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Weakly pu-Compact Via a Hereditary Class *

Abdo Qahis, Heyam Hussain AlJarrah, and Takashi Noiri

ABSTRACT: The aim of this paper is to introduce and study some types of pu-
compactness with respect to a hereditary class called weakly pd-compact spaces
and weakly pudH-compact subsets. We will provide several characterizations of weakly
pI-compact spaces and investigate their relationships with some other classes of
generalized topological spaces.
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1. Introduction

The idea of generalized topology and hereditary classes was introduced and
studied by Csédszar in [1] and [3], respectively. The purpose of the present paper
is to introduce and investigate the class of a weakly pud{-compact space which is
a natural generalization of a weakly compact space [10]. And also we define and
investigate the notion of weakly puJH-compact subsets. The strategy of using gen-
eralized topologies and hereditary classes to extend classical topological concepts
have been used by many authors such as [3], [5], [7], and [12].

2. Preliminaries

Let X be a nonempty set and p(X) the power set of X. A subfamily u of p(X)
is called a generalized topology [1] if ) € p and the arbitrary union of members of
w is again in p. The pair (X, ) is called a generalized topological space (briefly
GTS). The elements of p are called p-open sets and the complement of p-open sets
are called p-closed sets. For A C X, we denote by ¢, (A) the intersection of all
p-closed sets containing A, i.e., the smallest p-closed set containing A and by 7,,(A)
the union of all u-open sets contained in A, i.e., the largest p-open set contained
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in A (see [1], [2]). A nonempty subcollection H of p(X) is called a hereditary class
(briefly HC) [3] if A C B, B € H implies A € H. An HC H is called an ideal
if H satisfies the additional condition: A, B € H implies AU B € H [6]. Some
useful hereditary classes in X are: p(A), where A C X and Hy, the HC of all
finite subsets of X. A subset A of a GTS (X, u) is s said to be weakly p-compact
[10] if any cover of A by p-open sets of X has a finite subfamily, the union of the
p-closures of whose members covers A. If A = X, then (X, u) is called a weakly
u-compact space. Given a generalized topological space (X, u) with an HC 3, for
a subset A of X, the generalized local function of A with respect to H and p [3]
is defined as follows: A*(H,pu) ={z € X :UNA¢H forall U € pu,}, where
u, ={U :2 €U and U € u}. If there is no confusion, we simply write A*
instead of A*(J(, ;1). And for a subset A of X, cj,(A) is defined by ¢, (A) = AUA*.
The family p* = {A C X : X\ A=c;(X\A)}isaGT on X which is finer than x
[3]. The elements of u* are said to be p*-open and the complement of a u*-open set
is called a p*-closed set. It is clear that a subset A is p*-closed if and only if A* C A.
We call (X, 1, H) a hereditary generalized topological space and briefly we denote
it by HGTS. If (X, u, H) is an HGTS, theset B={V\H:V €y and H € H}
is a base for a GT u*.

Next we recall some known definitions, lemmas and theorems which will be used
in the work.

Theorem 2.1. [3] Let (X, p) be a GTS, H a hereditary class on X and A be a
subset of X. If A is u*-open, then for each x € A there exist U € u, and H € H
such that x € U\ H C A.

Definition 2.1. [1] Let (X, u) and (Y,v) be two GTS’s, then a function f :
(X, ) — (Y,v) is said to be (u,v)-continuous if U € v implies f~*(U) € p.

Definition 2.2. [11] Let (X, u) and (Y,v) be two GTS’s. A function f :
(X, ) — (Y,v) is said to be (i, v)-open (or p-open) if U € p implies f(U) € v.

Definition 2.3. [10] Let A be a subset of a space (X, u). Then A is said to be:
1. p-regular closed if A = ¢,(i,(A)),
2. p-regular open if X \ A is p-regular closed.
Lemma 2.2. [10] Let A be a subset of a GTS (X, ). Then
1. A is p-regular open if and only if A =1,(B) for some p-closed set B,
2. A is p-regular closed if and only if A= c,(B) for some p-open set B.

