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ABSTRACT: In this paper we construct wavelet frame on Sobolev space. A necessary
condition and sufficient conditions for wavelet frames in Sobolev space are given.
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1. Introduction

Let IF be an algebraic field and topological space with the topological properties
of non-discrete, complete, locally compact and totally disconnected.Let F* and F*
are the multiplicative and additive groups of F respectively. Now we define Haar
measure d¢ for FT . Then for 8 # 0(38 € F), d(B€) is also a Haar measure. Let
d(BE) = |p|d¢ and we say |3] is the absolute value or valuation of 5.Let |0] = 0.
The valuation or absolute value has following properties :
(a) [£] > 0 and |¢] = 0 if and only if & = 0;
(b) lenl = ¢l :

(e) 1€ +nl < maz(|¢], [n]).
The last property is called ultrametric inequality. The set © = {£ € F: || < 1} is

the ring of integers in F and is the unique maximal compact subring of F. Define
P ={cF:|{ <1} The set P is called the prime ideal in F. The prime ideal in
F is the unique maximal ideal in ®. Then set B is principal and prime.

Let A be a measurable subset of F and |A] = [, (4(&)d¢, where (4 is the charac-
teristic function of A and d¢ is the Haar measure of F normalized so that || = 1.
Then we observe that |B| = ¢~! and |p| = ¢~ . Therefore for £ # 0(¢ € F), |£] = ¢~
for some k € Z.

Define B* = pkD = {¢ € F: |¢| < ¢ %,k € Z} . These are called fractional ideals.
Each B* is a subgroup of FT.It is to see that PB* is open as well as compact. If F
is a local field, then there is a nontrivial, unitary, continuous character y on FT.
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It can be proved that FT is self dual.
Let x be a fixed character on F* that is trivial on ® but is nontrivial on 1.
We will define fixed character y for a local field of positive characteristic by

X (&) = x(ng), for &mnel.

Definition 1.1. If g € L'(F), then the Fourier transform of g is the function §
defined by

o) = / 9(E)x, (€)de = / 9(E)x(—n)de.

The Fourier transform in LP(F), 1 < p <2, can be defined similarly as in LP(R).
The inner product is defined by

(0, f) = /F 9(&F@de for f.g € LA(F).

The “natural”order on the sequence {v(n) € F}o2 is described as follows.

Recall that B is the prime ideal in ©, D /P = GF(q) =7, ¢ = p°, p is a prime, ¢
a positive integer and 2 : D — T the canonical homomorphism of ® on to 7. Note
that 7 = GF(q) is a c- dimensional vector space over GF(p) C 7. We choose a set
{1 =e€ps€1seer€c—1} C D = D\P such that {QUey)}iZy is a basis of GF(q) over
GF(p).

Definition 1.2. Fork, 0<k<q¢ k=ay4+ap+ .. +ae_1p,0<a; <p,i=
0,1,...,c— 1, we define

v(k) = (ap + ar1e1 + ... + Qe1€c_1)p (0 <k <q).
For k=09 +biqg+...4+b5q°,0<b; <q, k>0, we set
v(k) = v(bo) +p~ o(br) + .. +p 0 (by).

Note that for k,l > 0, v(k +1) # v(k) + v(l). However, it is true that for all
r,s >0, v(rg®) = p~sv(r), and forr,s > 0,0 <t < ¢° v(rq¢® +t) = v(rq®) +v(t) =
pu(r) +o(t).

We will denote x,,,) by X, (n > 0) and use the notation Ny = {0, 1,2, ...} and
N ={1,2,3,...} throughout this paper.
1.1. Distributions over local fields

We denote .(FF) the spaces of all finite linear combinations of characteristics
functions of ball of F. The Fourier transform is homeomorphism of .7 (FF) onto

Z(F). The distribution space of . (IF) is denoted by .’(FF) .
The Fourier transform of g € . (F) is denoted by §(w) and defined by

§(w) = /F 9(Exo E)de = /F g(E)x(~we)de, w € F, (L1)
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and the inverse Fourier transform defined by,
96 = [ d)xew)de, ¢ € F. (12)
F

The Fourier transform and inverse Fourier transforms of a distributions g € .’ (F)
is defined by

(9,0) = (9, 0), (9”,9) = (g.¢"), for all p € 7(F). (1.3)
Definition 1.3. Sobolev space over local fields.
Let s € R. Sobolev space over local fields denote by H*(F), defined by the space of
all g € ' (F) such that

72 (w)j(w) € L3(F), where i*(w) = (Max(1, |w|))®.

