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On The New Type Of Solutions To Benney-Luke Equation
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abstract: In this study, the Benney-Luke equation is considered. In order to
derive new type of solutions, the sn-ns method is applied to this equation. Then, we
introduce trigonometric and elliptic functions solutions in addition to the hyperbolic
ones which are gained by tanh-coth. Three types of solutions are derived at the same
time with the help of this method. Therefore, it can be said that this method is
convenient to obtain more solutions for many kinds of nonlinear partial differential
equations.
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1. Introduction

Obtaining solutions of nonlinear partial differential equations (NLPDEs) has a
significant role in applied sciences. It is due to the fact that scientists come across
the nonlinear phenomena in most disciplines of applied sciences. Therefore, gaining
the exact solutions to NLPDEs takes large place during the past decades. In this
regard, plenty of theoretical and computational methods have been established and
used for this purpose. Some of the powerful methods related to this study are; the
generalized tanh method [1], the tanh-coth method (extended tanh method) [2],
sine-cosine method [3], the tanh-sech method [4,5], the modified simple equation
method [6], the exp-function method [7], the projective Ricatti equations method
[8], the generalized projective Ricatti equations method [9], the (G’/G)-expansion
method [10], the Jacobi elliptic-function method [11].
This work is about Benney-Luke equation given by

utt − uxx + auxxxx − buxxtt + nut(ux)
n−1uxx + 2 (ux)

nutx = 0, n ∈ N) (1.1)

2010 Mathematics Subject Classification: 35C07, 35C09.
Submitted January 11, 2018. Published June 17, 2018

103
Typeset by B

S
P
M

style.
c© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.41244
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where u(x, t) is the solution of equation (1.1) and considered as a class of non-
periodic functions defined on −∞ ≤ x ≤ ∞ and t ≥ 0. And also, equation (1.1)
is called the general form of Benney-Luke equation. This eqaution is derived by
Benney and Luke [12].
In our work, the case of n = 1 has been studied and the equation (1.1) takes the
following form

utt − uxx + auxxxx − buxxtt + utuxx + 2uxuxt = 0. (1.2)

The equation (1.2) is called Benney-Luke equation. Here, a and b are positive num-
bers, such that a− b = σ− 1

3 and σ is named the Bond number, which captures the
effects of surface tension and gravity force. It is formally valid approximation for
describing two-way water wave propagation in the presence of surface tension[13].
Pego and Quintero studied the propagation of long water waves with small ampli-
tude in [14]. They showed that in the presence of a surface tension, the propagation
of such waves governed by equation (2), originally derived by Benney and Luke [12].
There are many studies concerning with this equation. Among these studies, the
stability analysis [15], Cauchy problem [16,18], existence and analytics of solutions
[19], and traveling wave solutions [20] can be mentioned here. The aim of this work
is to get exact solutions of Benney-Luke equation given in (2) by using the sn-ns
method. Then, we have compared the solutions of the same equation found by
tanh-coth method in [21].
This study is organized as follow. Firstly, we have mentioned about the method in
Section 2. After that, we have applied the method to equation (1.2) and introduced
new traveling wave solutions in Section 3. In Section 4, the solutions are compared
to ones gained in [21]. Finally, some conclusions have been given.

2. Outline of the Method

This method has been introduced by H. S. Alvaro [11] in detail. In this method,
we have searched for the traveling wave solutions to nonlinear partial differential
equation of the form

P (u, ut, ux, uxx, uxt, utt, uxxt, . . .) = 0. (2.1)

Let us consider the wave transformation

u(x, t) = v(θ(ξ)), ξ = x+ λt + ξ0 (2.2)

where λ is a constant and ξ0 is an arbitrary constant. And, θ = θ(ξ) is a
suitable function that makes the transformation simple. For this purpose, we take
θ(ξ) as the identity function, i.e. θ(ξ) = ξ.
Using the transformation (2.2) and putting ordinary derivative of v(ξ) instead of
the partial derivatives of u(x, t), (3.1) converts to an ordinary differential equation
(ODE) with respect to the function v(ξ)

Q (v, v′, v′′, ...) = 0 (2.3)
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with Q being a polynomial with respect to variables v, v′, v′′, ...
In this method, we seek the traveling wave solutions to (2.3) in the form

v(ξ) = a0 +
∑n

j=1

[

aj .
(

snj(kξ)
)

+ bj.
(

nsj(kξ)
)]

.

