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On the Derivative of a Polynomial

Elahe Khojastehnezhad and Mahmood Bidkham

ABSTRACT: Let P(z) = cn2"™ + Z:}:# cn—pz" 7Y, 1 < pu < n, be a polynomial
of degree at most n having no zeros in |z| < k, k < 1, and Q(z) = 2"P(1/z), it
is proved by Dewan et al. [5] that if |P/(2)| and |Q’(2)| becomes maximum at the
same point on |z| = 1, then

/ n .
‘gl‘ixllP () < W{‘T‘i’i |P(2)] — ‘I;‘H:nk\P(ZN}-

In this paper, we generalize the above inequality for the polynomials of type P(z) =
ap + Zﬁ:u apz¥, 1<pu<n.
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1. Introduction and statement of results

Let P(z) be a polynomial of degree n, then according to the well known Bern-
stein’s inequality on the derivative of a polynomial, we have

max|P/()| < nmax | P(2)]. (L1)

The result is best possible and equality holds for the polynomials having all its
zeros at the origin.

For polynomials having no zeros in |z| < 1, Erdds conjectured and later Lax [8]
proved that if P(z) # 0 in |z| < 1, then (1.1) can be replaced by

max |P'(2)] < g|m|ax 1P(2)]. (1.2)
z|=1 z|=1

With equality for those polynomials, which have all their zeros on |z| = 1.
In the literature, there already exists various refinements and generalizations of
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(1.2), for example (see Aziz [1], Bidkham et.al [2,3,4], Khojastehnezhad and Bid-
kham [7], Zireh [14] etc).
As an extension of (1.2) Malik [12] proved that if P(z) # 0 in |2| < k, k > 1, then

n
max |P'(2)| € —— max|P(z)|. 1.3
ma [P (2)] < 1 mare [P(2)| (1.3
Further Govil [9] proved that for the polynomial P(z) = 7", a;2/ which has no
zeros in |z] < k, k < 1,if |P'(z)| and |Q’(2)| becomes maximum at the same point

on |z| =1, then
n

max |P'(2)| <
|z|:1| @) < 1+
Whereas the polynomial P(2) = -7 a;2’ having all its zeros on |z| = k, k <1,
Govil [10] proved

= max|P(2)] (L4)

, n

fﬁi}%'P (2)| < gy gﬁﬂp(z” (1.5)

Recently Dewan and Hans [5] obtained a generalization of (1.4) and proved for

P(2) = cp2" + 3, cn—pz" ¥, 1 < p < n that having no zeros in [2| < k, k < 1,
if |P'(2)| and |Q’(#)| becomes maximum at the same point on |z| = 1, then

lmlax |P'(2)
z|=1

n
S ——Y P(z)| — min |P . 1.
| < 1+ kn—n+l {gl‘i)ﬂ (2)] ‘IZI‘HZI}C [P(2)[} (1.6)

For P(2) = cp2"+3,_, ca—v?" ™", 1 < p <n that having all its zeros on |z| = k,
k <1, Dewan [5] also proved

n
P'(z)| < P(z)|. 1.7
max | P(2)| < gt ot 22X IP(2)] (1.7)

In this paper, first we obtain the following result

Theorem 1.1. Let P(z) = ag + ZZ:# ayz’, 1< pu <n is a polynomial of degree

n, having no zeros in |z| < k, k <1 and Q(z) = z"P(1/Z). If |P'(2)| and |Q'(2)|
becomes mazimum at the same point on |z| = 1, then

, n
max 1P'(2)] < Tt max [P ()] (1.8)
Remark 1.2. If we take p = 1 in Theorem 1.1, then inequality (1.8) reduces to
inequality (1.4) due to Gowil.

Next we prove the following interesting result which is a refinement of inequal-
ity (1.8).

