max{hy(4,C), hy(B,D)}.

>

7. dg(p, B) < hg(A, B), for allp € A.

8. dy (p,A) < 0(p, A) (dy (p, @) + dy (g, A)), where q € Q.

9. Forr>1anda€ A, 3 be B >dy(a,b) <r implies that hg(A. B) <1 .
10. Forr >1 and a € A,3b € B > dy(a,b) < r implies that hg(A.B) < r.

11. dy(p, A) = 0 if and only if p € A, where A is the closure of A.
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2. The Fractals space (H (Q2), hg)
We will benefit from the work that appeared in [15] and [16] in the following:
Proposition 2.1. hy is - metric on H(Q).

Proof. We prove the conditions (i-iii) in Definition 1.1 are satisfied. Since sup,c4 dp(a, B) > 0,
supyep dg (b, A) >0, then hy (A, B) = max{sup,c4 dg (a, B), sup,cpg dg (b, A)} >0V A, Be H(Q).
For (i), suppose hg (A, B) = 0 this means

supgea dg (a, B) = supyep dy (b, A) =0 by Lemma 1.5, we see AC B, BC A, so A= B.

Now, suppose A = B = A C B, B C A by Lemma 1.5 we find sup,c4 dp(a, B) = 0 and
suppep dp (b, A) =0 = hy (4, B) =0.

The (ii) is proved from the symmetry of Definition 1.1

hy (A, B) = maz{sup,c4 dy (a, B), sup,cp dy (b, A)}

= max {SupbeB d@ (bv A) y SUPgec A d@ (CL, B)}
=hy (4, B).
The final property (iii) is proved from Definition 1.4 and Lemma 1.5. Let o’ € A, ¢/ € C > dy (d/,¢) =
do (a',C)
Now, dy (a', B) = inf,cpdy (a’,b")

< infrepll (a',0) [dg (', ) + dy (¢, 0)]]
=infrepl(a,b)dy(a',c) +inf,cgb(a’,b)dy (c,b)
=[0(a’, B)[dy (a',¢') +dy (¢, B)]
<0(d',B)[dy(a',C)+dy (', B)]

Take a sup over a’, we get
dy (A, B) < 0 (A, B) [dy (A, C) + dy (C, B)]

< (0 (A, B) [max(dg (A, C) ,dy (C, A)) + max(dy (C, B) ,dy (B, C))]

= @(AvB) [h(z) (A,C) +h@ (CvB)]

Similatly, dg (B, A) = 0 (B, A) [hy (C, B) + hy (A, C)]
Therefore, hg (A, B) < hy (A, C) + hy (C, B).
Now, let A € H(2) and € > 0 define the set A+e={p e Q, dy(p, 4) <€} O

Proposition 2.2. Let Q be a (- metric with continuous metric dy then:
1. A+ e closed set if A € H(Q),
2. hy(A, B) <e <= ACB+ecand BC A+e, for any A, B in H(Q).

Proof. For (i), let p € A+ ¢ (closure of A+¢€). Then, 3 {p,} C (A+e)\Ap}, pn— D
So dy (pn,A) <€, ¥n
By Lemma (1.5-iii), Vn, Ja, € A > dy (an, A) = dg (pn, an). Thus, dy (pn,an) < €, VYn. By compactness
of A, there is a subsequence {a,,} converges to a € A. Since p, — p then the subsequence {py, }
converge to p.
by continuity of dy, we get dy (pn,,, an,) — dp (p,a) and dy (pp,, an,,) <€, k.
This implies that dy (p,a) < e. Then dy (p, A) <e. So, p € A+ ¢ which means that A + € is closed set.
For (ii), it is sufficient to prove that dy (B, A) < ¢ & B C A+ ¢ and by symmetry dy (A, B) <
e & A C B+e€hold. Suppose B C A+¢ & Vg € B,dg(q, A) < ¢ (by definition of +¢ ), so,
supdy(p, B) <€< dy(A, B) < €.

O
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Proposition 2.3. Let Q be a 0 - metric w.r.t. continuity of dy,{An,} be a subsequence of a Cauchy
sequence {An} C H(Q) and {p}, } be a sequence in Q > pl, € An,,Vk. Then, there is a Cauchy sequence
{a,} ¢ Q>€ A,Vn and q,,, = p;,, , k.

