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Existence of a Renormalized Solution of Nonlinear Parabolic Equations
with Lower Order Term and General Measure Data
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ABSTRACT: We give an existence result of a renormalized solution for a class of
ob
8(:) —div (a(z, t, Vu)) +H(xz,t,Vu) = u, where the

right side is a general measure, b is a strictly increasing C'-function, —div(a(z, t, Vu))
is a Leray-Lions type operator with growth |Vu[P~! in Vu and H(z,t, Vu) is a non-
linear lower order term which satisfy the growth condition with respect to Vu.
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1. Introduction

Let © be a bounded open subset of RY, (N > 1), T > 0 and let Qr =
Q% (0,T). We prove the existence of a renormalized solution for a class of nonlinear
parabolic equations of the type:

(%a—(:) — div(a(z,t,Vu)) + H(z,t,Vu) = p in Qp, (1.1)
b(u)(t =0) = b(ug) in €, (1.2)
u=0 ondQx(0,T). (1.3)

In Problem (1.1)-(1.3) the framework is the following: the data p is a general
measure, b is a strictly increasing C*-function, the operator —div(a(z,t, Vu)) is a
Leray-Lions operator which is coercive and grows like |[Vu[P~! with respect to Vu
and H(z,t, Vu) is a nonlinear lower order. In the case where b(u) = u, H = 0, and
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the right hand side is a bounded measure, the existence of a distributional solution
was proved in [3], but due the lack of regularity of solution, the distributional
formulation is not strong enough to provide uniqueness (see [27] for a counter
example in the elliptic case). To overcome this difficulty the notion of renormalized
solutions firstly introduced by R.J. DiPerna and P.-L.Lions in [8] for the study of
Boltzmann equation was adapted to parabolic equations and elliptic equations with
L' data. When  is measure data that does not charge the sets of zero p-capacity
(the so called diffuse measure, see the definition in the section 2 below) a notion of
renormalized solution for Problem (1.1)-(1.3) was introduced in [11] for b(u) = u
and H = 0. Similar result was proved in [5] when H = 0. In [22] the existence of
renormalized solution was proved in the case where b(u) = u and H = 0 and p is a
general measure (see also [6]). In [10] a similar notion of entropy solution is also
defined and proved to be equivalent to the renormalized one. In this paper we use
a new definition of renormalized solution which is adopted in [25] and [24] for the
study of parabolic p-Laplacian equations with general measure data.

The paper is organized as follows. In section 2 we give some preliminaries on the
concept of p-capacity. Section 3 will be devoted to set our main assumptions and
definition of renormalized solution and the statement of the existence result, while
in Section 4 we give the proof of our main result.

2. Preliminaries on parabolic capacity

We introduce the notion of p-capacity associated to our problem (for further
details see [21], [11]). Let Qr = ©Q x (0,T) for any fixed T > 0 and 1 < p <
00, and let us recall that V = Wy ?(Q) N L*(Q), endowed with its natural norm

[-lwr ) + l-lz2 () and
W= {“ € LP(0, T; V), uy € LY (0,T; V’)},

endowed with its natural norm ||.[ze0,7;v) + ||l o (0,7, remark that W is con-
tinuously embedded in C([0,T], L?(2)), and if 1 < p < oo, then CX°(Qr) is dense
in W. Let U C Q7 be an open set, we define the parabolic p-capacity of U as

cap,(U) = inf {||u||W cu € Wou> gy ae. in QT},
where as usual we set inf{(l} = +o0, then for any Borel set B C Q1 we define

capp(B) = inf {capp(U) : U open set of Qp, B C U}.

We will denote by M(Qr) the set of all Radon measures with bounded variation on
Qr, while, as we already mentioned, My(Qr) the set of all measures with bounded
total variation over Qp that do not charge the sets of zero p-capacity, that is if
€ Mo(Qr), then p(E) =0, for all E C Qr such that cap,(E) = 0.

In [11] the authors proved the following decomposition theorem:
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Theorem 2.1. Let p be a bounded measure on Qr. If p € Mo(Qr) then there
exists (f,g1,92) such that f € LY(Qr), g1 € LP (0, T; W=1P(Q)), g2 € LP(0,T;V)

and

T

T
P Ry dt+/ (g1,6) dt —/ (g2} dt & € €(Qr).
Qr Qr 0 0

Such a triplet (f, g1, g2) will called decomposition of p.

Definition 2.2. A sequence of measures (p,,) in Qr is equidiffuse if for every
€ > 0 there exists n > 0 such that for every Borel set E C Qr,

capp(E) <n = |p,|(E) <eVn>1.
Let p,, be a sequence of mollifiers on Qr, the following result is proved in [25]
Proposition 2.3. If u € My(Qr), then the sequence p,, * v is equidiffuse.