To determine the coefficients (a0, aj , bj), the balancing constant (n), λ and k,
the same process above can be followed.
Generally, we find n = 1, 2 and then v(ξ) takes the forms

v(ξ) = a0 + a1.sn(kξ) + b1.ns(kξ) (2.4)

and

v(ξ) = a0 + a1.sn(kξ)) + b1.ns(kξ) + a2.sn
2(kξ) + b2.ns

2(kξ) (2.5)

respectively.
For a special values of m = 1, we have sn(kξ, 1) = tanh(kξ) and ns(kξ, 1) =
coth(kξ).

3. Application of the Method

Let us consider the B-L equation given in (1.2). After using the wave transfor-
mation, equation (1.2) converts to the following ordinary differential equation with
respect to ξ:

(V 2 − 1)v′′ + (a− bV 2)vıv − 3V v′v′′ = 0. (3.1)

We can integrate both sides of (8) since each term contains derivative with respect
to ξ. Then, we get

(V 2 − 1)v′ + (a− bV 2)v′′′ − 3V

2
(v′)2 = 0. (3.2)

Now, let us consider the transformation, given by v′ = w. Then, the equation
(3.2) converts into

(V 2 − 1)w + (a− bV 2)w′′ − 3V

2
w2 = 0. (3.3)

This equation can be written as

w′′ =
3V

2(a− bV 2)
w2 − V 2 − 1

a− bV 2
w. (3.4)

Equation (13) has form of Quadratic Duffing Equation, described by

v′′ = pv2 + qv + r (3.5)

where p, q and r are constants and p 6= 0. In (3.5),

p =
3V

2(a− bV 2)
, q = − V 2 − 1

a− bV 2
, r = 0. (3.6)
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To determine balancing constant M , we use the transformation w = φM , w′ =
MφM+1, w′′ = M(M + 1)φM+2, ... and w2 = φ2M , ..., wk = φkM . Putting these
into the equation (3.4) and balancing the power of w2 with w′′ gives M = 2. So,
the sn-ns method admits the use of the finite expansion

w(ξ) = a0 + a1.sn(kξ)) + b1.ns(kξ) + a2.sn
2(kξ) + b2.ns

2(kξ). (3.7)

Inserting this into (3.4) gives the following algebraic system:

a1µ
2m2 − a1a2p = 0,

6a2µ
2m2 − a22p = 0,

4a2µ
2 + 4a2µ

2m2 + a21p+ 2a0a2p+ a2q = 0,

2a2b1p+ 2a0a1p+ a1µ
2 + a1µ

2m2 + a1q = 0,

b1µ
2 − b1b2p = 0,

6b2µ
2 − b22p = 0,

2a0b2p+ b21p+ 4b2µ
2 + 4b2µ

2m2 + b2q = 0,

2a0b1p+ 2a1b2p+ b1µ
2 + b1µ

2m2 + b1q = 0,

2a1b1p+ 2a2b2p+ a20p− 2a2µ
2 + a0q − 2b2µ

2m2 = 0.