Proof. Fix no,q;b =0, Vn, ng_1 <n <ng, we use Lemma (1.5-iii) to have q;L €A, >dy (p;Lk, An) =
dy (Pln,c, q;z)~

Then, by definition of (-Hausdorff distance, we find dy (plnk, q;l) < hy (Ap,, Ap). Since p;k € A,
then dy (p;lk, q;“c) = dy (p;k, Ank) = 0. It follows that q;“c = p;k, Vk. Let ¢; > 0, since {p/nk} is

a Cauchy sequence — 3J € N 3 d (p;k, p;j) < e, Vk,j > J. Since {A,} is a Cauchy sequence

= 3JL>nk > hy( An, An) < €1, Yn,m > L.
Suppose that n,m > L = Jk,7 > J 3> np_1 < n < ni and n;—; < m < ny, so, by Definition 1.1,
definition of hy and boundness of () getting that

Ao (0 020) <0 (00,0 ) [o (41090, ) + o (P00
<0 (q;,q;n) [dy (q;ap;k) +0 (p;k,qin) [dw (p;,c,p;j) +dy ( P, ,q;n)}]
= (qn, qm) dy (pnk, n) +0 (q;, q;n) 0 (p;k,q;n) [dy (p;k,p;j) +dy (p;j,Am) ]
< (qn, qm) Apyr An) +0 (q;, q;n) 0 (p'n,c,q;n) [dy (p'n,c,p'nj) +hy (An;s Ar) |

< Mey + M?[e; + 1], as n,m, k — oo, and Mis positive bound of ()

/\

(2M? + M)e; = €

This completes the proof. O

Proposition 2.4. Let Q, O and dy in Proposition 2.3 and {A,} be a sequence in H () and A = {p €
Q: Hpn} converges to p and p, € Ay, Vn}. If {An}is Cauchy sequence, then O # A closed.

Proof. to prove A # (). Since {A,,} is a Cauchy sequence, Ini, Vn € N 3 hy (A, An) < % VYm,n. Let
Pny € Anl-

since hg is (- metric then, we can choose pp, € Ay, 2 dy (PnysPny) = dp (Pny s Any) then dy (Pny, Pry) <
dy (Any, Any) < hg(Apy, Any) < % Continuing in this way, we get {pn,} > pn, € An, Yk and
dp (P Priss) < hp (Angs Anyyy) < 35 This implies that {p,, } is Cauchy sequence and py, € A,,,Vk by
Proposition 2.3 3{q,, } € Q, {q,} Cauchy sequence > g, € A, and g,,=p,, , Vk. By completeness of
Q, ¢, — q — Q.Since ¢, € A,, Vn, then by definition of A, q € A, i.e. A # (). To prove A is closed,

we can follow the first part of the Proposition 2.2 and then using Proposition 2.3. O

Now, to prove that A € H (Q2), it only remains to prove that A is totally bounded. To get those results,
the following proposition is required .

Proposition 2.5. Let 2, § and dy in Proposition 2.3 and {Cy,} be a sequence of totally bounded sets in
Qand C CQ. IfVe >0, Ik e N> C C C + €. Then C is totally bounded.

Proof. Let € > 0. Choose € N > C' C () + 7 . Since Cy is totally bounded == there is a finite set
{pi:1<i<L}>p; €CjandCj C U@ 1 B(pl, £). By rearrangement of p;’s such that B(p;, §)NC # 0
for 1 <i < Land B(p;, $§)NC =0 for L <i. ThenVi, 1 <i < L,let ¢ € B(p;, §)NC. We
claim that C' C UiLZIB(qi,e) SLlet a € C, then a € Cy + § = dy(a,Cy) < § By Lemma (1.5-
iii) 3p € Cx 3 dy(a,p) = dy(a,Ck). Then finding that dg(a,p;) < 0(a,p;)[dg (a,p) + dg (p,pi)]
< M[$+ 5§ <e= ac B(p ¢), for some 1 < i < L. Since ¢; € B(p;, §) N C we have dy (a,q;) <
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0 (a,q:) |dp (a,pi) + dg (piy ;)] < M [6 + %} < €= a € B(qg,e¢) then it follows that C' C UiL:1 B (gi,¢€), so,
C' is totally bounded.
O

Now, we can give the main results:
Theorem 2.6. Let Q, () and dy as in Proposition 2.5. If (,dy) complete then (3 (), hy) is complete.

