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A New Method for the Sum-Edge Characteristic Polynomials of Graphs

Mert Sinan Oz and Ismail Naci Cangul

ABSTRACT: In this paper, the determinant of the sum-edge adjacency matrix of any given graph without loops
is calculated by means of an algebraic method using spanning elementary subgraphs and also the coefficients of
the corresponding sum-edge characteristic polynomial are determined by means of the elementary subgraphs.
Also, we provide a formula for calculating the number of smallest odd-sized cycles in a given regular graph.
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1. Significance of the work

In the last seven decades, graphs have been implemented increasingly to model real life situations to
obtain numerical data by mathematical ways which can be commented to obtain physical or chemical
information normally obtained as a result of time and money consuming laboratory experiments. There
are three main ways of transforming such a case to mathematical language: by means of vertex degrees,
matrices or distances. In this work, we give an algebraic method for one of the matrices called the
sum-edge characteristic polynomials corresponding to graphs.

2. Introduction

Let G be an arbitrary graph with no loops. A lot of algebraic, physical and chemical properties
of a given graph G can be determined by means of matrices corresponding to G. The most famous such
matrices are the adjacency, incidency and Laplacian matrices. For example, the intermolecular energy
of a chemical compound can be found only by mathematical calculations on the graph modelling the
chemical compound as the sum of the absolute values of the eigenvalues of the adjacency matrix, see
[4], [5], [7] and [12]. There are some other graph matrices with several uses, see e.g. [2] and [11].
Accordingly, several types of characteristic polynomials and energy are defined by means of these matrix
types, [16] and [17]. One of the most popular of them is the Laplacian energy, see e.g. [8]. In [9], some
degree based energies have been studied. Das studied maximum energy of bipartite graphs in [10]. In
[13], energy of regular graphs is considered. Naturally, being a linear algebraic concept, graph energy is
related to many other notions related to graphs. For example the relation between energy and matching
number have been considered in [1] and [15]. In this paper, we study the sum-edge adjacency matrix
and we determine the sum-edge characteristic polynomial.

3. Sum-edge adjaceny matrices, determinants and characteristic polynomials

Firstly, we recall the definition of sum-edge adjacency matrix of G, see e.g. [11].
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Let the vertex set of G be V(G) = {v1,--- ,v,} and edge set F(G). We shall denote the sum-edge
adjacency matrix of G by S(G). S(G) = [sij]nxn is determined by the adjacency of vertices as follows:

o d(v;) +d(v;), if the vertices v; and v; are adjacent
Y0, otherwise.

S(G) is a symmetric n X n matrix.

We will call the characteristic polynomial of S(G) as the sum-edge characteristic polynomial of G and
denote it by Pg¢(z). These polynomials for several graphs were studied in [14].

Secondly, let us take a graph G. A subgraph G of G is called an elementary subgraph if every
component of G is either an edge or a cycle, see e.g. [2]. Also, if the number of vertices of an elementary
subgraph is equal to the number of vertices of GG, then the elementary subgraph is called a spanning
elementary subgraph. c_(G}) and ¢o(G}) are defined as the number of components in a subgraph G
which are edges and cycles, respectively.

Definition 3.1. [6] Let M = [mj]nxn be a matriz. The determinant function of M which will be denoted
by |M]|, is defined by

(M| =Y (F)masmai, - Mg,

where the summation is over all permutations iyis - - i, of the set S ={1,2,--- n}. Since for a set with
n elements, the number of permutations is given by n!, we sum all n! terms. In other words, we can
express the formula as follows:

Let S(G) = [Sijlnxn be the sum-edge adjacency matriz of G. Then

| = ZSQ?’L Sl(r (1)S20(2) """ Sno(n)

where the summation is over all permutations of {1,--- ,n}. The sign is taken as + or — with respect to
whether the permutation is even or odd.

Let us define new notions in preparation to the forthcoming theorems. Let u; and u; be two adjacent
vertices in an edge component of corresponding elementary (spanning elementary) subgraph G} of G.
Similarly, let v; and v; be two adjacent vertices in a cycle component of corresponding elementary
(spanning elementary) subgraph G} of G. In the next theorem, we provide a formula for calculating the
determinant of S(G) whose proof is completed by using a method given in [3].

Theorem 3.2. Let G be any graph with vertex set V(G) = {v1,--- ,v,} and edge set E(G). Let S(G)
be the sum-edge adjacency matriz of G. Then

n

|S(G)| _ Z( 1)11 c_(G})—co (G )2('0(G) H uz +d ug H 'Uz +d vj)]

ij=1 i,j=1
j>i j>i

where the summation is over all spanning elementary subgraphs Gj.