Definition 2.4. [10] A GTS (X, i) is said to be p-regular if for each p-open
subset U of X and each = € U, there exist a u-open subset V of X and a
p~closed subset F' of X such that t € V C F C U.

Lemma 2.3. [10] Let A and B be subsets of a GTS (X, p) such that A C B. Then
Cu,(A) =cu(A)N B.



WEAKLY p-COMPACT VIA A HEREDITARY CLASS 125

Definition 2.5. [10] Let A be a subset of a GTS (X, u). A point z € X is called
a 0,-accumulation point of A if ¢, (V)N A # 0 for every p-open subset V of X
that contains x. The set of all #,-accumulation points of A is called the 6,-
closure of A and is denoted by (c,)g(A). A is called pg-closed if (¢,,)o(A) = A.
The complement of a p,-closed set is said to be pg-open.
It is clear that A is pg-open if and only if for each x € A, there exists a p-open
set V such that z € V C ¢, (V) C A.

Lemma 2.4. [10] Let A be a subset of a GTS (X, ). Then:
1. if A is pg-open, then A is the union of p-regular open sets,
(X, u) is p-regular if and only if every p-open subset of X is pg-open,
if A is p-clopen, i.e. p-open and p-closed, then A is pg-closed,
cu(A4) C (cu)o(A),
if A is p-open, then c,(A) = (cu)o(A).

Cro e

Lemma 2.5. [10] Let f : (X,u) — (Y,v) be a function. Then the following are
equivalent:

1. fis (u,v)-continuous;

2. for every x € X and every v-open set V containing f(x), there exists a pi-open
set U containing x such that f(U) C V;

3. fleu(A)) Cen(f(A)) for every subset A of X ;
4. cu(f7HB)) C f~Hcw(B)) for every subset B of Y.

3. Weakly uH-Compact Spaces

We recall that A subset A of X is said to be pd-compact [4] if for every cover
{Ux : @ € A} of A by p-open sets, there exists a finite subset Ay of A such that
A\WU, : € Ao} € H. If A= X, then (X, p) is called a p{-compact space.

Definition 3.1. Let (X, ) be a GTS with HC. An HGTS (X, u, H) is said to
be weakly udH-compact if for every cover {V,, : & € A} of X by p-open sets in
X, there exists a finite subset Ag of A such that X \ U{c, (Vo) : o € Ag} € H.

Remark 3.1. The following properties are obvious from Definition 3.1:
1. If (X, ) is weakly p-compact then it is weakly puJ-compact;
2. (X, ) is weakly p-compact if and only if (X, u, {0}) is weakly p{0}-compact;
3. If (X, p, Hy) is weakly pJs-compact then it is weakly compact;

4. The following implications hold.
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p—compact = pIH — compact

I I

weakly p—compact = weakly pudH — compact

Example 3.1. Let p be the Khalimsky topology, i.e., the topology on the set of
integers 7, generated by the set of all triplets of the form {{2n — 1,2n,2n + 1} :
n € Z} as subbase and the hereditary class H = p(Z). Now it is clear that (Z, p) is
not weakly p-compact but it is evidently weakly pdH-compact (resp. pH-compact)
because for any cover {V,, : a € A} of p-open subsets of Z and for any finite subset

Ao of A we have Z\ |J cu(Va) € H (resp. Z\ |J Vo €3 ).
aclg aclg

Example 3.2. Consider X = (0,1), p={0,V,, : n € Z*} where V,, = (£,1) and
H =H;. Then (X, p) is weakly p-compact but not uH-compact since every proper
u-open set is pi-dense.

The notions of weakly u-compact and pdH-compact are independent of each
other as shown by Examples 3.1 and 3.2.