Proof. Let {A,} be a Cauchy sequence in H (Q) and A = {p € Q : I{p,} converges to p and p, €
A,, ¥Yn}. We want to prove A € H (Q) and {A, } converges to A. By proposition 2.4, A # @ and
nonempty. Let e > 0, since {A, } is Cauchy sequence then 3r > 0 > dy (A, An) < € ¥V n,m > r. By
Proposition 2.2, we get A,, C A, +¢, Vm >n>r. Let a € A, we want to prove a € A, + ¢, fix n > r,
since A is the set of all points p € Q and {p,} — p, pn € A, then IH{p;} s.t. p; € A; Vi = {p;} — a.
By Proposition2.4, A,, + € is closed, since p;€ A, + ¢ Vi = a € A, + ¢ this mean A C A, + e.
By Proposition 2.5, A is totally bounded, A is complete since it is closed subset of a complete space,
A # ()= Ais compact and A € H (Q2). Let € > 0, to show that {4} converges to A € H (), we must
prove 3r > 0 3 dy (A, A) <e, Vn>r, AC A, +eand A, C A+ e by Proposition 2.2. From the first
part of our proof, Ir s.t. AC A, +¢,Vn>r

To prove A, C A+, let € > 0. Since {A,} Cauchy sequence, we can choose r > 0 3 dy (Am, An) <
s vm,n > 7 and 3 {nl} be a strictly increasing sequence of positive integers s.t. nq > r, dy (A, Ayn) <
€271 ¥m,n > n;. Now, we can use Lemma (1.5- 111) to get the following:

Since 4, C A, + 2M ; Iny € Ay 3 dy (q,0n,) < 5%

Since A, € A, + 4M2 s 3Pn, € Any 3 dg (PnysDPny) < 41612.

Since Ay, € Any+ gipm » s € Ang 2 do (Pnay Prs) < ;-

By continuing this way, we have a sequence {pn }, Vi > 0 then p,, € A,, and dy (pm,pmﬂ) < serapeT
Then {p,} is a Cauchy sequence, so by Proposition 2.3 the limit of the sequence a is in A. Also,

dp (¢:7n,) <0 (q:pn,) [do (@:2n,) + do (PrysPp,)]

< M[m + d@ (p"ﬁpni)]

+ M0 (g,p,.) [do (PrysPrs) + do (PrssPn,) ]

+M2 |:4M2 + d@ (pnzvpn1):|

St 4=

€

4 2t

Since, dy (q,pm) < e Vi, it follows that dy (¢,a) < € and therefore ¢ € A + €. Thus we know that there
exists 7 2 A, C A+e¢, so 1t follows that dy (A, A) < € Vn > r and thus {4, } — A € H (). Therefore,
(Q,dp) is complete, then (H (), hg) is complete. O

3. IFS for F-contraction mappings
Recall the following collection F, F : [0,00) — (00, —c0), F € Fif

Vo, 0 €[0,00)> v<d= F(y) <F(9). ...(1a)
V {7,,} € (0,00), limy, 00 F(7,) =0 <= —cc. ...(1b)
Ir € (0,1) 3 lim, 0+ £ (7) =0 (1)

Let p={p : Ry — Ry; liminf,_,, p(t) >0Vt > 0}. Now we defined generalized F-contractive (or
p-contractive):
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Definition 3.1. A self-mapping f on Q is called p-contractive, ¥ p,q € Q, IF € F, Jp € pu >

w(dy (p,a)) + F (do (fp, f@)) < F (do(p,q)) --. 2
where dy (fp, fq) > 0.
Especially, if p is a single constant element p then (1.1) will be

p+F (do (fp, fa)) < F (do (p,q)) .3
and called p-contractive.

Note: From (1la) and Definition (3.1), every p-contractive is contractive and hence is continuous.

Theorem 3.2. Let f: Q — Q be p -contractive. Then [ : H(Q) — H(Q) is u —contractive when
F(C)={f(p) : p€C} for any C" € H(Q).