Theorem 1.3. Let P(z) = ag + ZZ:# ayz’, 1< pu <n is a polynomial of degree

n, having no zeros in |z| < k, k <1 and Q(z) = z"P(1/Z). If |P'(2)] and |Q'(2)|
becomes mazimum at the same point on |z| = 1, then

max | P’'(2)

n .
max | < W{‘Tﬁiﬂp@ﬂ — min |P(2)[}. (1.9)

|z|=k
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Remark 1.4. If we take p = 1 in Theorem 1.3, then inequality (1.9) reduces to
the following result which proved by Aziz and Ahmad [1].

Corollary 1.5. Let P(z) is a polynomial of degree n, having no zeros in |z| < k,
kE<1and Q(z)=z"P(1/Z). If |P'(2)| and |Q’'(z)| becomes maximum at the same
point on |z| = 1, then

P <
max|P()l < 9

{max |P(z)| — min |P(2)|}. (1.10)

b
|z|=1 |z|=k
Finally we prove the following result.

Theorem 1.6. Let P(z) = ag + ZZ:# ayz’, 1< pu <n is a polynomial of degree
n, having all its zeros on |z| =k, k <1, then

n
P(2)| < P(2)|. 1.11
glgl () < Ry lglgl (2)] (1.11)

Remark 1.7. If we take p =1 in Theorem 1.6, then inequality (1.11) reduces to
inequality (1.5) due to Gowil.

2. Lemmas

For the proofs of these theorems, we need the following lemmas.

Lemma 2.1. [13] Let P(2) be a polynomial of degree n, then for R > 1

‘H‘lglP(Z)I < B max [P(2)]. (2.1)

Lemma 2.2. Let P(z) = ¢,2" + Z::u Cn_pz2" 7", 1 < pu <mn bea polynomial of
degree n, having all its zeros in |z| < k, k > 1, then for |z| =1
ErTHQ (2)] < [P (R22)), (2.2)

where Q(z) = 2" P(1/Z).

Proof: Let F(z) = P(kz), then F(z) has all its zeros in |z| < 1. If G(z) =
2"F(1/Z) = 2"P(k/Z) = k"Q(z/k), then all the zeros of G(z) lie in |z| > 1. Since

|F(z)] = |G(%)] on |z| = 1, we can say that an application of maximum modulus
principle to the function ggg will yield |G(z)| < |F(z)|, |z| > 1. Therefore the

polynomial G(z) — AF(z), will not vanish in |z| > 1 for every A with [A] > 1.
Gauss-Lucas theorem will then imply that polynomial G'(z) — AF’(z) will not
vanish in |z| > 1 for every A with |[A] > 1 and therefore |G'(2)| < |F'(z)|, |z| > 1.
Substituting for F'(z) and G'(z), we get

EPHNQ (2/ k)| < KIP'(kz)], (2:3)
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where |z| > 1.
Since Q(2) =€ + >, Ca—vz", then

Y v () < RIP (k)

v=p
ie
k| ;Muen_x@"ﬂ < k|P'(k2)], (2.4)

where |z] > 1.
If we take kz instead of z in inequality (2.4), then we have

KPS ve, 2| < RIP(K2)], (2.5)
v=p

where |z| > 1/k.
Since 1/k < 1, we have in particular,

EPHY ve, 2| < EIP(K2)], (2.6)
v=p
where |z| > 1.
This implies
KPS vz < EIP(RP2), (2.7)
v=p
where |z| = 1.
This completes the proof of Lemma 2.2. O

Lemma 2.3. Let P(z) = cp2" + ZZ:# Cn—pz2"7, 1 < p<n bea polynomial of
degree n, having all its zeros in |z| < k, k > 1, then

max |Q'(2)| < k" max |P'(2)|, (2.8)
=1 =1

2| |2l

where Q(z) = 2"P(1/%).
Proof: On applying Lemma 2.2 we have

Er QI ()] < [P (K22)). (2.9)
Now using Lemma 2.1 for the polynomial P’(k%z), of degree n — 1. We have

max |P'(2)] < k"2 max |P'(2)]. (2.10)

|z|= |2l

Combining (2.9) and (2.10), we have desired result. O
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Lemma 2.4. Let P(z) = ag + ZZ:# ayz’, 1 < pu <n be a polynomial of degree
n, has no zeros in |z| < k, k <1, then

Erte—t max |P'(2)] < max 1Q'(2)], (2.11)
z|=1 Z|=

where Q(z) = z"P(1/Z).