Theorem 3.2. An HGTS (X, pu, H) is weakly pH-compact if and only if for any
u-regular open cover {V,, : a € A} of X, there exits a finite subset Ao of A such

that X \ U cu(Va) € H.
aENg

Proof. As necessity is clear, we prove only sufficiency. Suppose that {V,, : @ € A}
is a cover of X by p-open sets. Now the family {i, (c,(Va)): a € A} is a cover
of X by p-regular open sets. Thus by assumption, there exists a finites subset
Ao of A such that X \ U cu(ip(cy (Vo)) €H. But X\ | cu(Va) € X\

a€lg aclg
U cu iy (¢(Va))) which implies X\ |J ¢, (V) € H. Hence, (X, p, ) is weakly
aElg aclg
pI-compact. O

Proposition 3.3. For an HGTS (X, u, H), the following are equivalent:
1. (X, p, H) is weakly pI-compact;

2. If {Fy : @« € A} is a family of p-closed sets having the property that for any
finite subset Ao of A () iu(Fu) ¢ H, then () Fo #0.
a€Ng ac
Proof. (1)=(2): Let {F, : @ € A} be a family of p-closed sets having the property
that for any finite subset Ag of A [ i,(F,) ¢ H.

a€lg
Suppose that (| Fy = . Then {X \ F, : @ € A} is an p-open cover for
acl
X. Indeed, U X\F, = X\ () Fo = X\ 0 = X. By using (1), there
aEN acA
is a finite subset Ag of A such that X \ | ¢, (X \ F,) € H. It follows that
aENg

X\ U eauX—-F,)=[) X=c, (X F,)= () iu(Fa) € H which is contrary
a€lg a€lg aclg
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to the (2). Thus () F, # 0.
aEA
(2)=(1): Let {V, : a € A} be a p-open cover of X. Suppose that for any a finite

subset Ag of A, X\ U cu(Va) € 3. Then X\ U ¢, (Va) = N X\ (Va) =

aclo aclNg aclo
N i (X\Va)¢H. By (2)0# ) X\Va=X\ U Vo =0. Hence, we get a
aclog aEA aEA
contradiction to the fact that {V, : @ € A} is a p-open cover of X. Therefore, X
is weakly pJd{-compact. a

Theorem 3.4. For an HGTS (X, 1, H), the following conditions are equivalent:
1. (X, pu, H) is weakly puJ-compact;

2. For any family {F,, : « € A} of u-closed subsets of X such that (| Fa =10,
a€eA
there exists a finite subset Ao of A such that (| i, (Fa) € 3;
a€lg

3. For any family {F, : « € A} of u-reqular closed subsets of X such that

(N Fo =0, there exists a finite subset Ao of A such that () i, (Fy) € K.
aEA a€lg

Proof. (1) = (2): Let {F, : @ € A} be a family of u-closed sets of X such that
N{F, : « € A} = ¢. Then {X \ F, : o € A} is a p-open cover of X. Since
(X, u, H) is weakly pJ-compact, there exists a finite subset Ag of A such that

X\ U cu(X\Fa) € H. Now we have
a€Ng

X\ e\ F) = () X\ew(X\F)

aENg acho
= ) X \NX\F)) = () iu(Fa) €5
aENg achg

(2) = (3): It is obvious

(3) = (1): Let {V, : @ € A} be a p-open cover of X. Since V, C i,(c,(Va))
for all o € A, {i, (cu(Va)): a € A}is a cover of X by p-regular open sets. Now
{X\i,(cu(Va)): ae A} is afamily of p-regular closed sets and

ﬂ X\ (e (Vo)) = ﬂ e (in (X \ Va)) = 0.

aEN a€A

Thus by assumption there exists a finite subset Ay of A such that

() in(cu(in(X\Va))) € 3.

a€lg

Now
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N ipeu(in(X\Va)) D N iu(X\Va)

aclg aclhg
= 1 (X\eu(Va)) =X\ U cu(Va)
a€lg aclg
Therefore, X\ | c¢u(Va) € H. Hence, (X, i, H) is weakly pJH-compact. O
aENg

Theorem 3.5. If a HGTS (X, p, H) is weakly pJ-compact, then for every cover
{Va : @ € A} of X by pg-open sets there exits a finite subset Aoy of A such that