Note that in a cycle component of the spanning elementary subgraph Gj of G, if v; and v; are two
adjacent vertices in this cycle component, then when calculating the latter product in Theorem 3.2 cor-
responding to cycle component, we consider only one of the edges v;v; and vjv; due to the permutation
structure. Let now u; and u; be two adjacent vertices in an edge component of the spanning elementary
subgraph G} of G. We consider both of the edges u;u; and wju; due to the transposition structure and
therefore the square appears in the first product corresponding to edge components.

If either one of the cycle components or edge components does not exist in the spanning elementary
subgraph, we exclude the corresponding product in the statement of Theorem 3.2.
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Proof. By the Definition 3.1,

1S(G)| = Z 59”(0)310(1)520(2) © Sno(n)-

If some $;,(;y = 0 for ¢ = 1,--- ,n, then this means that v; and v, ;) are not adjacent vertices. Hence,
if the term corresponding to a permutation o is non-zero, then we know that any permutation can be
expressed uniquely as the product of disjoint cycles whose length at least two. Every cycle (ij) of length
two corresponds to the factors s;;s;; and represents a single edge (v;v;) in G. Hence, s;;5;; means that
[d(w;) + d(u;)][d(u;) + d(u;)] is calculated, and is therefore equal to [d(u;) + d(u;)]?. If any spanning
elementary subgraph has at least two edge components, then each edge component contributes to the
product by s;;s;;. Moreover, every cycle (123---n) of length greater than or equal to three is in the
form (vyve ---v,) and corresponds to the product by s12s923 - - - $p1. This means that the contribution of
the cycle components to the determinant will be [d(v1) + d(v2)][d(v2) + d(vs)] - - - [d(vy) + d(v1)]. If any
spanning elementary subgraph has at least two cycle components, then each such cycle component con-
tributes to the corresponding product by s12823 - - - s,1. Also, any spanning elementary subgraph consists
of both cycle and edge components. Then both of these component types contribute factors as we have
mentioned above. Thus, as a result, every non-zero term in the determinant expansion is an element of
an elementary subgraph G} of G.

As we have already noted before, any permutation o can be expressed in a unique way as the product
of some disjoint cycles and in such a representation, the sign of o will be

(—1 )nfthe number of cycles in the cycle decomposition of o

which is equal to (—1)"—¢-(Gi)=eo(Gh),

Now, we consider cycle components in G. For each of these, we have two choices, so such permutations
corresponding to cycle components contribute 2¢2(G+). Thus, we finish the proof. O

Example 3.3. Let us find the determinant of the sum-edge adjacency matriz S(G) of the given tadpole
graph Ts o in Fig. 1 by using Theorem 3.2.

Figure 1: Graph Tg o

First, we find all spanning elementary subgraphs of Ts 2. We have three possibilities:
E(GY) = {12,34,56,78}, E(G%) = {12,45,67,38} and E(G%) = {345678,12}.

Now E(GY) = {12,34,56,78} contributes (—1)8747020 .32 .52 .42 .42 = 57600 to the determinant,
similarly E(GY) = {12,45,67,38} contributes (—1)8747020.32.42.42.52 = 57600 to the determinant, and
finally B(GY) = {345678,12} = {34,45,56, 67, 78,83, 12} contributes to the determinant by (—1)%~1~1215.
4-4-4-4-5-3%=115200 and as a result, by Theorem 3.2, we found

1S(G)| = 2(57600) + (115200) = 230400.
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We can now give the formula for the factors of the sum-edge characteristic polynomial of any graph
G by means of [2]:

Theorem 3.4. Let G be any graph of order n. Then
P (x) = |2l — S(G)| = 2" + kya™ ' + ko 2 4 - + ki,

where
n

k=) (—1)e- (Gutee(Gilgee(G) H [d(wi) + d(uy))? H d(vi) + d(vy)].

Q=1 i,j=1
j>i j>i

Here the summation is over all elementary subgraphs G with 1 vertices.

Proof. Every k; is calculated by means of the corresponding elementary subgraphs of G with [ vertices.
As a method for calculating value of k;, we have to calculate all principal minors of S(G) with [ vertices.
After that, we sum all of these and lastly multiply with (—1)!, for I = 1,--- ,n. By Theorem 3.2, we can
write determinant formula instead of principal minors and hence, we achive the formula

n

k = (—1)12( 1)l=e- (G =eo(Gr)geo(Gh) H (u;) + d(u;)] H (v;) + d(vj)]

i,j=1 i,j=1

i>i i
which is equal to the formula
n n
ky = Z(—l)C*(G;)“O(G 200(C H (ui) + d(w)]* T [d(v:) + d(v;)]
i3 o
where the summation is over all elementary subgraphs G} having [ vertices. O

Example 3.5. Let us find the sum-edge characteristic polynomial of the given graph G by the help of
Theorem 3.4.