If 1 € M(Qr), thanks to a well known decomposition result (see for instance
[14]), we can split it into a sum (uniquely determined) of its absolutely continuous
part p, with respect to p-capacity and its singular part i, that is u1 is concentrated
on a set F of zero p-capacity. Hence, if 1 € M(Qr), we have

= fig + s = g + BT — s
3. Assumptions and definition of a renormalized solution

Throughout the paper, we assume that the following assumptions hold true:
) is a bounded open set on RY (N > 1), T > 0 is given and we set Q7 = Q x (0,7)

b:R— R and (3.1)

is a strictly increasing C'-function with b(0) = 0, and there exists v > 0 and A > 0
such that

v <b(s) <A, VseR. (3.2)
a:Qr xRY - RY is a Carathéodory function (3.3)
a(z,t,£).£ > al¢l, (3.4)

for almost every (z,t) € Qr, for every ¢ € RV, where a > 0 is a given real number.

la(w, t,)| < B(L(x,) + [E[77T), (3.5)

for almost every (z,t) € Qr, for every £ € RY | where 3 > 0 is a given real number,
L is a non negative function in L? (Qr).

[a(:c, L, 5) o a(z, t, 5/)][5 - gl] > 0. (36)
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Let H : Qr x RN — R be Carathéodory function such that for a.e. (z,t) € Qr
and for every ¢ € RV, the growth condition

(2, ,6)| < gl DIEP, (3.7)

is satisfied, with 6 = % and g belongs to LN *21(Qr).
n e M(Qr), (3.8)
ug is an element of L*(Q). (3.9)

We use in the present paper the two Lorentz spaces L9 (Qr) and L% (Qr), see
for example ([18], [19]) for references about Lorentz spaces L%*. if f* denotes the
decreasing rearrangement of a measurable function f,

frr)y= inf{s >0:meas{(z,t) € Qr : |f(x,t)| > s} < 7“}, r € [0, meas(Qr)],

L%1(Qr) is the space of Lebesgue measurable functions such that

meas(Qr) L dr
q _ *png
100 = | i < oo,

while L?°°(Q) is the space of Lebesgue measurable functions such that
| fllLase (@) = sulgr[meas{(:c,t) €Qr:|f(x,t)] >r}e < co.
>
If 1 < g < co we have the generalized Holder inequality

, 11
Vf e LY(Qr),VYg € LY (Qr) such that PR 1,

/Q 1£9] < 1 Fll o @n 1ol o cam- (3.10)

Now we give the definition of renormalized solution of Problem (1.1) — (1.3).

Definition 3.1. A measurable function u is a renormalized solution of Problem

(1.1)-(1.3) if
Ti(u) € LP(0,T; Wy (), for every k>0, H(x,t,Vu) e LYQr), (3.11)
and if there exists a sequence of measures T* € M(Qr) such that:
% — p, tightly as k — oo, (3.12)
(3.13)

By (u); — div (a(:c, t, VTk(u))) + H(z,t, VTi(u)) = py + T in D'(Qr),

where Bk(s):/ Ty (r)b' (r)dr, Vs €R.
0
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Remark 3.2. Observe that (5.2) and (3.11) imply that each term in (3.13) is well
defined and that (3.13) implies that By(u); —div (a(:c, t, VT (u))) +H(x,t,VTi(u))
18 a bounded measure, then we have

By (u); — div(a(z, t, VTk(u))) + H(z,t, VTi(u) = pg + % in M(Qr).

A remark on the assumption (3.2) is also necessary. As one could check later, since
the data is a measure p, we are forced to assume v < V'(s) < A. We conjecture
that this assumption is only technical and could be removed in order to deal with
more general elliptic-parabolic problems (see for instance [1], [7]).

In order to prove the existence result we give the following Lemma
Lemma 3.3. Let u be a measurable function satisfying Ty (u) € LP(0,T; WOI’p(Q))ﬂ
L%(0,T; L?(2)) for every k > 0 such that:

sup /|Tk(u)|2dac+/ VT (u)P dedt < Mk Yk >0,
te(0,7) JQ Qr

where M is a positive constant. Then

N N
Il e < OM T Qi
T
(N+2)(p—1)
VP poven-n < OM rVih-~

LINEDG=1)"7(Qq)

where C' is a constant which depends only on N and p.

Proof. See [13] and [12] . O

4. Existence result

Let us introduce the following regularization of the data: for n > 1 fixed
ull € C2°(Qr), such that uf — ug in L*(Q), (4.1)

p" € C=(Qr), p" = pg + (4.2)

where (1 = p,, x pg and ul = p, x pd — p o pg = Np = AL
Moreover we have
11" L @r) < klvi@n)

and
u" converges to p in the narrow topology of measures.