X\ U VaeH.
a€A

Proof. Suppose that (X, pu, H) is weakly puH-compact and let {V, : a € A} be
a cover of X by pg-open sets. Then for each z € X, there exists a,; € A such
that x € V,,. Since V,, is pg-open, there exists a p-open set U,, such that
x € Uy, Ccy(Ua,) C Va,. Then {U,, : @ € X} is a p-open cover of X. Since
X is (X, p, H) is weakly pJH-compact, there exists a finite subset Ay of A such
that X\ U c¢u(Ua,) € H. Observethat X\ U Vo, C X\ U cu(Us,) and

az €A az €A az €A ’
therefore, X\ | Vi, € 3. O

az€Ao

Theorem 3.6. Let (X, p) be a p-reqgular GTS. Then the following are equivalent:
1. (X, p, H) is weakly pI-compact;
2. (X, p, H) is uI-compact.

Proof. (1) = (2): Suppose X is p-regular, weakly uH-compact and {V, : a € A}
is a p-open cover of X. Then for each x € X, there exists o, € A such that
x € V,,. Since X is p-regular, there exists a p-open set U, containing x such that
Up C cu(Uy) C Vo,. The family {U, : © € X} is a p-open cover of X. Since
X is weakly puJH-compact, there exists a finite finite subset Xy of X such that
X\ U ¢u(Ug) € H. Since X\ UJ Vo, € X\ U ¢ (Uy) which implies that

r€Xo r€Xo z€Xo
X\ U Va, € H. Hence, (X, u, H) is pH-compact.
reXo
(2) = (1): It is obvious. O

Definition 3.2. Let (X, p) be a GTS with HC. A filter base F = P(X) — H
is said to ¢,-converge to a point # € X if for each p-open subset U of X
such that € U, there exists ' € F such that F' C ¢,(U) and denoted by
F0,,-converge. F is said to 0,-accumulate at z € X if (¢, (U)) N F # 0 for
every F' € F and every p-open subset U of X such that x € U and denoted
by J0,-accumulate
Note that if a filter base F¢,,-converges to a point € X, then J 0 ,-accumulates
at . On the other hand, it is easy to see that a maximal filter base J 6,-converges
to a point x € X if and only if J 0,-accumulates at x.
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Theorem 3.7. For a HGTS (X, p, H), the following are equivalent:
1. (X, pu, H) is weakly puJ-compact;
2. Every mazimal filter base F on p(X )\ H py-converges to some point of X ;
3. EBvery filter base F on p(X) \ H pg-accumulates at some point of X ;

4. For any family {F, : o € A} of p-closed subsets of X such that (| Fo =0,
a€EA
there exists a finite subset Ao of A such that () i, (Fa) € .
a€lg
Proof. (1)=(2): Let ¥ be a maximal filter base on p(X)\ H. Suppose that F does
not py-converge at any point of X. Since J is maximal, F does not py-accumulate
at any point of X. For each z € X, there exist F,, € F and a p-open subset V
of X such that « € V, and ¢, (V) N F, = 0. Now the family {V, : z € X} is
a cover of X by p-open sets of X. Since X is weakly pudH-compact, there exists

a finite subfamily {V;, : i € {1,2,3,...,n}} such that X \ | ¢, (Vs,) € H. Let
i=1
X\ U eu(Va,) = H, where H € H. Since J is a filter base, there exists a Fy € F
i=1

such that Fy C () Fy,, hence Fy C Fy, for all i. Now Fy Neu(Va,) C Fo, Nep(Va,)

=1
which implies that Fy N ¢, (Vy,) = 0. Also, Fy = FoN X C Fy N (Ue, (V) UH) =
(Fon (Uep(Ve,) U (FoNH) =0U(FyNH) = Fy N H C H which implies that
Fy € H which is contrary to the fact that Fy € p(X) \ H. Hence F is py-converges
to some point of X.

(2)=(3): Suppose that every maximal filter base filter base on p(X) \ H p,-
converges to some point of X. Let F be any filter base on p(X) \ H. Since each
filter base is contained in a maximal filter base, there exists a maximal filter base
G on p(X) \ H such that F C § which implies that ¥ NG = F. By hypothesis, §
1g-converges to some point © € X. Therefore, for every p-open set V' containing =,
there exists G € § such that G C ¢, (V') which implies that GNF C ¢, (V)N F for
every F' € F which in turn implies that ¢, (V) N F # 0. Hence F py-accumulates
at some point of X.