Proof. : Firstly, by the continuity of f and compactness of C, we get f (C) € H ().
Now, C', D € H () and hg(f (C"), f (D)) # 0. Then we have

dy (fp, [ (D)) =inf,ep do (fp, fq) <inf,ep dg(p,q) = dy(p, D)

In addition,
dy (fp, f(C")) = infpec do (fp, f@) < infypec do(q:p) = dp(q, C")
Now,
ho (f (C"), f (D)) = max{sup,cc do (fp, f (D)), supgep do (fp, f(C))}
< {suppeC d@ (pv D) ) SUPgeB d@ (Qa f (C/))} = h@ (C/v D)
By (1a), we get
F (ho (f(C"), f(D))) <F (hy (C', D))

So, I+ Ry — Ry liminf, o p(t) >0Vt >0 > p(hy(C',D))+ F(hy(f(C),f(D))) <
F (ho (C', D))
Therefore, f: H (2) — H () is p -contractive.

O

Definition 3.3. Let {f,:n=1,2,...,k}, k € N is MF -contractive Q and T : 3 () — H(Q) by
T(E)= Uﬁzl fu( E), ¥V E € XH(Q) then T is called hy- Hutchison- Barnsley operator on H ().

Theorem 3.4. The hy — H Boperator (shortly, hy — HB) is p —contractive.

Proof. We claim that k = 2. Let fi1, fo be two F - contraction defined as fi, fo: Q — Q, let C', D €
H (Q) with hy(T(C"),T (D)) # 0.From Lemma (1.5-vi), we get the following

p(ho (C', D)) + F (ho (T(C),T(D))) = pu(hg (C', D))+ F (ho(f1 (C)U f1(C), (f2(C) U f2(C))) <
1 (hg (C'; D)) + F (max{hg(f1(C"), fr (D)), hg(f2(C"), f2(D)}) <F (hy (C", D)).

As a consequence, T is hy — H Boperator. O

In the following, the generalization of condition (2) is presented.

Definition 3.5. Let T : H(Q) — H(Q) is p -contractive if F € F, p € p, C',D € H(Q),
ho (T(C'), T (D)) £0,

# (O (O D)+ F (1 T ()3 (D) < F (07 (T, D) . (1)

where

ho (€7, T(D) + hy (D, T(C"))

My (Clv D)zmax{h@ (Cla D) »ho (C/vT(C/))ahQ (Daj'(D))a 20 (C, D) )

hg (T2(C"),T(C") . ho (T2 (C"), D) hg(T” (C") T (D))}
Then T is called Ciric type p -contractive
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Theorem 3.6. Let {f, :n=1,2,...,k} is Ciric type p —contractive  and T : H () — FH () by
k
TA) = (A, YAEH(Q).
n=1

Then T is a Ciric type p -contractive on H (§2).

Proof. Using Definition (3.5) and (1la), we get T is a Ciric type p —contractive. O

An important result is the following:
Theorem 3.7. Let T is hg- H — B operator on H (Q) w.r.t. family {f;},—, then
1. T:H(Q) — H(Q) is be T(A) = Uszl fun(A), Y A € H(Q) is Ciric p-contractive.
2. T has a unique fized point Ve H(Q)>3V= T(V)= Ui:l fn(V)
3. A is initial set, the sequence Ag € H (Q), {Ao, T (Ao),T? (Ao),...} of compact sets converges to
a fized point of T.

Proof. Part (i) follows from Theorem (3.6). For parts (ii) and (iii), let Ag € H (Q?) , if Ao = T (Ap) the
proof is complete. Now, suppose that Ag # T (Ap), let A1 = T (Ap) , A2 =T (A1),... Amg1 = T (Am) for
m € N and Ay # T(Ag). Let Ay = T(Ap), Ax = T(A1), ..., Amt1 = T(Ap) for m € N. If
Ay = T (Ag41) for some k. So, the proof is also complete. Now, we take A, # T (Apmt1) , VmeN.
Form (2), we get

w (M,u (Amv Am+1)) + F (hQ) (-Am+1a-Am+2)) = p (Mu (-Ama ‘Am+1)) + F (h(Z) (‘AmwAm+1))