Solving this system, we obtain the following six sets of solutions of the param-
eters, a0, a1, b1, a2, b2 and µ :

a0 = −
q

2p
−

1

2p

(

m
2
+ 1

)

√

q2

m4
−m2 + 1

,

a1 = 0,

a2 =
3m2

2p

√

q2

m4
−m2 + 1

,

b1 = 0,

b2 = 0,

µ =
1

2

4

√

q2

m4
−m2 + 1

,

a0 = −
q

2p
−

1

2p

(

m
2
+ 1

)

√

q2

m4
−m2 + 1

,

a1 = 0,

a2 = 0,

b1 = 0,

b2 =
3

2p

√

q2

m4
−m2 + 1

,

µ =
1

2

4

√

q2

m4
−m2 + 1

,
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a0 = −
q

2p
−

1

2p

(

m
2
+ 1

)

√

q2

m4 + 14m2 + 1
,

a1 = 0,

a2 =
3m2

2p

√

q2

m4 + 14m2 + 1
,

b1 = 0,

b2 =
3

2p

√

q2

m4 + 14m2 + 1
,

µ =
1

2

4

√

q2

m4 + 14m2 + 1
,

a0 =
q

2p
−

1

2p

(

m
2
+ 1

)

√

q2

m4
−m2 + 1

,

a1 = 0,

a2 = 0,

b1 = 0,

b2 = −
3

2p

√

q2

m4
−m2 + 1

,

µ =

√

−1

2

4

√

q2

m4
−m2 + 1

,

a0 =
q

2p
−

1

2p

(

m
2
+ 1

)

√

q2

m4
−m2 + 1

,

a1 = 0,

a2 = −
3m2

2p

√

q2

m4
−m2 + 1

,

b1 = 0,

b2 = 0,

µ =

√

−1

2

4

√

q2

m4
−m2 + 1

,

a0 = −
q

2p
−

1

2p

(

m
2
+ 1

)

√

q2

m4 + 14m2 + 1
,

a1 = 0,

a2 = −
3m2

2p

√

q2

m4 + 14m2 + 1
,

b1 = 0,

b2 = −
3

2p

√

q2

m4 + 14m2 + 1
,

µ =
1

2

4

√

q2

m4 + 14m2 + 1
,
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where V is left as a free parameter.
Putting these coefficients into the expansion (3.7), we get the following solutions
in terms of jacobi elliptic functions;

w1(ξ) = a0 +
3m2

2p

√

q2

m4 −m2 + 1
sn2

(

1

2
4

√

q2

m4 −m2 + 1
ξ

∣

∣

∣

∣

∣

m

)

,

w2(ξ) = a0 +
3m2

2p

√

q2

m4 −m2 + 1
ns2

(

1

2
4

√

q2

m4 −m2 + 1
ξ

∣

∣

∣

∣

∣

m

)

,

w3(ξ) = a0 +
3m2

2p

√

q2

m4 + 14m2 + 1
sn2

(

1

2
4

√

q2

m4 + 14m2 + 1
ξ

∣

∣

∣

∣

∣

m

)

+
3

2p

√

q2

m4 + 14m2 + 1
ns2

(

1

2
4

√

q2

m4 + 14m2 + 1
ξ

∣

∣

∣

∣

∣

m

)

,

w4(ξ) = a0 −
3

2p

√

q2

m4 −m2 + 1
ns2

(√
−1

2
4

√

q2

m4 −m2 + 1
ξ

∣

∣

∣

∣

∣

m

)

,

w5(ξ) = a0 −
3m2

2p

√

q2

m4 −m2 + 1
sn2

(√
−1

2
4

√

q2

m4 −m2 + 1
ξ

∣

∣

∣

∣

∣

m

)

,

w6(ξ) = a0 −
3m2

2p

√

q2

m4 + 14m2 + 1
sn2

(√
−1

2
4

√

q2

m4 + 14m2 + 1
ξ

∣

∣

∣

∣

∣

m

)

− 3

2p

√

q2

m4 + 14m2 + 1
ns2

(√
−1

2
4

√

q2

m4 + 14m2 + 1
ξ

∣

∣

∣

∣

∣

m

)

.