Figure 2: Graph G

Let the sum-edge characteristic polynomial PES(x) of G be P& (x) = 2® +kyxt + ko + ksa® + kax+ks.
It is clear that k1 = 0.

For ko, all elementary subgraphs of G with two vertices are

E(GY) = {12}, E(G3) = {13}, E(Gy) = {23}, E(G)) = {45}.
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Now E(G}) = {12} contributes (—1)*-2°-42 = —16 to ko, E(G%) = {13} contributes (—1)1-2°-4%2 = —16 to
ko, E(GY%) = {23} contributes (—1)1-2°-42 = —16 to ko and E(GY)) = {45} contributes (—1)'-20.22 = —4
to ky. Then adding all these up, we get ko = —52.
For ks, the unique elementary subgraph of G with three vertices is
E(GL) = {123} = {12,23,31}.
E(GY) contributes (—1)12'4.4.4 = —128 to k3. Then ks = —128.

For ky, all possible elementary subgraphs of G with four vertices are
E(G) = {12,45}, E(G}) = {13,45} and E(G}) = {23,45}.

Here we find that E(Gy) = {12,45} contributes (—1)%204222 = 64, E(G%) = {13,45} contributes
(—1)2294222 = 64 and E(G}) = {23,45} contributes (—1)?2°422% = 64 to ky. Then their sum is equal to
ky = 192.

For ks, the unique elementary subgraph of G with five vertices is

E(G)) = {123,45} = {12,23,31,45}.

E(GY) contibutes (—1)?214.4.4.22 = 512 to ks. That is, ks = 512.

Consequently, by Theorem 3.4,
P (x) = a® — 522% — 12822 + 1922 + 512.
We can now prove the following result by means of [3]:
Theorem 3.6. Let G be a graph of order n. Let
P (x) = |2l — S(G)] = 2" + kya™ ' + ka2 + - + k.

If k1,ks, -+, kame1 = 0, then G has no odd cycle of length 2i + 1 where i = 0,1,--- ,m. Moreover, if G
is a regular graph, then the number of (2m + 3)—cycles in G is

_k2m+3
2[ 5= [d(vi) + d(v))]

Note that v; and v; are adjacent vertices in one of the elementary subgraphs with 2m + 3 vertices.

Proof. For any graph G, the first coefficient of the characteristic polynomial of G is k; = 0. Since we
assume that k3 = 0, there are no 3-cycles in G. Hence, we next look for 5-cycles. If G has at least one
5-cycle, we have the result. If k5 = 0, then there are no 5-cycles in G. We continue the process until we
find all k1, k3, , ko;my1 = 0. Finally we have to obtain an elementary graph having at least one ko, 43-
cycle. The elementary subgraph will have 2m + 3-cycles. Let one of these cycles be (1 2 --+ (2m + 3)).
Then we have the edge decomposition v12v23 -+ V(2im+3)1- By Theorem 3.4, we have

n
o = ) _(—1)e (G0 Fee@2ee@) TTd(vi) + d(v))]
where the summation is over all elementary subgraphs G} each of which is a (2m + 3)-cycle in G. If the
graph is regular, each non-zero [d(v;)+d(v;)] has the same value and so each (2m+3)-cycle component in
G, contributes the same amount to the ko, 13. Furthermore, each component of the elementary subgraph
G} is a (2m + 3)-cycle, we have ¢_(G}) = 0 and ¢o(G}) = 1 for each such component. For this reason,
the contribution of each component to ks,,+3 is equal to —2 times the product of the degree sums.
Consequently, taking the sum over all components, we have the proof. ]
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Example 3.7. Let us apply Theorem 3.6 to the graph G given in Fig. 3.

9

Figure 3: Graph G

The sum-edge characteristic polynomial of the graph G is
27 — 31827 — 6882° + 255762° + 1192163* — 4601922° — 42049282% — 94673922 — 6502400.
If we equalize this equation to the
22 4 k1a® + kox” + kga® + kaa® + ksat + kex® + kra® + ks + ko,
then by Theorem 3.6, we see that k1 = 0, and we will look for ks.

For ks, all elementary subgraphs of G with three vertices are E(GY) = {123} = {12,23,31}, E(G}) =
{456} = {45,56,64} and E(G%) = {789} = {78,89,97}. Hence, E(GY) = {123} = {12,23,31} contributes
to ks by (—1)1214.6.6 = —288, E(G%) = {456} = {45,56,64} contributes to ks by (—1)'2'5.4.5 = —200,
and E(GY%) = {789} = {78,89,97} contributes to ks (—1)'2'5.4.5 = —200. Thus, the sum of the three,
namely ks is equal to —688 and

ks
21Ts= [d(v:) + d(y)]

£3

where v; and v; are vertices which are adjacent to each other in the component of one of the elementary
subgraphs with 3 vertices. Moreover, you can observe that the value of the subgraphs Gy, G% and G% are
not the same.

