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Multiplicative Sum Zagreb Index of Splice, Bridge, and Bridge-Cycle
Graphs

Mahdieh Azari

ABSTRACT: The multiplicative sum Zagreb index is a graph invariant defined as
the product of the sums of the degrees of pairs of adjacent vertices in a graph.
In this paper, we compute the multiplicative sum Zagreb index of some composite
graphs such as splice graphs, bridge graphs, and bridge-cycle graphs in terms of the
multiplicative sum Zagreb indices of their components. Then, we apply our results to
compute the multiplicative sum Zagreb index for several classes of chemical graphs
and nanostructures.
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1. Introduction

A topological index, also known as graph invariant, is a numeric quantity that is
mathematically derived in a direct and unambiguous manner from the structural
graph of a molecule. It is used in theoretical chemistry for the design of chemical
compounds with given physico-chemical properties or given pharmacologic and
biological activities [8,22].

The Zagreb indices are among the oldest topological indices, and were intro-
duced by Gutman and Trinajsti¢ [14] in 1972. These indices have since been used
to study molecular complexity, chirality, ZE-isomerism, and hetero-systems. The
first and second Zagreb indices of a simple graph G are denoted by M;(G) and
M5 (@G), respectively and defined as

Mi(G)= Y da(u)® and Ma(G) = Y dg(u)dg(v),
ueV(QG) weE(G)
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where V(G), E(G), and dg(u) denote the vertex set of G, edge set of G, and degree
of the vertex u in G, respectively. The first Zagreb index can also be expressed as
a sum over edges of G,

Mi(G)= > (dg(u)+da(v)).

uveE(G)

The multiplicative versions of Zagreb indices were introduced by Todeschini
and Consonni [20] in 2010. The first and second multiplicative Zagreb indices of G
are denoted by IT; (G) and TI2(G), respectively and defined as

0 (G) = [] dew)?andly(G)= [[ da(wda(v).

ueV(G) weE(G)

The second multiplicative Zagreb index can also be expressed as a product over
vertices of G [13],
M(G) = [] dolu)ie™.
ueV(G)
For more information on multiplicative Zagreb indices, see [7,10,12,15,17,21].
In 2012, Eliasi et al.[11] introduced another multiplicative version of the first

Zagreb index called multiplicative sum Zagreb inder. The multiplicative sum Za-
greb index of G is denoted by ITf(G) and defined as

(G = ][] (de@)+da().

weE(G)

In [6,16], some lower and upper bounds on the multiplicative sum Zagreb index
of several composite graphs such as union, join, corona product, rooted product,
hierarchical product, composition, direct product, Cartesian product, and strong
product were presented. In this paper, we present exact formulae for computing
the multiplicative sum Zagreb index of some other composite graphs such as splice
graphs, bridge graphs, and bridge-cycle graphs. In addition, the multiplicative
sum Zagreb index of several classes of chemical graphs and nanostructures are
computed.

2. Definitions and Preliminaries

In this section, we recall the definitions of splice, bridge, and bridge-cycle graphs
and state some preliminary results about these graphs.

Definition 2.1. Let G; and Gy be two finite disjoint graphs. For given vertices
vy € V(G1) and vy € V(G2), a splice or coalescence of G1 and Go by vertices vy
and vq is denoted by (G1.G2)(v1,v2) and defined by identifying the vertices vy and
vo in the union of G1 and Gs.

Definition 2.2. Let {G;}L ,, d > 2, be a set of finite pairwise disjoint graphs with
v; € V(Gy). The bridge graph B = B(G1,Ga,...,Ga;v1,va, ..., va) of {Gi}d_, with
respect to the vertices {v;}%_, is the graph obtained from the graphs G1,Ga, ..., G4
by connecting the vertices v; and vi41 by an edge for all 1 <i<d—1.
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Remark 2.3. In the case d = 2, the bridge graph B(G1,Ga;v1,v2) is also called
the link of G1 and Gy and denoted by (G1 ~ G3)(v1,v2).

Definition 2.4. The bridge-cycle graph BC = BC(G1,Ga,...,G4;v1, V2, ..., V4),
d >3, of {G;}L, with respect to the vertices {v;}_, is obtained by connecting the
vertices v1 and vg by an edge in the bridge graph B = B(G1, G2, ..., G4; 01, V2, ..., V4).