Let us now consider the following regularized problem

u" € LP(0, T3 WoP(Q)), (4.3)
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T 9.,n
/ <_8v Q) dt+/ a(x,t, Vu™ )V dedt +
0 T

5 H(x,t, Vu™)pdxdt = / w" dxdt

Qr Qr

Vi € LP(0,T; Wy P()) N L™=(Qr),

b(u™)(t=0) = b(ul) in Q, (4.4)

where v™ = b(u™).

As a consequence, proving existence of a weak solution u” € LP(0,T; W, *()) of
(4.3)-(4.4) is classical (see for instance [15]).

Now we give the following proposition which gives some compactness results.

Proposition 4.1. Let u™ and v™ be defined as before. Then

H|V’un|6H Ni2 <C, (4.5)
LN+1(Qr)

lu"(| Lo (0,7;01 () < C, (4.6)
/ VT4 (u™)|P dadt < CF, (@7)

Q
/ VT (v™) [P dzdt < Ck, (4.8)

Q

n o . 1 N

u™ is bounded in LY(0,T; W, %)) V1<g<p-— N1 (4.9)

Moreover, there exists a measurable function u and v = b(u) such that Ty (u) and
Ti(v) belong to LP(0,T; Wy*(2)), and u belongs to L>(0,T; L*(Q)), up to a sub-
sequence, for any k >0 and for any 1 < q <p— NL_H we have

(4.10)

u" = w a.e. on Qr weakly in LI(0,T; Wol’q(Q)) and strongly in L*(Qr),

T (u™) — Ti(u) weakly in LP(0,T; W, () and a.e. in Qr, (4.11)

Ti(v™) — Ty (v) weakly in LP(0,T; W, P(Q)) and a.e. in Qr. (4.12)

Proof. The proof of this Proposition relies on standard techniques for problems of
type (4.3)-(4.4). Let k > 0, we take Tk (u")x(q ;) as test function in (4.3) for every
t € (0,7) and we have

(4.13)

/Ek(u")(t)d:ch/ a(x,t, Vu™)VTi(u") dedt
Q

t

g/ |H(:C,t,Vu”)||Tk(u")|d:z:dt—i—/ ,u”Tk(u")dxdt—i—/Fk(ug)dx,
Qt f Q
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where By(s) :/ Ty (r)V' (r) dr.
0
Using (3.4) and (3.7) we obtain

/Ek(u")(t) dz + a/ VT (u™)|P dedt
Q

t

< k([ lota 01190 dade -+ 12y + 1G22

if we take the supremum for ¢ € (0, ), where ¢; € (0,7) will be choosen later, by
(3.2) we have

g sup |Tw (u™)]? da + a/ VT (u")|P dedt
te(0,t1) J Qty

< k(/Q lg(z, t)||Vu"|® dedt + Il @r) + ||b(ug)llu(g>),
t

1

and thanks to the generalized Holder inequality we obtain

J sup /|Tk(u”)|2dﬂc+a/ VT (u™)|P dadt (4.14)
2 te(o,t1) Jo "
< k(IVa" Pl xez o lgllinvzag) + 11" 1 Li@r) + 10(ug) i) ) < Mk,
LNFL(Q1y)
t1

where M = [||Vu"|’|| xe o9l et e @r) + 10(ug) 2 ),

N1

by Lemma 3.3 we obtain

_5
Vau"|® =||Vu" PP 4.15
INAZ IILgﬁ,m(Qtl) 1Vu"| ||L<’3v“if>l<p2ﬁ>’°°<<gtl> (4.15)

N+1°

< C(IIIVU"|5||LN+2 ~0 )HQHLN*?J(Qtl) + 11" 21 (@r) + 10(ug)| 21 (2))-
t1
If we choose ¢ such that
1= CllgllLv+21q,) > 0, (4.16)

holds, then we have

|||Vun|6|| Ni2 <, (4.17)
LN+17(Qqy)

which yields (4.5).
Since Bj(s) > 'y/ Ty (r)dr > ~v(|s| — 1) Vs € R, we obtain
0

1
u™ o 0,61:01 () < ;M—F meas(Q).
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From (4.17) it follows that
||Un||Loo(0,t1;L1(Q)) <C. (4.18)

Now we use the same technique as in ([23]). We consider a partition of the interval
[0,7] into a finite number of intervals [0,¢1], [t1,t2],...,[tn—1,T] such that for each
[ti—1,1;] the condition (4.16) holds.

In this way in each cylindre 2 x [t;—1, ¢;] we obtain a priori estimates of type (4.5)
and (4.6). From (4.14) and (4.17) with T in place of ¢; we obtain (4.7).