We equip H®(F) with the inner product

(0.1, = () = [ 7 @)
which induces the norm

gllFre ) = | 7*(@)|g(w)[*dw.
F

Theorem 1.4. The space .7 (F) is dense in H*(F).

Proof. See [15]. O

2. A necessary condition of wavelet frame for H*(TF)

Let ¢ € H*(F), ¢, ,(¢) = a3 v(p~9€ — v(k)), j € Z, k € Ng. The function
system {1, . (§)}(j.x)ezxn, a wavelet frame for H*(IF), if there are two constants
C, D > 0 such that

Cllgllre ey <D D Kg:%50)1° < Dllglle sy (2.1)

JEZ keNy
satisfies for all g € H*(F).

Theorem 2.1. If{¢;, :j € Z,k € No} is a wavelet frame for H*(F) with bounds
C and D then

C< ﬁs(w)z (W) < D ae.weT.
jEL
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Proof. For g € #(F) and ¢ € H*(F), we have

S g tsmel = 3| / 2 (@)i(w)a  D(p—Tw — o(R) o
k=0 “F

_ Z]Aw@m@m%Wwwm@%MM
- I 98 (W) g(w) Y (pw) x, (b7 w)dw
A g

Since g € .(F) so the > ;2 contains only finite non-zero terms and y;(v(l)) =1
for all k,l € Ny, then we get

S g by ml? = qu//{zy 3w + v (w + v(0)xp (@)
k=0

k=0

xP(w + o(l)) }dw) x {D° (p~Iw)d(p~Iw)th(w) X (W) bdow.

By the convergence theorem of Fourier Series on O, we get

S gty ml = /w VoIS v (@ + p (k)3 + pIu(k)
F k=0

k=

(=)

x(plw + v(k))dw. (2.2)
Let A; is the set of regular point of &*(w)|d(piw)|?, so for all w € A;
[ @b b @)l as - +ox.
woEP

If A= UjezAf§, then |A] = 0.
Suppose that wg € F — A. So for each fixed positive integer M, set
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L
§(w) = %&“’0) for all > M,
2

where ¢; is the characteristic function of wg + pUs
Then for [ € N and j > —M, §(w)g(w + p~7v(l)) = 0. Since w and (w + p~Iv(l))
can not be in wg + P simultaneously. Now, we have

S el = > / w)|ih(plw)Pdw < D. (2.3)
§>—M k=0 j>—M T wt
Let | = 400 and M — 400, we have
> 5 (wo) [ (plwo)|? < D. (2.4)
JEL

To prove the left hand inequality,

Z Z (g, % 10]* = Th + T, (2.5)

JEZ keNy

where

Z Z |<9a¢j,k>|2 and Ty = Z Z |<9a1/1j,k>|2-

j>—M keNg J<—M k€eNg

By condition of frameA, T 2 C — T5. Since we have already show that

Ty =3 o P (wo)|(p~7wo)|?. So we only need to show that Th — 0 as M — oo.
Now, using the fact ./(F) is dence in H*(IF) in (2.2) and Schwarz’s inequality, we
have

no< Y Z{/ @ (e}

j>—M k=0

X {/F 2w+ p I o(k))[f (@ + P 0(k) Pl (pw + v(k‘))|2dw}

1
2

where § = (072 f) and f € .#(F)