In the following lemma, the degree of an arbitrary vertex in splice, bridge,
and bridge-cycle graphs are computed. The results follow easily from the above
definitions and the proof of the lemma is therefore omitted.

Lemma 2.5. (i) The degree of a vertex u in the splice graph S = (G1.G2)(v1,v2)
s given by

_fde,(w) uweV(G;) —A{v}, 1<i<2,
ds(u)—{51+62 U=V Or U= vs,

(i) The degree of a vertex u in the bridge graph B = B(G1,Ga, ..., G4;v1, V2, ..., vq)
is given by

dg,(u) weV(G;) —{v}, 1<i<d,
dB(u) = 0; +1 u =", i€ {1,d},

(iii) The degree of a vertex u in the bridge-cycle graph BC = BC(G1,Ga, ...,Ga;
V1, V2, ..., Uq) @S given by

dpo(u) = § de:w)  weV(G)—{u}, 1<i<d,
Bc(u) = 0; +2 u=w;, 1<i<d,

where for 1 <i <d, 6; = dg,(vi).

We refer the reader to [1,2,3,4,9] for more information on computing topological
indices of splice and link graphs.

3. Results and Discussion

In this section, we compute the multiplicative sum Zagreb index of the splice,
bridge and bridge-cycle graphs. Throughout this section, let G; be a nontrivial
simple connected graph with v; € V(G;) and let §; = dg, (v;), where 1 < ¢ < d.
We denote by N¢(u) the set of all first neighbors of a vertex u in the underlying
graph G.

3.1. Splice graphs

In this subsection, we determine the multiplicative sum Zagreb index of the
splice graph S = (G1.G2)(v1,v2) in terms of the multiplicative sum Zagreb indices
of the graphs G; and Gs.
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Theorem 3.1. The multiplicative sum Zagreb index of the splice of G1 and Gs
with respect to the vertices v1 and v s given by

I ((G1.Go) (v, 02)) =I1}(Gh) 5(G) [T (1 + ﬁ)
e (3.1)
H (1+ da,(a) +52).

a€ENg, (v2)

Proof: Let S = (G1.G3)(v1,v2). By definition of the multiplicative sum Zagreb
index,

mi(S)= [ (ds(a)+ds(b)).

abeE(S)

By definition 2.1, E(S) = E(G1)UE(G2). So, we can consider IT;(.9) as the product
of two expressions as follows:
The first expression P; consists of contributions to II7(S) of edges from Gy,

b= II (de,(@) +de, () [ (dei(a)+ (61 + 62))

abe E(G1);a,b#v1 avi€E(G1)

- 113 (G1) s,
HGUIEE(Gl) (dGl (a) + 51) av1€1_[E(G1)(dGl( ) * ( * ))

H dGl(a)+51+52
da,(a) + 01

572)
dG1 (a) + 51 '

=117 (Gh)

aENg, (v1)

“mGy) [ (+

a€ENgG, (v1)

The second expression P, consists of contributions to II5(.S) of edges from Gs.
Similar to the previous case, we obtain

1
P, =TI7(Gs) H 1+ —-).
a€Ng, (v2) dca (a) 02
Now Eq. (3.1) is obtained by multiplying P, and Ps. O

Suppose that v is a vertex of a graph G and let G; = G2 = G and vy = vy = v.
Using Theorem 3.1, we get the following result.

Corollary 3.2. The multiplicative sum Zagreb index of the splice graph (G.G)(v,v)
s given by

117 ((G.G)(v,v))

where § = dg(v).
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3.2. Bridge graphs

In this subsection, we determine the multiplicative sum Zagreb index of the
bridge graph B = B(G1,Ga, ..., G4; 01, Ve, ..., vq) in terms of the multiplicative sum
Zagreb indices of the graphs G1,Go, ..., Gg4.

In the following theorem, the multiplicative sum Zagreb index of the link of two
graphs is computed.