Proof: Since P(z) has no zeros in |z| < k, then Q(z) = 2" P(1/Z) has all its zeros
in|z| <1/k, 1/k > 1. On applying Lemma 2.3 to the polynomial Q(z), we have

E T ma |P/(2)| < max Q)
=1 zl=

|2l

The following lemma is due to Malik [6].

Lemma 2.5. Let P(z) be a polynomial of degree n, has no zero in |z| <k, k > 1,
then for |z| =1
k|P'(2)] < 1Q'(2)] (2.12)

where Q(z) = 2" P(1/z).

Lemma 2.6. Let P(z) be a polynomial of degree n, having all its zeros on |z| = k,
k <1, then for|z| =1

|Q'(2)] < k|P'(2)] (2.13)

where Q(z) = 2" P(1/z).

Proof: Since P(z) has all its zeros on |z| = k, then Q(z) = 2" P(1/Z) has all its
zeros in |z| = 1/k, 1/k > 1. On applying Lemma 2.5 to the polynomial Q(z), we
have

1/|Q'(2)] < [P'(2)]-

O
The following lemma is a special case of a result due to Govil and Rahman [11].

Lemma 2.7. Let P(z) be a polynomial of degree n, then for |z| =1

[P(2)] +1Q'(2)] < nmax|P(z)] (2.14)

|2l

where Q(z) = 2" P(1/Z).
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3. Proofs of the theorems

Proof of Theorem 1.1.
Since |P’(z)| and |Q’'(z)| attained maximum at the same point on |z| = 1. This im-
plies there exist a point 2 such that |P’(z)| = max,— |P'(2)| = max|,|—1 |Q'(2)| =
|Q’(20)]. On the other hand by Lemma 2.7, we have

[P’ (20)] + 1Q'(20)| < nmax [P ()]

On applying Lemma 2.4, we have

|P'(20)| + k"t ‘m‘%)% |P'(2)| < n‘m‘zl)i |P(z)].

This implies

‘m‘a)i |P'(2)| + ket Imla)i |P'(z)| <n ‘m‘a)i |P(2)].

This completes the proof of Theorem 1.1. O
Proof of Theorem 1.3. Let m = min,—|P(z)|. For a with || < 1, we

have |am| < m < |P(z)|, where |z| = k.

Therefore by implying Rouche’s theorem, the polynomial G(z) = P(z) — am has

no zeros in |z| < k. On applying Theorem 1.1 to the polynomial G(z), we have

/ o
mglG ) < T lgglG(Z)I,
i.e,
, n
max |P'(2)] < gy e [P(z) — aml.
If we choose a point zp on |z| = 1 such that max|.|—; |[P(2)| = |P(z0)|, then

max | P’'( n

|z|=1 )l = WUD(«ZO) —aml.

Now by suitable choice of argument of a;, we get

n

/
max |P'(2)] < gy (1PGo)] — lalm).

By making |a| — 1, the result follows. O
Proof of Theorem 1.6. If z is a point on |z| = 1 such that |Q'(z0)| =
max|.|—1 |@'(2)|. Then by Lemma 2.7, we have

[P'(z0)] +1Q"(20)| < nmax | P(2)].
On applying Lemma 2.6, we have

£1Q/ G0l + 1Q'Co)| < mmax |P(:)]
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i.e,
1

(5 + 1) max Q)] < nmax |P(2).

|z|=1
Now applying Lemma 2.4, we have

1
(7 + DR max |P'(2)] < namex |P(2)]

This completes the proof of Theorem 1.6. O
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