By using (4.6) and (4.7), and thanks to L. Boccardo and T. Gallouét (see [3])
we obtain (4.9). By (3.2), (4.9), and since p™ is bounded in L*(Qr), one obtain
that BBL: is bounded in L!(0,T; W~14(Q)) for every ¢’ < 1 + W%NH)’ using a
standard compactness arguments (see [26]) yield (4.10), (4.11) and (4.12). O

Let us introduce for k > 0 fixed, the time regularization of the function T} (v).
This kind of regularization has been first introduced by R. Landes. More recently, it
has been exploited to solve a few nonlinear evolution problems with L' or measure
data. This specific time regularization of Ty(v) (for fixed k& > 0) is defined as
follows. Let (vf), in L=(Q) N W, () such that ||v}| =(q) < k, for all v > 0, and
vf — Ti(b(ug)) a.e. in Q with L[[v§]|rr) = 0 as v — +oo.

For fixed k > 0 and v > 0, let us consider the unique solution Ty (v), € L>=(Qr) N
LP(0,T, Wy () of the monotone problem:

aTk(U)V

ot + V(Tk(’U)V — Tk(?})) =0in 'D/(QT),
Tr(v),(t =0) = v in .

The behavior of Ty (v), as v — 400 is investigated in [17] and we just recall here
that:

Ti(v), — Tr(v) strongly in LP(0, T, Wy P(Q)) a.e. in Qr as v — +00

with || T3(v), || s () < k for any v > 0, and 2w e Lr(0, T, W ().
We will denote w(n, v, k, ) any quantity that vanishes as the parameters go to their
limit point with in the same order in which they appear, that is, for example

lim lim lim lim  |w(n,v, k)| = 0.
0 k—00 V—00 N—300

We give the following result which has been proved in [2].

Lemma 4.2. Let v" be a sequence in LP(O,T;WOLP(Q)) N Co([0,T); L*(?)), and
(™) € L (0, T; W=LP(Q)), suppose that v™ converges almost everywhere in Qr
to a function v such that Tj,(v) € LP(0,T; WyP () for every k > 0. then we have

/T<8i" To(w" — Th(0),))) dt > w(n, v, k)
o at, E’U LU _wn,l/, ,5.
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Proposition 4.3. The sequence (Vu™) converges to Vu a.e. in Qr.

Proof. Adopting the method used in [2], we prove that for some 6 > 0 , one has
up to subsequences still denoted by u™ (for simplicity of notation, we will omit the
dependence of a on x and t),

9
[(a(Vu”) — a(Vu)).(Vu" — vu)} 0 ae. in Q. (4.19)
Note that (4.19) will be true if we show that

/ [(a(vun) — a(Vu)).(Vu" — Vu)]  dwdt = w(n) (4.20)

T

The same argument in [16] and under asumptions on a(z,t,&) implies that Vu™
converges to Vu a.e. in Q7.
Thanks to Proposition 4.1, the following estimate holds

meas({|o] > k}) = w(k),

We can write ;
/Q ) [(a(vu") — a(Vu)).(Vu" — vu)} dudt

= / [(a(Vu") —a(Vu)).(Vu™ — Vu)} ’ dadt
{lvl=k}

0
+ /{|v<k} [(a(Vu") —a(Vu)).(Vu" — Vu)} dxdt

= Iink + Jn,k-

Since u™ is bounded in L%(0, T Wol’q(Q)) for g < p— NLH, we can choose 0 < % <1,
so that using Holder inequality, we obtain

x| < ¢ meas({|v| > k})'=/4,

and then I, = w(k). Now we set

k= (a(Vu”) - a(Vux{|v\<k})) (VU" - V“X{\v|<k})’

and we have

/ [(a(Vu") — a(V)).(Vu" — Vu)] " dwdt (4.21)

T

0 0
S/ ‘I’n,kx{wn—n(v)u\gﬁ/ Vi kX { o Ty (0), | >e} T W (K),
Qr Qr

since ‘I/fz,k is bounded in L% (Qr) independently of n and k, X{|vm =T (v), | >}
converges t0 X{|y_ry, (v)|>e} almost everywhere in Q7 as n tends to +oo (see [2],
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Lemma 3.2 ) and X{|v—Ty (v), | >} converges to zero almost everywhere in Qr as v
and k tends to +oo we obtain

/ WY X {Jom— Ty (o) |>e} = @(n, v, k),

T

using Holder inequality, (4.21) becomes

/ [(a(Vu") = a(V).(Vu" ~ V) " dwdt

T

6
SmeaS(QT)le(/Q \pn,kX{\unka(v)Ags}) +w(n, v, k).

T

Then it remains to prove that

/ \Ijnkaﬂv"ka(v),,\Ss} = W(TL, l/,k,E). (422)

T

By assumption (3.2) we can write

/Q Yn kX {jon Ty (v), | <e} (4.23)

T

1
< = /(0 m n n _ .
< 7(/Tb (u")a(Vu )(VU VUX{|v\gk})X{\u 7Tk(v),,|§s})