S F (MP« (‘Ama Am+1))

where
Mll (‘Am, ‘Am+1) = max{h@ (‘Am, ‘Am+1) 7h® (‘Amv T(‘Am) s h@ (‘Am-‘rlv T(‘Am-l-l)) )

h@ ((‘Am’ {I(‘Aerl) + h@ (‘Aerlv r‘T(‘Am))
20 (A, A1) ’

ho (T2 (Am) s T (Am)) s ho (T2 (Am) s Amar) s ho (T (Am) , T (Am1))}

h(Z) (‘Am+1a -Am+2) + h(Z) (-Am+1a -Am+1)
2@ (-Ama -Aerl) ’

ho(Amt2, Amt1), ho(Amt2, Amt1), ho(Amt2, Am2)
= max{hy (Am, Am+1), hp (Amt1, Ami2)}

= max{h@ (.Am, .Am+1) ,h@(.Am, .Am_;,_l), h@(.Am+1, .Am+2)},

In case,
Mlt (‘Aﬂu -Am—i-l) = h@ (‘Am+17 ‘Am+2)7 we get

F (h’@ (‘Am+17‘Am+2)) S F (h@ (‘Am—i-l;-Am—i-Q)) - ,Uh(Z) (Am+17~Am+2)

a contradiction as phy (Amt1, Amt2) >0
Therefore, M, (Am, Amt1) = hg (Am, Ams1) , hence

F (hy (Amt1, Amr2)) < F (hg (Am, Am1)) — pthe (Am, Ams1) < F (hg (Am; Am1))

So, {hg (Am+1, Am2)} is decreasing and therefore convergent
Now, we show lim,, o0 by (Amt1, Amt2) = 0 . By the property of u, 3 ¢ > 0 with np € N
S hy (Am, Ams1) > ¢ for m > ng. So,

F (g (Ams1, Amy2)) < F (hg (A, Ame1)) — pho (Am, Amr)
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F (ho (Am—1,Am)) — plhy (Am-1,Am)) — phy (Am, Ami1)
< hy (Ao, A1) — [u(hg (Ao, Ar) + u(hy (A1, A2)) + -+ + phy (Am; Am1)]
< F (hy (Ao, A1) —no

Let limy, 00 F (hg (Am+1, Amt2)) = —oo which both with (1b) that means lim,, o0 by (Am+t1, Ami2) =0
now, by (1c¢), 3 r € (0,1) such that

lim [h@ (.Am+1,-Am+2)]T F (hg (Ams1, Amy2)) =0

n—oo

Therefore,
[hfl) (-AmwAerl)]TF (hfl) (‘AmwAerl)) - [hfl) (-AmwAerl)]TF (hfl) (‘AOv-Al))

< [hg (Amy Ams1)]" F (hg (Ao, A1) — no — [ho (Ams Ams1)] F (hg (Ao, Ar))
< —no [hp (Am, Ami1)]
<0

Since, lim, o0 Mm[hg (Ami1, Ama2)]” =0 . So, lim,, yoo m/"hy (Api1, Amiz) =0 . Means that In, €
N such that m'/"hy (A1, Ami2) <1 ¥V m > ny, hence, hy (Amg1, Ams2) < —1= ¥V m > ny.

For m, n € N with m > n > nq, we have

h@ (.An,fl ) < h@ (.An,.ArH_l) + h@ (.An+1,-An+2) —+ o+ h(z) (.Am,.Am+1) S Zfin #, by the series
S a7 5 getting hg (An, Am) — 0 as n,m — oo. Thus {A,} is Cauchy in Q. By completeness of
(hg (), dp), A — V as n — oo for some V € hy (2). Now, to show V is a fixed under T, suppose that
hw(V T(V) #

(Mg (An, V) + F (hg (Ant1, TV)) =+ F (hg (T(AL),T (V) < F Mg (A,,V)) .. (3.1)
where,

ho ((An, T(V)) + ho (V, T(An))
20 (A, Ans1) ’