Theorem 3.3. The multiplicative sum Zagreb index of the link of G1 and G2 with
respect to the vertices v1 and v s given by

I} ((G1 ~ G2)(v1,v2)) =(61 + b2 + 2)IT1(Gy) 117 (G2) H (1+ m)

aENg, (v1)

1
H (1+dG2(a)+52)'

a€Ng, (v2)
(3.2)

Proof: Let G = (Gy ~ G2)(v1,v2). By definition of the multiplicative sum Zagreb
index,

;G = [[ (de(a)+da(b)).

abeE(G)

By definition of the link of graphs, E(G) = E(G1) U E(G2) U {v1v2}. So, we can
consider IT5(G) as the product of three expressions as follows:
The first expression P; consists of contributions to ITj(G) of edges from Gy,

b= II (de,(@) +da, () [ (dei(a)+ (61 +1))

abeE(G1);a,b#v1 avi€E(G1)

— I3 (G1) )
_HavleE(Gl)(dGl(Q) + 51) avlel_[E(Gl)(dGl( )+ (61 + 1))

H dGl(a)+51+1

:Hl (Gl) dGl (a) + 61

a€Ng, (v1)

=Gy [ (+ m)-

aENg, (v1)

The second expression P consists of contributions to IIf(G) of edges from G.
Similar to the previous case, we obtain

1

P =15(G) ] (1+ m).

a€Ng, (v2)
The third one P3 consists of contributions to II;(G) of the edge vivs of G,

Py=(61+ 1)+ (62+1) =08y + 6+ 2.
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Now Eq. (3.2) is obtained by multiplying Py, Ps, and Ps. O

Suppose that v is a vertex of a graph G and let G; = G2 = G and vy = vy = v.
Using Theorem 3.3, we get the following result.

Corollary 3.4. The multiplicative sum Zagreb index of the link graph (G ~ G)(v,v)
s given by

I (G~ G)v,w) =20+ 1) TG ] 1+ TS

a€Ng(v)
where § = dg(v).

In the following theorem, the multiplicative sum Zagreb index of the bridge
graphs including at least three components is computed.

Theorem 3.5. The multiplicative sum Zagreb index of the bridge graph B = B(G1,
G, ... Gg; 01,02, ..., 0q), d > 3, is given by

d—2 d
II7(B) =(61 4+ 02 + 3)(0a—1 + 0a + 3) H(&' +0ip1 +4) HHT(Gi)

1=2 =1 (33)
2

1 d—1
I I 0+ g I 0% s

ie{l,d} aeNg, (vi) i=2 a€Ng, (vi)

Proof: By definition of the multiplicative sum Zagreb index,

m;(B) =[] (dsla)+ds()).

abeE(B)
By definition 2.2,

So, we can consider ITj (B) as the product of four expressions as follows:

The first expression P; consists of contributions to ITj (B) of edges from G; and
the second one P» consists of contributions to ITj(B) of edges from G,4. Using the
same argument as in the proof of Theorem 3.3, we obtain

1
p=1;G) ] (Q++——)
GGNGI(Ul) dGl (a‘) +51

1

Py =15(Ga) [ (1+ m)-

a€Ng,(va)
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The third expression P5 consists of contributions to II5 (B) of edges from G2, G, ...,
Ga-1,

d—1

Py = H H (ds(a) +dp(b))

i=2 abe B(G;)

d—1
Il I We@+de®) T (do(a)+(i+2)]

1=2 abeE(G;);a,b#v; av, €E(G;)
Mmell 11 0+

=1 m(G) (1+-——-—).
=2 i=2 a€Ng, (v5) dGi (a) + 51

The last expression Py is taken over all edges v;v;41 forall 1 <i<d—1,

d—2
Py :((51 +1)+ (62 + 2)) H ((51' +2)+ (dip1 + 2)) ((5d_1 +2)+ (da + 1))
i=2
d—2
=(01+ 924+ 3)(0g-1+da+3) H((Si +dip1 +4).
i=2
Now Eq. (3.3) is obtained by multiplying Py, P, P3, and Pj. O

Suppose that v is a vertex of a graph G and let G; = G and v; = v for all
1 <i < d. Using Theorem 3.5, we get the following result.

Corollary 3.6. The multiplicative sum Zagreb index of the bridge graph B =
B(G,G,...,G;v,v,...,v), (d >3 times), is given by

I} (B) = (25 + 3)2 (26 + 4)*73 IT; (G)*

1 2 d—2
I |0+———)(0+—7"—)""|,
aGNG('u)|: dg(a) +6 dg(a) +6 :|
where § = dg(v).
3.3. Bridge-cycle graphs

In this subsection, we determine the multiplicative sum Zagreb index of the
bridge-cycle graph BC' = BC(G1,Ga,...,Gq;v1,02,...,04) in terms of the multi-
plicative sum Zagreb indices of the graphs G1,Ga, ..., G4.