(3)=(4): Let {F, : a € A} be a fimily of p-closed sets such that [\ F, =
acEN
. Suppose that for every finite subset Ag of A, () iy (Fn) ¢ H. If F =
a€Ng

{in (Fa) : o« € Ap}, then F forms a filter base on p(X)\ . Since {F, :a € A} isa
family of u-closed subsets of X, {X \ F,, : « € A} is a family of pu-open subsets of
X. By hypothesis, F py-accumulates at some point of X. Therefore, x € X \ F,,
for some o, € A. Then X \ F,,, is an p-open set containing x and i,(F,,) € F.
Hence (X \ i, (Fa,))Niy(Fa,)) = 0 which implies that ¢, (X \ Fu,)Niu(Fa,)) = 0.

Which is a contradiction. Therefore, () i, (Fo) € H.
aENg
(4)=(1): Let {V, : @ € A} be a p-open cover of X. Then there exists a finite

subset Ag of A such that () ¢, (X \V,) € H implies that (| X \ ¢, (Vo) € H
a€lg aclg
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which impels that X \ |J ¢, (Vo) € H. Hence (X, p, H) is weakly pH-compact.
a€lg
O

4. Weakly pH-Compact Subsets

Definition 4.1. A subset A of an HGTS (X, u, H) is said to be weakly pJ(-
compact if for any cover {V,, : a € A} of A by p-open subsets of X there exits

a finite subset Ay of A such that A\ |J ¢, (Vo) € H.
aENg

Corollary 4.1. For a subset A of X, the following are equivalent:
1. A is weakly pIH¢-compact in X ;
2. A is weakly pH-compact in X ;
3. A is weakly p{0}-compact in X.

We observe that every udH-compact subset of a HGTS (X, u, H) is weakly pJH-
compact.

Theorem 4.2. A subset A of an HGTS (X, p, H) is weakly puF-compact if and
only if for any cover {V,, : a € A} of A by p-regular open subsets of X, there exits

a finite subset Ao of A such that A\ |J cu(Va) € H
aElNg

Proposition 4.3. For a subset A of an HGTS (X, u, H), the following are equiv-
alent:

1. A is weakly pJ-compact;

2. If {Fy : @« € A} is a family of p-closed sets having the property that for any

finite subset Ao of A [ () i (Fo)]NA¢H, then [ () Fo]NA#0.
a€lNg ac

Theorem 4.4. For a subset A of an HGTS (X, p, 3), the following are equivalent:
1. A is weakly pIH-compact;

2. For any family {F, : a € A} of u-closed subsets of X such that [ (| Fa]NA =
aeN
0, there exists a finite subset Ao of A such that [ (| i, (Fa)]NA € H;
aENg

3. For any family {F, : a € A} of p-reqgular closed subsets of X such that

[ Fa]NA =0, there exists a finite subset Ao of A such that [ () i, (Fa)lN
a€eA aclo
AeXH.

Theorem 4.5. Let A be a weakly pdH-compact subset of an HGTS (X, u, 3). Then
for every cover {V,, : « € A} of A by ug-open subsets of X there exits a finite subset

Ao of A such that A\ | V, € H.
ac
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Proposition 4.6. Let (X, p) be a p-reqgular GTS. Then a subset A of (X, p, H) is
weakly p3-compact if and only if A is uH-compact.

Theorem 4.7. For a subset A of an HGTS (X, u, H), the following are equivalent:
1. A is weakly pJ-compact;

2. Every mazximal filter base F on p(X )\ H which meets A pg-converges to some
point of A;

3. Every filter base F on on p(X) \ H which meets A py-accumulates at some
point of A;

4. For any family {F, : a € A} of p-closed subsets of X such that [ (| Fa]NA =
acA
0, there exists a finite subset Ao of A such that [ (| i, (Fa)]NA € H.
aclg
Proposition 4.8. If A is py-closed and B is weakly p3-compact, then AN B is
weakly pI-compact.