1 / n n
;(/Tb (u >G(V“X{\U|§k}>(w V“X{mszc})X{\w—n(vmg})

By Proposition 4.1 and since |T;(v),| < k we obtain

/ b’(u”)a(Vuxwgk})(Vu”—Vuxwgk})x{‘vn_Tk(ngE} (4.24)

T

Z/Q G(V“X{mk})(v“" - b'(“")b'(“)_lvvx{\wgk})X{|vn—Tk<v>,/\s€}
T
Z/Q G(V“X{wszc})(v“" - VTk(”)”)X{\v"—Tk(v)ulﬁe}
T

+/Q a(VU’X{\ﬂgk})(ka(U)u — b/(un)b/(u)ilka(U))X{\U”—Tk('u),,|§€}
= A + As.

For € < 1 and thanks to Propsition 4.1 we obtain

A1 = /Q G(VUX{l,U‘Sk})VTE(’Un — Tk(’(})l/)

T
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— [ a(Tuxguen) VT (") - Tife))

T

— [ a(Tuxguien) VT (0) = Tu(w),) + wln),

T

and the strong convergence of VT}(v), to VTk(v) in (LP(Qr))Y leads to
A= [ (Vg VI T (0) = Te(o) + ()
Qr

=w(n,v).

By Proposition 4.1 we have &’ (u™) converges to b’ (u) almost everywhere in Qr, since
a(Vuxyjy|<k}) belongs to (LP (Q7))N, VT (v), and VT, (v) belong to (LP(Qr))N
, the Lebesgue’s convergence theorem leads to

| 42| < /Q |a(Vux (o) <ip) IV Tie(0)y = 0 (u™)b' (u) "' VT (v)],

T

< | (s IV, = VT + o),
T
and by the strong convergence of VT (v), to VT, (v) in (LP(Qr))Y we obtain
As = w(n,v).

On the other hand we have

/ b’(u”)a(Vu")(Vu" - V“X{\v|§k})X{|vn7n<v>v\s€} (4.25)

T

- / a(Vu") V(0 — Th(0)0)X (for 1 (o1 <o)

T

+/ a(Vu) (V@) = V() (0) " I T4(0) ) X on -1y 010 10}

T

We deal with the second term on the right side of (4.25), by assumption (3.1) it is
clear that {|v"| <k +e} C {|u"] < k. =max{b~ (k +¢),|b~*(—k —&)|}} and by
Hoélder inequality we have

’/T a(vun)(ka(U)u - b’(u”)b’(U)‘IVTk(U))X{wn—n(v)u\g}

< Na(V T, (W)l g () IV T (0)y — &' (@) () VT (0) | o (r)s

the almost everywhere convergence of b’ (u™) to b'(u) and Lebesgue’s convergence
theorem imply that o' (u™)b'(u)"'VTg(v) converges to V7Tk(v) strongly in
(LP(Q1))YN, since |a(V Ty, (u™)| is bounded in LP (Qr) we obtain

‘ /T a(vun)(ka(U)u - b’(u”)b’(U)”VTk(v))X{|vn—n<v>u\s8}
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< O\ VTi(v), — VIR ()| Lr(or) + w(n),
and the strong convergence of VT (v), to VTk(v) in (LP(Qr))Y leads to

/ b'(u”)a(Vu")(b'(u”)_1VTk(U)l, — bl(“)_1VTk(U))X{\ynka(vmgs} =w(n,v).

T

Hence (4.23), (4.24) and (4.25) imply that

/ \I]n,kX{\U"—Tk(v),,|§€} < /Q G(Vun)V(’Un — Tk(U)V)X{\U"—Tk(v),,|§E} + w(n, l/).
T T

Now we use the equation solved by u". Taking T.(v™ — T (v),) in (4.3) we obtain

/0 <%’ T.(v" = Ty(v),)) dt + /T a(Vu™)VT.(v" — Ty (v),) dodt

+ H(z,t,Vu™)T.(v" — Ti(v),) dedt = / p"To(v" — Ty (v),) dadt.
Qr T

By property of u™ we have

[ - Do) dodt| < el lcan) < eliban
T

By generalized Holder inequality we have

H(JE, t, V’u,”)TE('Un — Tk(v)y) dl‘dt} < €||g||LN+2,1(QT)|| |Vu"|§||LN+2 .