The previous theorem is not verified because the graph G is not reqular.

Example 3.8. Let us apply the Theorem 3.6 to the complete graph K, given in Fig. /:
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1 2

Figure 4: Complete Graph Ky

The sum-edge characteristic polynomial of the graph K, is

x* — 2162% — 1728z — 3888.
If we equalize this equation to the
2+ k2 + kox? + ksx + Ky,

then by Theorem 3.6, we see that k1 = 0 and now we can look for ks.

For ks, all elementary subgraphs of G with three vertices are E(G}) = {123} = {12,23,31}, E(G}) =
{124} = {12,24,41}, E(G}) = {234} = {23,34,42} and E(G}) = {134} = {13,34,41}. Hence each
of B(GY) = {123} = {12,23,31}, B(G}) = {124} = {12,24,41}, E(G}) = {234} = {23,34,42} and
E(GY) = {134} = {13,34,41} contributes to ks by (—1)'216.6.6 = —432.

As a result, ks = —1728 and

—k3 _ —(—1728)
2[Th=i[d(vs) + d(v;)]  2.6.6.6

j>i

which is the number of 3—cycles where v; and v; are vertices which are adjacent to each other in the
component of one of the elementary subgraphs with 3 vertices. Consequently, Theorem 3.6 is verified
because Ky is reqular.

References

1. Ashraf, F., Energy, matching number and odd cycles of graphs, Linear Algebra and its Applications 577, 159-167,
(2019).

Bapat, R. B., Graphs and Matrices, Springer, New York (2014).

Biggs, N., Algebraic Graph Theory, Cambridge University Press, Cambridge (1974).

Brouwer, A. E., Haemers, W. H., Spectra of Graphs, Springer, New York (2012).

Chung, F. R. K., Spectral Graph Theory, CBMS 92, American Mathematical Society, Rhode Island (2009).

Colman, B., Hill, D., Elementary Linear Algebra with Applications, Prentice Hall, New Jersey (2007).

Cvetkovi¢, D. M., Doob, M., Sachs, H., Spectra of Graphs-Theory and Applications, Academic Press, Cambridge (1980).

A B O

Das, K. C., Gutman, 1., On Laplacian energy, Laplacian-energy-like invariant and Kirchhoff index of graphs, Linear
Algebra and its Applications 554, 170-184, (2018).

9. Das, K. C., Gutman, I., Milovanovic, 1., Milovanovic, E., Furtula, B., Degree-based energies of graphs, Linear Algebra
and its Applications 554, 185-204, (2018).

10. Das, K. C., Mojallal, S. A., Sun, S., On the sum of the k largest eigenvalues of graphs and maxzimal energy of bipartite
graphs, Linear Algebra and its Applications 569, 175-194, (2019).

11. Janezi¢, D., Milicevié¢, A., Nikoli¢, S., Trinajsti¢, N., Graph Theoretical Matrices in Chemistry, CRC Press, Taylor and
Francis Group, Florida (2015).



12.
13.
14.

15.

16.

17.

M. S. Oz AnND I. N. CANGUL

Li, X., Shi, Y., Gutman, 1., Graph Energy, Springer, New York (2012).
Nikiforov, V., Remarks on the energy of regular graphs, Linear Algebra and its Applications 508, 133-145, (2016).

Oz, M. S., Yamac, C., Cangul, I. N., Sum-edge characteristic polynomials of graphs, Journal of Taibah University for
Science 13 (1), 193-200, (2019).

Wong, D., Wang, X., Chu, R., Lower bounds of graph energy in terms of matching number, Linear Algebra and its
Applications 549, 276-286, (2018).

Yamac, C., Oz, M. S., Cangul, I. N., Edge Adjacency in Graphs, Proceedings of the Jangjeon Mathematical Society 21
(3), 357-373, (2018).

Yamac, C., Oz, M. S., Cangul, I. N., Edge-Zagreb Indices of Graphs, Turkic World of Mathematical Society Journal of
Applied and Engineering Mathematics 9 (1), (2019) (preprint).

Mert Sinan Oz,

Department of Mathematics,

Bursa Technical University, Bursa
Turkey.

E-mail address: sinan.oz@btu.edu.tr

and

Ismail Naci Cangul,

Department of Mathematics,

Bursa Uludag University, Bursa
Turkey.

E-mail address: cangul@uludag.edu.tr



	Significance of the work
	Introduction
	Sum-edge adjaceny matrices, determinants and characteristic polynomials