Proof. Let {V,, : a € A} be a cover of AN B by p-open subsets of X. Then

{Va:a e A} U{X \ A} is a p-open cover of B. Since X \ A is uy-open, for each

x € X \ A, there exists a p-open set V such that x € V, C ¢, (V) C X\ A.

Thus {Vo : o € Ay U{V, : 2 € X\ A} is a cover of B by p-open sets. Since B is

weakly puH-compact, there exist a finite a finite subset Ag of A and finite points,

says, T1,2,...,Tn € X \ A such that B\ [( U ¢, (Va))U (U ¢u (V,))] € H. Now
i=1

aENg 1=

Cs

ANBA(U eu (Vo) U (U eu (Ve ) B U ¢ (V“))U(igc” (Vz;))] which

aENg i=1 a€lg

implies AN B\ [( U ¢u (Vo)) U (U ¢u(Va,))] € H. Hence AN B is weakly pH-
acl i=1
compact ’ d

Theorem 4.9. Every pgy-closed subset of a weakly pdH-compact space (X, u, H) is
weakly pI-compact.

Proof. Let I be a py-closed subset of X. Suppose {V, : a € A} be a cover of F'
by p-open sets of X. Since X \ F'is pg-open, for each x € X \ F, there exists a
p-open set V such that € V; C ¢,(V;) C X \ F. Then the collection {V,, : o €
AYU{V, 12z € X\ F} forms a p-open cover of X. Since X is weakly uH-compact,
there exist a finite subset Ag of A and finite points, says, x1, Za, ..., 2, € X \ F such

that X\ [( U e (Va)) U (U e (Va,))] € K. Then

XY e (Va) U0 e () = (X U e 1) (X U e (12)

2 (X UA cu (Va)) N X\ (X\ F)

X\ U V)N F=F\ U e (Va),
aENg a€Ag
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which implies F'\ |J ¢, (Vo) € H. Therefore, F' is weakly pd{-compact. O
a€lg

Let (X, p,H) be an HGTS and let A C X, A # ¢. We denote by Hy the
collection {HNA : H € H} and by (A, j14) the subspace of (X, 1) on A. It is clear
that the collection p, is a generalized topology on A and the collection H 4 is a
hereditary class of subsets in A.

Proposition 4.10. Let A and B be subsets of an HGTS (X, p, H) such that A C B.
If A is weakly ugHp-compact, then A is weakly pdH-compact.

Proof. Suppose that A is weakly upH g-compact and let {V,, : « € A} be a cover of
A by p-open sets of X. Then {V,NB :a € A} is a cover of A by ug-open sets and
A is weakly ppHp-compact. Hence there exists a finite subset Ay of A such that

A\ U ¢cu,(VanB) € Hp. By Lemma 2.2 ¢, (VoNB) = c,(VuNB)NB C ¢, (Va)
a€lg
and A\ U cu(Va) €A\ U cu,(Va N B) which impels A\ | cu(Va) € Hp =
aclg a€lg a€lo
H (B C H. Hence, A is weakly p{-compact. O

Corollary 4.11. Let A be a subset of an HGTS (X, u, H), then the following hold.
1. If A is weakly p I a-compact, then A is weakly pd-compact.

2. If A is a p-clopen subset of a weakly pH-compact (X, u, H), then A is weakly
pI-compact.

Proof. (1) This follows from Proposition 4.4.
(2) This follows from Lemma 2.3 (3) and Theorem 4.5. O

Theorem 4.12. Let (X, pu, H) be a HGTS and H be an ideal on X, then the union
of two weakly pI-compact sets is a weakly p-compact set.