Since f € .#(F), so there exists a characteristic funtion ¢, (w — wo) of the set
wo + 9", where 7 is some integers. Now f can be written as f(w) = ¢2¢, (w — wo).
If w+ p~Ju(k) € wo + P, then [p~Iv(k)] < ¢, hence |v(k)] < ¢~"7. Then
summation index k is bounded by ¢~"77. So using this, we get

o< ¢ / 2 (09 [ (w) 2o,
P jwo-l,-qf} Jt+r
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Suppose that wg # 0. For any € > 0, choose J < 0 enough small satisfies the
following two inequalities : ¢/ < |wo| = ¢” such that J 4+ p < 0

and [ -, 75 (p~7w) | (w)Pdw < €.
We have

p wo +P I P/ forall j < J. (2.6)
Since [p~Iwo| = ¢’¢” < ¢7¢” and P~ C P,
Hence, 75 — 0 as 7 — —oo. Therefore there exists j such that

Ts < e.

Hence we obtain required result. O

3. Sufficient conditions of wavelet frame for H*(IF)

To find the sufficient conditions of wavelet frame for H*(TF),
we need the following Lemma

Lemma 3.1. Let g be in .7 (F) and ¢ € H*(F).If
sup{P°() ez [0 (pIw)? : w0 € P1\D} < o0, then

ZZI V) oo /Fﬁs(w)lé(w)l%s(w)zIfb(pjw)lzdw+T2, (3.1)

JEZ k=0 JEL

where

Z/AS @) D) [ 35 (w + p~iu(1)d(w + p o (1))

JEL =1
xz/J(pjw—l—v(l))} dw. (3.2)
Then iterated series in (3.2) is absolutely convergent.

Proof. Since g € /(F) so the Y., in (3.2) contains only finite non-zero terms.
Hence,

o0

Z/“ J(preo) (@) [ S 5w + b T0()3(w + pTo ()Pl + 0(1))] do

JEZ 1=0

_ZZ/AS )3 (PIw) 7 (@ + pI0(1)3(w + p 01D (P w + v(l))dw. (3.3)
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We claim that,
> Sl tisduewfl = X [la@Pr @I @+ T 64)
JEZ IeNg JEZ
holds for all g € .7(IF). We have
S Hg ) me e Z/ 7 )P (p w)|dw + To, (3.5)
JEL IEN, jEL
where

= TF [ @+ p o)t pv)

JEZ leN
xih(plw + v(l))dw. (3.6)
By using the condition sup{v®(w) ", |1j)(pjw)|2 twePN\D} < 400
and Levi’s Lemma for integral, we get
> Yl tsidueml = [P @I@P ) X B0l + T (1)
JEZ 1EN F jJET
Now, we show that series (3.6) is absolutely convergent.

12 IS [ 570 o)o” -+ B o) + 5000+ o(0)

JEZ leN

< ZZ/ F@)lg(@)lPF (@ o7 ())|§(w+Ifjv(l))|%[ﬁs(w)m(pjw”z

JEZ 1EN

+0° (w +p o) [d(p?w + v(1))[*]dw.

|T2|<|ZZ/ FpIw)gp W) F (pw + pIu()]g(p e + p T u(D))]

JEZ 1EN
X (p~Iw)[¢h(w) dw. (3.8)

Since g € .7 (F), there exist a constant J > 0 such that for all |j| > J
g Iw)g(pw +p~Iu(l) = 0. (3.9)
On the other hand, for each |j| > J, there exist a constant L such that for alll > L
gp 7w +p o) =0. (3.10)
Therefore only finite number of terms of the iterated series in (3.8) are nonzero .

72| < Cllo* ()3 19l 7= - (3.11)
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Hence the T3 is absolutely convergent. The proof is complete. O

Now using above lemma, we establish sufficient condition of frame for H*(F).
Let

Ay = ess sup{v*(w) Z (W) we PI\D}, (3.12)
and
Ay = ess inf{r*(w) Z [D(pw)[? : w € PH\D). (3.13)
We set
B(o(l) = Sup{; [y (o(l), pw)] : w € B1\D}, (3.14)
where
h (v(1), w) = Z P (@) (p 7 w)d(p=iw + v(D)). (3.15)

Suppose that Q@ = {1,2,3,4,...¢ — 1} and ¢Ng = {¢k : K =0,1,2,3,...}.