NFL(Qr)

e,

By Lemma 4.2 we obtain

/ a(VU”)VTE('U" _ Tk(’U)V) dzxdt < E(C||g||LN+2,1(QT) + |N|M(QT))'

T

Hence
/ a(Vu™") VT (v" — T (v),) dedt < w(n,v,e). (4.26)
T
Then by (4.26) we obtain (4.22) and therefore (4.20) and (4.19). O
Remark 4.4. Let us observe that from Proposition 4.3 we have H(x,t, Vu™) con-
verges to H(xz,t,Vu) a.e. in Qr and by Proposition .1 H(x,t,Vu™) is equi-

integrable in L*(Qr). Indeed if E is a measurable set of Qr, due the growth as-
sumption (5.7) on H, estimate (4.5) yields that

/|H(z,t,Vu")|dzdt§/g(z,t)|Vu"|5dzdt
E E
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S CHg||LN+2,1(E).

We conclude that H(x,t,Vu™) is equi-integrable in L'(Q7). Then by Vitali’s the-
orem we deduce that H(x,t,Vu™) converges to H(x,t,Vu) strongly in L'(Qr).
Let also remark that from Proposition 4.3, assumption (3.5) on a and Vitali’s the-
orem, we deduce that a(z,t,Vu™) is strongly compact in L*(Qr).

Now we define the space 8 by
8= {= € (0, T3 W (@), 2 € L7 (0. Ts W () + L'(Qr) }.

endowed with its natural norm H'||LP(O,T;W01”’(Q)) -l 2o 0,0 w10 (@))+ 11 (Qr)» 20
its sub-space Wi as

Wi = {z € LY(0, Ts W () N L(Qr), 2 € L¥' (0, T W1 () + L'(Qr) },
endowed with its natural norm

H'||LP(07T;W01’ZJ(Q)) + -z @y + 1l Lo o, mw =107 (@) £ 11 (@)

for any p > 1.

Let us recall that a function z is called cap,-quasi continuous if for every ¢ > 0
there exists an open set F. with cap(F.) < e such that the restriction of z to
Qr\F: is continuous. The following result shows that every functions in W,
satisfy a capacitary estimate for the parabolic capacity.

Theorem 4.5. Let z € Wy, then z admits a unique cap,-quasi continuous repre-
sentative. Moreover, we have

capy({le] > k) < Tmac{[2]2, 217,
where

[z = l2II} + 2

19
Lr(0,T; Wy P () t ”Lp/(o,T;W*l’P’(ﬂ))

Izl @ 12 1 L1 @r) + HZ||2L°°(O,T;L2(Q))7
such that z} € Lp,((), T; W’l’p,(Q)), 22 € LY(Qr) is any decomposition of z, that
1y L2
15 2 = 2y + 2i .

Proof. See [22], Theorem 3 and Lemma 2. O

Now we prove the following theorem

Theorem 4.6. Let u™ € LP(0,T; W, "(Q)) be a solution of Problem (4.3)-(4.4)
then

C 11
capp({[v"] > k}) < Emax{kikzpl/ booVk>1
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Proof. Due to the presence of the lower order term H, the approach used in [25]
in the proof of Theorem 1.2 does not apply here, to overcome this difficulty we are
going to exploit the method used in [22] Theorem 4. Let us first introduce the
following function

1 if |s| < &,
Gr(s) =< k+1—1s| if k<|s|<k+1,
0 if |s| > k+1.

let us denote by G(s) the primitive function of Gy (s). Since we have
/ VT (v™)]P dedt < Ck,
T

we obtain

/ VG (v™) P dzdt < Ck. (4.27)

Given ¢ € C°(Qr) and taking G (v™)¢ as test function in (4.3) we have in the
sense of distribution

Gr(w™): = div(Gk (v™)a(z, t, vw) (4.28)

=V (u")a(z,t, Vu").Vu"X ey cppry + 0 (W)alz, £, Vu").Vu X1 cyne gy
—H(z,t, Vu™)Gr(v") + Gr(v"™) iy

therefore by assumption (3.2) and Proposition 4.1, we have
G € LY (0,Ts W17 () + L1(Q),

and
Gr(v™) € LP(0,T; Wy P () N L=(Qr),

thanks to Theorem 4.5, G(v") has a capp-quasicontinuous representative. To
conclude the proof is enough to prove the capacitary estimate of v,.
Since {|[v"| > k} = {Gx(v™) > k}, by Theorem 4.5 we obtain

Taking 05 (v™) = T41(v™) — Ti(v™) as test function in (4.3) leads to
/ O, (") (T) dx + / b (u™)a(z,t, Vu™).Vu" dzdt
Q {k<|om|<k+1}

+ H(z,t,Vu")0,(v") dedt = / Or(v")p" dedt + [ Op(bug)) de,
Qr Qr Q
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where O(s) = / Or(r)dr Vs € R.