Theorem 3.7. The multiplicative sum Zagreb index of the bridge-cycle graph
BC = BC(G1,Ga,...,Gg; 01,02, ...,0q) is given by

T (BC) = H{((Si o +4) LG T (4 ; )}, (3.4)

i=1 a€Ng, (vi) Gi (a) + 0

where dgy1 = 01.
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Proof: Using the same argument as in the proof of Theorem 3.5, we can get Eq.
(3.4). O

Suppose that v is a vertex of a graph G and let G; = G and v; = v for all
1 <i < d. Using Theorem 3.7, we get the following result.

Corollary 3.8. The multiplicative sum Zagreb index of the bridge-cycle graph
BC = BC(G,G,...,G;v,v,...,v), (d times), is given by

I (BC) = [(25+4) m@G) [ i+

a€Ng(v)

d
o)

where § = dg(v).
4. Examples and applications

In this section, we apply the results obtained in the previous section to compute
the multiplicative sum Zagreb index of several classes of chemical graphs and nano-
structures.

Let P,, C,, and S,, denote the n-vertex path, cycle, and star, respectively. It
is easy to see that,

* 277‘:2; * n * n—
) ={ 50,5y TG =% T(S) =

As the first example, consider the bridge graph G = B(C,,, Cy, ..., Cp; v, v, ..., v),
(d times), where v is an arbitrary vertex of C,,. Application of Corollary 3.4 for
the case d = 2, and Corollary 3.6 for d > 3 yields,

Corollary 4.1.

. 1875 x 24n=7 d=2,
(@) = { 30625 x 9972 x 2(2n+Dd=13 g > 3

By Corollary 3.8 for the bridge-cycle graph H = BC(C.,, Cyy ..., Cr; 0,0, ...y 0),
(d times), we obtain

Corollary 4.2.
I} (H) = (9 x 227 +1H)d,

Consider the square comb lattice graph Cy(N) with open ends, where N =
n? is the number of its vertices. This graph can be seen as the bridge graph
B(P,,P,,...,Py;v,v,...,v), (n times), where v is one of the pendent vertices (ver-
tices of degree one) of P,. Using Corollary 3.4 for the case n = 2, and Corollary
3.6 for n > 3, we obtain

Corollary 4.3.

. 36 n =2,
Hl(Cq(N)) - { 22n275n+1 « 32n—=3 5 5N n>3.
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Consider the van Hove comb lattice graph CvH(N) with open ends, where
N = n? is the number of its vertices. In the case n = 2, this graph is isomorphic to
the star graph S4. So, I (CvH (4)) = 64. For n > 3, this graph can be represented
as the bridge graph,

B(537P35 "'aPnflvpn;Pnflv "'7P3a S3;uav1,37 s V1in—1,V1,n,V1n—1, "'av1,37u)a

where for 3 <+¢ <n, vy, is one of the pendent vertices of P; and w is the vertex of
degree two of S3. Using Theorem 3.5, we arrive at:

Corollary 4.4.
I (CvH(N)) — g4n=9 o yn®—Bn+ll  p2n—5

A caterpillar or caterpillar tree is a tree in which all vertices are within distance
1 from a central path. Let P*(pi,ps,...,pn) denote a caterpillar tree obtained
by attaching p; pendent vertices to the i-th vertex of the path P, for 1 < i <
n. This graph can be considered as the bridge graph B(Sp,+1, Spot1s s Spn+1;
V1,02, ..., V), Where for 1 < ¢ < n, v; is the vertex of degree p; of Sp,41. Let
D1, P2, -+, Pn, be positive. Application of Theorem 3.3 for the case n=2, and Theorem
3.5 for n > 3 yields,

Corollary 4.5.

(p1+2)p1(p2+2)p2(p1+p2+2) n =2,
* * p1+2p1pn+2)p"p1+p2+3) TLZS
Hl(Pn(plaPQa"-;pn)) = ( ) ( nf(l

(pnfé + pn + 3) Hi:Q (pi + 3)1%
[1=5 (pi + piv1 +4).