Theorem 3.1. Suppose ) € H*(F) such that

pr(W) =0s— > [Bu(v(m)By(—v(m))]z >0,

meqNo+Q

po() = A1+ > [By(w(m))By(—v(m))]? < +oo.

meqNo+Q

Then {v; : j € Z,k € No} is wavelet frame for H*(F) with bounds py () and
pa(¥) .

Proposition 3.2. For a given | € N, there ezists k € N and unique m € qNg + Q
such that | = ¢"*m. Thus we have {v(I)}ien = {p~ v (M)} (k,m)eNox {qo+Q} - Since
the last series in equation (3.2) is absolutely convergent. Therefore equation (3.2)
become
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- 3 [ DEw)p* (@ + I Fo(m))(w + p 7 Fu(m))

JEZ kENo mEqNo-i-Q
x(plw + p~Fu(m)]dw

= [P S S e @ um)ite + b u(m)

keENg megNo+Q jEZ
< (p?~Fw + p~Fu(m))]dw

= [P X o om)i +pom)

JEZ megNo+Q

X 37 05w+ p I o(m)b(p )i (@) (e (pw + v(m)))dw

keNg

= [P Y oA um)ho(um) )

JEZ megNy+Q
xg(w + p~Iv(m)))dw

= ¥ 2 [oHa)rt ot pum)ie +piom)

JEZ megNy+Q
xhy (v(m), plw)dw.

We derive further that

IT5| < /Ff/%(w)lﬁ(wl[z Yo PEw e u(m))g(w +pIu(m)]

JEZ megNo+Q
x|y (v(m), p!w)|]dw

S X S @) hototm), )i’

JEZ meqNo+Q

<L 7% oo 3+ 5o m) P (o). ) ]

3 [ 7 @) Pl (om).pie) dl

meqNo+Q JEL

Z/ )2l (—0(m), pieo)|dec]

JEZ

S / 5 (@)]3(w) By (v(m)) o] / 5 (@)1 P18 (—v(m))deo]

meqNo+Q

IN

IN

IN
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= [FEleP 3 Bum)s—om)

meqNo+Q
Now it follows from equation (3.1) in Lemma 3.1 that

/F D @B = S 18, 0m)B s (—e(m))]F o

JEZ meqNo+Q

<ZZ| ¥, ) mem) [, (3.16)

JEZ kENg
and

S5 g i) s/F @)Y 5 (@) [ (o) +

JEZ keNy JEZ

> [By(v(m)By(—v(m))]? }dw.(3.17)

megNo+Q

Taking infimum and suprimum in above two inequality respectively, we get

Oglla=@ <D D g0l < pr(@)gllae@)- (3.18)
JEZ keNg
The proof of theorem 3.1 is complete.
Theorem 3.3. Suppose 1 € H*(F) such that
As(y) = ess i"fweqsfl\@{ﬁs(w) Z |1L(ij)|2
JEL
@) D> [ w)d(piw + o(1))[} >0, (3.19)
JEZ leN

Ag() = ess sup yep-nol? (W Z Z [ (p?w)p(piw + v(k))|} < +o0.

JEZ kENy
(3.20)

Then {t; ), : j € L,k € No} is a wavelet frame for H*(F) with bounds Az(¢y) and
Ay(1h).

Proof. We use Lemma 3.1 to calculate T3 in (3.2) for g € ./ (F) with another way.
We first deduce that
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Tl = IE X [ @R o+ B o) +p0(0)

JEZ leN
xP(piw + v(l))du|
S5 1% @) ) e+ o) o}

JEZ IeN

x{/|9 w+p ()07 (w + p o)) () (pw + v(1))|dw} 2
= ZZ{/LG P07 (@) [ (P w) b (piw + v(D)) | dw} 2

JEZ IEN

< / 19() 2% (@) [ (o) (pow — o(0))|deo)} 2.