0
Since [|0k(v™)|| L@y < 1 and H(z,t,Vu™) is strongly compact in L'(Q) one
obtains

/ V(u")a(z,t, Vu").Vu" X (< yn < g1y drdt < O,

T

/ V' (u™)a(x,t, Vu").Vu" x(_g_1<ypn<_py dedt < C,

T
/ |H(z,t, Vu" )G (v™)| dedt < C.
T
Then, from (4.28) it follows that

G (v™)} < Ck,

p/
”LP’(O,T;W*W’(Q)) -
1GE(w™)ill L2 @) < C.
using the following estimate
||ak(vn)||QL°°(0,T;L2(Q)) < Hak(vn)”Lw(QT)||ak(UH)HL“(O,T;Ll(Q))a

since v™ is bounded in L*(0,T; L'(2)), we conclude that

cap,({|[v"| > k}) < %maz{k%,kﬁ}.

We have the following technical result

Lemma 4.7. Let u, = puf — p; € M(Qr) where pf and p are concentrated
respectively, on two disjoint ET and E~ of zero p-capacity. Then, for every § > 0,
there exist two compact sets K;’ C ET and Ky C E™ such that

W (ENKD) <6, i (BN\K;) <6, (4.29)

and there exist 1y, 15 € C(Qr), such that

1/);' =1 and Y5 =1 respectively on K;‘ and K , (4.30)
0<vy, v5 <1, (4.31)
supp(y ) N supp(ipy ) = 0. (4.32)

Moreover

o5 lls <6, llvslls <6, (4.33)
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and in particular, there exists a decomposition of (wj{)t and a decomposition of
(15 )¢ such that

, (4.34)

1)l o100y < 70 1@5)ilr@r) <

o Wl
S Wl

15 )il e . row 102y < 55 1572 @n) < 5- (4.35)
3 3

Both ¢f and ¢5 converges to zero x—weakly in L>(Qr), in L*(Qr), and up to
subsequences, almost everywhere as 6 vanishes. Moreover, if N and X" are as in
(4.2) we have

| v avi—wo), [ wpde <o, (4.36)
Qr Qr
BF A" = w(n,d), / F dps <6, (4.37)
Qr Qr
[ a-enax—wmo, [ @-vp)du; <o (4.38)
/ (1= 5) dA" = w(n, o), /Q (1—5)dus <6, (4.39)
Proof. See [22], Lemma 5. O

Now we prove the following theorem

Theorem 4.8. Under assumptions (3.1)-(3.8), there exists at least a renormalized
solution w of Problem (1.1)-(1.3).

Let us fix o > 0 and define
1 if |s| <k,
Sk,o(s) =<0 if |s|>k+o,

affine if otherwise.

Proof. Step 1. Estimates in L'(Q7) on the energy term. Using hy ,(u") =
L (Thqo(u™) — Ti(u™)) as test function in (4.3) we obtain

1
/ By, (u")(T)dx + — / a(x, t, Vu™).Vu" dxdt
Q ' 0 J{k<|un|<k+o}

+ H(z,t,Vu")hi,o(u") dedt = / hio (u™)p"™ dxdt + / B, (ug)dz,
Qr T Q '

where B (s) = / b'(r)hyo(r)dr Vs € R.

’ 0
So that dropping positive terms

1
—/ a(x,t, Vu™).Vu" dedt (4.40)
{k<|u™|<k+o}

g
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< / || dedt + / |H (z,t, Vu™)| dedt + / b(ug) dx.
{lun|>k} {lur|>k} Hug >k}
which implies, in particular,
1
—/ a(xz,t, Vu™).Vu" dedt < C. (4.41)
T J{k<|u"|<k+o}

Step 2. Equation for the truncations. Given ¢ € C°(Qr), taking Sy »(u™)¢ as
test function in (4.3), we obtain

B, (u"): —div (Sk,g(u")a(:n, t, Vu")) + H(x,t,Vu")Sk o (u"™)
1 . n n n
= pg+ psSke(u™) + ;szgn(u Ja(z, t, Vu").Vu" X (< jun | <kto}

+1q (Sk,o(u") — 1) in D'(Qr), (4.42)

where By, (s) = / b (r)Sk.o (1) dr.
yo 0
From (4.41), there exists a bounded Radon measure ¢} such that, as o goes to zero

1
;sign(u")a(z, t, Vu).Vu" X e jun|<ktoy — Sk * weakly in M(Qr).

Taking the limit as o vanishes in (4.42) it follows that
By (u™)y — div(a(:c, t, VTk(u"))) + H(x,t, VT (u"™)) = pj + Hos X {Jun|<k}
Sk — g X {jun >k 0 D'(Qr),
where By(s) = /S Tp(r)b'(r)dr, Vs €R.
We define the mgasure Ik as

s
Iy = 1 Xqur )<k} Sk — HdX{jun >k}

Notice that
Tkl i@ < C,

so that there exist I'* € M(Q) such that
" ~T% % weakly in M(Qr).

Therefore, using Proposition 4.1 and Proposition 4.3 | in the sense of distribution
we have

(4.43)

By (u) — div (a(z, ¢, VTk(u))) + H(x,t, VT (™) = pyg + T in D'(Qr).