My (-Anv V) = nax {h(b (‘Ana V) ) h@ (‘Ana T (‘An)) ) h@ (Vv {I(V)) )

ho (T2 (An) T (An)) s ho (T2 (An) V) S ho(T° (An) , T (V))}

h@ (‘Ana V) + h@ (Vv ‘An-i-l)
2@ (-Ana An+1) ’

h@(‘ATH-Qv ‘An-l-l)vh@(‘Aﬂ-i-Qa V)ah@(‘An-i-Qa ‘I(V))}

Now we show the following cases:

= max{hg (An, V) ,hg(An, Ani1),ho (V,T(V))

1. If Mg (An, V) = hg (An, V), then n — oo in (3.1), we obtain

limy, o0 infr(hg (An, V) + F (hg (V,T(V)) < F (kg (V,V)) . This is a contradiction as liminf,_,, u(t) >
0, vt > 0.

1. In case Mg (A,, V) = hy (An, Ant1), then n — oo, we have
limy, o0 infp(hg (An, Ant1)) + F (hg (T(V),V)) < F(hg (V,V)) . This is a contradiction.
1. When Mg (A, V) = hy (V,T(V)), then we obtain

w(hg (T(V), V) + F (hg (T(V), V) < F (hy (V,T(V))). Which is not true as the p(hg (V,T(V))) >0
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1. If Mg (A, V) = ho((An, géa&}ﬁg’l)‘ym"“)) , then n — oo, we get

(A TOV) % By (V. T(Ani)
Jim in( SR
>

hg ((V, T(V)) + 3o (V, V))
20 (‘A’I’La An+1)

)+ £ (hg (V,T(V)))

ho ((V, T(V))

S F( (20 (‘A’I’La -AnJrl)

) =

This is a contradiction (la)
1. In case Mg (A, V) = hy (Ant2, Anti1), we have

limy, oo infu(hg (Anta, Ant1)) + F (hg (T(V), V) < F (hg (V,V)) .Obtains a contradiction.
1. If Mg (An, V) = hy (Ante,V), then n — oo, we obtain

limy, o0 infe(hg (Ang2, V) + F (hg (T(V),V)) < F (hg (V,V)) . This implies a contradiction.
1. If Mg (An, V) = hg (Ant2, T(V)), then n — oo, then

limy, oo inf(hg (Ant2, V) + F (hg (T(V), V) < F (hg (V,T(V))) , also a contradiction.
Consequently, V is invariant by J. For uniqueness, fix T (V) =V, T(W) = W where hy (V, W) # 0. Since
T is a F -contraction, then

(Mg (VW) + F (Hy (V, W) = (Mg (V,W)) + F (Hp(T (V), T(W)))
<F (Mg (V,W))
where
hy (V, T(W)) + hg (W, T(V))
20 (Apn, Ans1)

ho (T2(V), T (W), hy (T2 (V) , W), hg(T> (V) , T (W))}
hg (V, W) + hg (W, V)

20 (Apn, Ant1) ’
hy (V, V), hg (V, W), by (V, W)} = hy (V, W)

Mg (V,W) = maX{h@ (V, W), hg (V, T(V)), hg (W, T(W)),

= max{hy (V,W ) ,hy (V, V), hy (W, W)

that is
p Mg (VW) + £ (hg (V, W) < F (hg (V, W))
as phg (V, W) > 0, it is a contradiction. So T has a unique fixed point V € hy(€2).
O

Remark 3.8. In theorem 2.6, if hy () = the collection of all singleton subsets of Q and f,, = [ for each
n, where u = f; for any i € {1,2,3,...k}, then the mapping T becomes T (p) = f(p).

The following is another fixed point result

Corollary 3.9. Let {Q: fn, n=1,2,3,...,k} a generalized iterated function system and f: Q — Q
as in Remark (3.8). If there exist some F €F and p € p Sfor any p,q € H () with dy(f (p), f(¢)) # 0
the following holds:

w((p,q) +F (do (fp, fq)) < F (Mg (p,q)),

where
dg (p, fp) +dy (g, fP)

20) ’

Mg (p, q) = max{dy (p,q) ,dp (fp, fq),dp (¢My, fp),

dy (f*p.q) . dy (f*p, fp,) . do (f*p, fq))}

Then fhas a unique fived point in . Further for initial po € €, the sequence {po,fpo, f2p0,...}
approaching to a fixed point of f.
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