IN

Since {v(k) : k € N} = {—v(k) : k € No}, we have

< T [ o @ieoiee - o0l 62

JEZ IeN

By Levi Lemma we obtain,

|T2| S/FIQ(W)l2 % {ZZW Pw)d(piw —o(l ))I}dw- (3.22)

JEZ leN

Using equation (3.1), we get

|7 @) ) S b = 5) 3 3 ) e+ (D)

JEL JEZ leN
<D gl (3.23)
JEZ €Ny
and
> 3l vl < [ P @I@P @) Y )b+ D)l
JEZ IEN, F JEZ 1eN
(3.24)

Taking infimum in (3.23) and supremum in (3.24) , we obtain that

Dl e < DD g < D)9l ey (3.25)

JEZ IeNg
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hold for all g € .(F). The proof of theorem 3.3 is complete. a

Acknowledgments

The authors are thankful to the referee for his thorough review and appreciate

suggestions and the comments to various improvements in the manuscript. The
work of third author is supported by the CSIR grant no : 09/013(0647)/2016 -
EMR - 1, New Delhi.

References

C. K. Chui, An Introduction to Wavelets, Wavelet Analysis and Its Applications, Academic
Press, Boston, MA, 1, (1992).

S. Mallat, Multiresolution approzimations and wavelet orthonormal bases of L?(R), Trans.
Amer. Math. Soc. 315, 69-87,(1989).

Y. Meyer, Wavelets and Operators, Cambridge University Press, Cambridge, 1992.

4. S. Dahlke, Multiresolution analysis and wavelets on locally compact abelian groups. in

10.

11.

12.

13.

14.

15.

16.

Wavelets, images, and surface fitting, A K Peters, 141-156,(1994).

J. J. Benedetto and R. L. Benedetto,A wavelet theory for local fields and related groups, J.
Geom. Anal. 14 , 423-456,(2004).

R. L. Benedetto, Examples of wavelets for local fields, in: Wavelets, Frames and Operator
Theory, Contemporary Mathematics, American Mathematical Society,Providence, RI,345,
27-47,(2004).

S. Albeverio and S. Kozyrev, Multidimensional basis of p-adic wavelets and representation
theory, P-Adic Numbers Ultrametric, Anal. Appl. 1 , 181-189,(2009).

A.Y. Khrennikov, V. M. Shelkovich and M. Skopina, p-adic refinable functions and MRA-
based wavelets, J. Approx. Theory 161, 226-238 (2009).

S. Kozyrev, Wavelet theory as p-adic spectral analysis Izv. Ross. Akad. Nauk Ser. Mat. 66,
149-158, (2002).

H. Jiang, D. Li and N. Jin, Multiresolution analysis on local fields, J. Math. Anal. Appl. 294,
523-532, (2004).

D. Ramakrishnan and R. J. Valenza, Fourier Analysis on Number Fields, Graduate Texts in
Mathematics , Springer-Verlag, New York,186 (1999).

M. H. Taibleson, Fourier Analysis on Local Fields, Mathematical Notes , Princeton University
Press, Princeton, NJ,15 (1975).

Biswaranjan Behera and Qaiser Jahan, Multiresolution analysis on local fields and character-
ization of scaling functions, Adv. Pure Appl. Math. 3, 181-202,(2012).

F. Bastin and P.Laubin,Regular Compactly Supported Wavelets in Sobolev spaces, Duke
Mathematical Journal, 87 (3), 481-508,(1997).

Ashish Pathak and Guru P. Singh, Wavelet in Sobolev space over local fields of positive char-
acteristic, Int. J. of Wavelets Multiresolunt. Inf. Process, 16(3),16pp, (2018).

Ashish Pathak, Dileep Kumar and Guru P. Singh Multiresolution Analysis on Sobolev space
over local fields of positive characteristic and Charaterization of scaling function (preprint).

Ashish Pathak, Dileep Kumar and Guru P. Singh,
Department of Mathematics,

Institute of Science, Banaras Hindu University,
Varanasi-221005, India.

E-mail address: ashishpathak@bhu.ac.in,

E-mail address: dkbhu070gmail.com

E-mail address: gurusinghab90920gmail.com



	Introduction
	Distributions over local fields

	A necessary condition of wavelet frame for Hs(F)
	Sufficient conditions of wavelet frame for Hs(F)