110 A. MARAH A. BouaJAaJA AND H. REDWANE

Step 3. The limit of I'*. By substracting (4.43) from the distributional formula-
tion of (4.3) we obtain for any ¢ € C°(Qr)

/ (0™ — Bg(u))yp, dxdt —|—/ (a(z,t, Vu") — a(x,t, VT (u))Vedxdt  (4.44)

T T

+/ (H(x,t,Vu™) — H(x,t,VTi(u)))p dxdt

— [ i~ ppdsd+ [ (2 - Tp e
T Q

Using Proposition 4.1 and Proposition 4.3 we obtain from (4.44) in the sense of
distribution
Fk = Mg + CU(TL, k) in QI(QT)

To complete the proof we have to show that the previous limit is actually tight.
Let us choose without loss of generality ¢ € C1(Q7) (then by density argument we
show the result holds with ¢ € C(Qr)). We have

/ rk@d:cdtz/ Fk\I/(;gpdxdt—i—/ F(1 — Ug)pdadt,
T T T

where Wy = 7,/1(}" + 15 is chosen as in Lemma 4.7. Thanks to the previeous result
we can write

/ Fkllfggodxdt:/ ujllf(;(pdxdt—/ wy Usodrdt + w(n, k),
T T Qr

we have

| wtspdsat= [ piviededes [ utviedsts [ pivredsd
T Ki ET\K} Qr
since 1/1?{ =1on K;r by Lebesgue’s theorem we have
/ o ddt:/ Fodadt §
ps Vs da pig o dadt 4 w(0)
Qr Qr

by Lemma 4.7 we obtain
[ tutedsd] < Sleleian
E\K;
and
[ wrvsodedt| < lelliman [ w5 edut =)
Qr Qr
Then we otain

/ ,u:\I/(;(pd:Edt:/ pi o dadt + w(0).

T T
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Similarly we obtain

/ u;\Il(;cpdzdt:/ g @ dadt + w(0).
T Qr

Hence
/ "W dedt = / pdp, +w(k,9).
T Qr

To conclude we have to prove that
/ IRl — W) dedt = w(k, ).
Q
From the definition of I'* we have

n o o

1
/ (1 —Ws)pdl* =lim (hm — / sign(u™)a(x,t, Vu™).Vu" (1 — Us)p
T {k<|ur|<k+o}

df o aeved - [ (1= Waedu),
{lum|<k} {lu™|>k}

By Proposition 2.3 the sequence p is equi-diffuse, thanks to assumption (3.2) and
Theorem 4.6 we deduce that

[ - weds
{lu™|>k}

We have

[ aewean= [ gewgeai- [ a-wear,
{Ju™|<k} {Ju™|<k} {lun <k}

and

[ amwgeani= [ a-upeani- [ wrean,
{|um|<k} {lum|<k} {lum|<k}

Thanks to Lemma 4.7 we obtain

[ aewsedy] < lelliean ([ a-vnixie [ vran) —w(mn.o)
{Ju™<k} Qr Qr

<lelloman [ luldodt = w(n, ),
{lon >k}

Similarly we obtain
/ (1 =Ts5)pd\" =w(n,d),
{lur <k}

and then
[ a-veds =),
{lun| <k}
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It remains to prove that

1
/ —sign(u™)a(z,t, Vu").Vu" (1 — Us)pdadt = w(o,n, k,0).
{k<|u"|<kto} O

we use hg, o (u™)(1 — Ws) as test function in (4.3) we obtain

QTBQJWWWQVﬂLBﬁJWWTfiéBQJW@U—Wﬂm) (4.45)

1
+—/ a(z,t, Vu™).Vu™ (1 — Uy) —/ a(x,t,Vu™).VUshy - (u")
{k<|un|<k+o}

g T

+ H(z,t,Vu")hi,o(u")(1 — Ps)
Qr

::/ mﬁwwaf@wM$g/ o (™) (1 — Tg)u

Using assumption (3.2), the convergence in L*(Qr) of u™, a(z,t, Vu™), H(x,t, Vu™)
and the regularity of Us we obtain

[ Bi.)(T) = wlon, b,
Q

/’Baxwx%»:wwmwx

T

[ B ()0~ 95(0) = (o, ),
/ a(x,t,Vu").VUshy ,(u") = w(o,n, k),

H(z,t,Vu™")hgo(u")(1 — ¥s5) = w(o,n, k).
Qr

Thanks to Theorem 4.6 and equi-diffuse property of u
[ balu)0 = By = (o, ),
T
finally by Lemma 4.7 we have
| a1 = o) = wlo,n.0).
T

Hence we conclude that u is a renormalized solution of Problem (1.1)-(1.3). O
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