Letting m −→ 1, we obtain hyperbolic solutions:

w1(ξ) = −3q

2p
+

3q

2p
Tanh2(

1

2

√
qξ),

w2(ξ) = −3q

2p
+

3q

2p
Coth2(

1

2

√
qξ),

w3(ξ) = −3q

4p
+

3q

8p
(Tanh2(

1

4

√
qξ) + Coth2(

1

4

√
qξ)).

And also for m −→ 0, we have derived trigonometric solutions:

w4(ξ) = −3q

2p
− 3q

2p
Cot2(

1

2

√
qξ),

w5(ξ) = −3q

2p
− 3q

2p
Tan2(

1

2

√
qξ),

w6(ξ) = −3q

4p
− 3q

8p
(Tan2(

1

4

√
qξ) + Cot2(

1

4

√
qξ)).
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Since v′ = w, it is needed to integrate the above solutions with respect to ξ.
Then, we have the hyperbolic and trigonometric solutions:

v1(ξ) = −
3
√
q

p
Tanh(±1

2

√
qξ),

v2(ξ) = −
3
√
q

p
Coth(±1

2

√
qξ),

v3(ξ) = −
3
√
q

2p
(Tanh(±1

4

√
qξ) + Coth(±1

4

√
qξ)),

v4(ξ) =
3
√
q

p
Cot(±1

2

√
qξ),

v5(ξ) = −
3
√
q

p
Tan(±1

2

√
qξ),

v6(ξ) = −
3
√
q

2p
(Tan(±1

4

√
qξ) + Cot(±1

4

√
qξ)),

where p = 3V
2(a−bV 2) , q = − V 2−1

a−bV 2 and u(x, t) = v(ξ), ξ = x− V t.

Putting these in the above solutions gives the solutions depended on V as fol-
lows:

u1(ξ) = −
(

2
√
1− v2

√
a− bv2

v

)

Tanh(±1

2

√

1− V 2

a− bV 2
(x− V t)),

u2(ξ) = −
(

2
√
1− v2

√
a− bv2

v

)

Coth(±1

2

√

1− V 2

a− bV 2
(x − V t)),

u3(ξ) = −
(√

1− v2
√
a− bv2

v

)

(Tanh(±1

4

√

1− V 2

a− bV 2
(x− V t))

+Coth(±1

4

√

1− V 2

a− bV 2
(x− V t))),

u4(ξ) =

(

2
√
1− v2

√
a− bv2

v

)

Cot(±1

2

√

1− V 2

a− bV 2
(x− V t)),

u5(ξ) = −
(

2
√
1− v2

√
a− bv2

v

)

Tan(±1

2

√

1− V 2

a− bV 2
(x− V t)),

u6(ξ) = −
(√

1− v2
√
a− bv2

v

)

(Tan(±1

4

√

1− V 2

a− bV 2
(x− V t))

+Cot(±1

4

√

1− V 2

a− bV 2
(x − V t))).
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4. Comparison

In this section, we have compared the solutions gained by the sn-ns method
in this work with those obtained by the tanh-coth method in [21]. In that work,
three hyperbolic solutions are found by tanh-coth method. The same solutions can
be attained easily by sn-ns method just letting m −→ 1. On the other hand, we
acquired trigonometric and elliptic function solutions by the sn-ns method.

5. Conclusion

In this paper, we have found exact solutions of Benney-Luke equation given
in (1.2) by the sn-ns method. We obtained the same hyperbolic solutions found
by tanh-coth method in [21]. Even if we have the same solutions in terms of
hyperbolic functions, the sn-ns method usually gives more solutions than the tanh-
coth method. Clearly, it is seen that the sn-ns method gives trigonometric and
elliptic function solutions in addition to hyperbolic ones. It can be said that the
sn-ns mehtod is more comprehensive than tanh-coth method. Therefore, the sn-ns
method is useful and trustworthy method to get more solutions to NLPDEs.
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