A unicyclic graph is called cycle-caterpillar if deleting all its pendent vertices
will reduce it to a cycle. Let Cji(p1,pa,...,pn) denote a cycle-caterpillar obtained
by attaching p; pendent vertices to the i-th vertex of the cycle C), for 1 < i <
n. This graph can be considered as the bridge-cycle graph BC(Sp, 41, Spy+1, -
Sp413; V1,02, ..., Up), Where for 1 < i <n, v; is the vertex of degree p; of Sy, 1. By
Theorem 3.7, we arrive at:

Corollary 4.6. Let py1,pa, ..., pn be positive. Then

n

103 (C’:(plap% ...,pn)) = H((pz +3)P (pi + pig1 + 4)),

i=1
where pp4+1 = p1.-

The sunlike graph C,,(ki,ka, ..., ky) is the graph obtained by identifying a pen-
dent vertex of the path Py, with the i-th vertex of C), for 1 < ¢ < n. The sunlike
graph C), (k1, ka, ..., k) can be viewed as the bridge-cycle graph BC(Py, , Pry, ..., Pk,
; U1, V2, ..., Uy ), where v; is a pendent vertex of Py,, 1 <4 < n. By Theorem 3.7, we
arrive at
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Corollary 4.7. Let ky, ko, ...k, > 1, I ={i|]l <i<n,k; >3}, and |I| =t. Then

IT (Cr (K, iz, oy b)) = 247 5 157 x 2780 o [T 4% (4.1)
iel
In particular, the square comb lattice graph C'Cy(N) with closed ends can be
seen as the sunlike graph C,,(n,n,...,n), where n > 3. By Eq. (4.1),

Corollary 4.8.
I} (CCq(N)) = (45 x 22" 7°)™.

The level of a vertex in a rooted tree is one more than its distance from the
root vertex. A generalized Bethe tree of k levels, k > 1, is a rooted tree in which
vertices at the same level have the same degree. Let By be a generalized Bethe
tree of k levels. For 1 <14 < k, we denote by di_;4+1 the degree of the vertices at
the level ¢ of By. Also, suppose e = dg and e; = d; — 1 for 1 <i < k — 1. Thus,
dy = 1 is the degree of the vertices at the level k (pendent vertices) and dj, is the
degree of the root vertex. In the following theorem, the multiplicative sum Zagreb
index of the generalized Bethe tree By is computed. The result follows easily from
the definition of this graph and the proof of the theorem is therefore omitted.

Theorem 4.9.
k

koo
HT (Bk) = ]:[(dZ + difl)nf:i €, (42)
i=2
The ordinary Bethe tree By, is a rooted tree of k levels whose root vertex has
degree d, the vertices from levels 2 to k£ — 1 have degree d + 1, and the vertices at
level k have degree 1. Using Eq. (4.2), we obtain

Corollary 4.10.

ak—1_42

T (Bag) = (2d+ 1)42d +2) a1 (d+2)* . (4.3)

A dendrimer tree Ty, is a rooted tree such that the degree of its non-pendent
vertices is equal to d and the distance between the root (central) vertex and the
pendent vertices is equal to k. So T can be considered as a generalized Bethe
tree with k 4 1 levels, such that whose non-pendent vertices have equal degrees.
Using Eq. (4.2), we obtain

Corollary 4.11.

dd-1)kF=1_g
d—2

I} (Tak) = (d + 1)44=D" (24)

Denote by P(d, k,n), the chemical tree obtained by attaching the root ver-

tex of By to the vertices of the n-vertex path P,. For more information about

this graph, see [5,18]. The graph P(d, k,n) can be considered as the bridge graph

B(Ba,ks -, Ba ki v, ..., v), (n times), where v is the root vertex (vertex of degree d)

of By . Applying Corollary 3.4 for the case n = 2, and Corollary 3.6 for n > 3
and then using Eq. (4.3), we obtain
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Corollary 4.12.

(2d n 2) Z(dk;j;dZ) +2d+1(d n 2)2dk—1 n— 2’

n(ak—1_g2 B
9n=3(2d 4 2)"TT A (g L gynd" M43 >3
(2d + 3)4(n=2)+2,

I} (P(d, k,n)) =

Finally, let C(d,k,n) denote the dendrimer graph obtained by attaching the
root vertex of By j to the vertices of the n-cycle C),. For more information about
this graph, see [5,19]. The graph C(d, k,n) can be viewed as the bridge-cycle graph
BC(Byk,-..s Bak; v, ...,v), (n times), where v is the root vertex of Byy. Using
Corollary 3.8 and then Eq. (4.3), we obtain

Corollary 4.13.

k—1 d2

I (C(d, k,n)) = (2(2d +2) T (d+2)" (24 + 3)d)n .
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