Proof. Let A, B be two weakly pH-compact sets of X and let {V,, : « € A} be any
cover of AU B by p-open sets of X. Then there exist two finite subsets Ag, A; C A
such that: A\ U ¢, (Vo) € H and B\ | cu (Vo) € H. Observe that
aENg aEN
(AuB)\ U (Vo) A\ U cu(Va)U(B\ U ¢u(Va)). Since AgUA; is
aEANgUAL aENg acN
a finite subset of A and 3 is an ideal on X, it follows that (AUB)\ |U ¢, (Vo) €
acNgUA;
H. In consequence AU B is a weakly uH-compact subset of X. O

The following example shows that if the class H is not an ideal then the union
of two weakly puJ{-compact subsets is not necessary weakly puJH-compact.
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Example 4.1. Let R be the set of real numbers, u the usual topology and the
hereditary class H = {A C R: A C (0,1) or A C (1,2)}. Observe that A =
(0,1) and B = (1,2) are weakly pdH-compact sets. But AU B is not weakly pd-
compact. The family {(%,2 — %) :n € ZVY} is a cover of AU B by p-open sets.
Let {ni,na,...,nk} be any finite subset of the positive integer Z+ and let N =
max{ni,na,...,ni}. Then

aumn Qe 2= 2= auB\ U1k, 2- 4]
=(AUB)\ [+, 2- %] = (0, %) U (2— %,2) ¢ 7.

Theorem 4.13. If every proper u-regular closed subset of an HGTS (X, p, H) is
weakly pdH-compact, then (X, pu, H) is weakly pIH-compact.

Proof. Suppose that {V,, : & € A} is a cover of X by p-open sets. Choose and
fix g € A such that V,, # 0. Then the set X \ i,(c,(Va,)) is a proper p-regular
closed set. Thus by assumption, there exists a finite subset Ay of A such that
(X \ iy (ep (Vag))) \ U cu (Vo) € H. Observe that

acNo—{ao}
(X \ip (en (Vag)) \ U cn (Vo) = X\ [( U e (Vo)) U (i (cp (Vao )]
aceNo—{ao} aceNo—{ao}
DX\ U eu(Va))Uey (Va,)]
acNo—{ao}
=X\ U (Vo).
a€Np
Therefore, X \ |J ¢, (Vo) € H. Hence, (X, u, H) is weakly pJH-compact. O
a€lNg

Lemma 4.14. [/] Let f: (X, u, H) — (Y,v) be a function. If H is a hereditary
class on X, then f(H) ={f(H): H € H} is a hereditary class on Y.

Theorem 4.15. Let f: (X, u, H) — (Y,v) be a (u, v)-continuous function. If A
is a weakly pH-compact subset of X, then f(A) is weakly v f(H)-compact.

Proof. Let {V, : o € A} be a cover of f(A) by v-open sets. Since f is (u,v)-
continuous, {f~1(V,) : @ € A} is a cover of A by p-open sets and A is weakly uH-

compact, and hence exits a finite subset Ag of A such that A\ | ¢, (f7'(Va)) €
aclo

H. Since f is (p1, v)-continuous, it follows from Lemma 2.4 (4) that ¢, (f~!(Va)) C
F7 (e (Vy)). Therefore, A\ U f~'ew(Va)) C A\ U cu(f~1(Va)) € H. Hence

a€lg a€lp
A\ g\ fﬁl(CV(Va)) = A\fil( gA cr(Va))
=ANnf Y\ g\ (V) € H,

and hence
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FANFZYN U a(a)=f(A)nT\ U aVa)

a€lg a€lg

= A\ U eVa) € F(30.

a€lg

Hence f(A) is weakly v f(J)-compact. O

Corollary 4.16. Let f : (X, u, H) — (Y,v) be a (u,v)-continuous surjection. If
(X, p, H) is weakly pd-compact, then (Y,v) is weakly v f(H)-compact.

Corollary 4.17. Let f : (X,p) — (Y,v,9) be a (u,v)-open bijective function. If
(Y,v,9) is weakly vG-compact, then (X, ) is weakly pf=1(9)-compact.

Proof. Since f: (X,pu) — (Y,v,§) is a p-open bijection, f=1: (Y,v,9) — (X, p) is
a (v, p)-continuous surjection. Since (Y,v,§) is weakly vG-compact, by Theorem
4.8 we obtain that (X, u, f~1(9)) is weakly uf~!(G)-compact. O

Acknowledgments

The publication of this paper was supported by Yarmouk University Research
council.

References

1. Cséaszér A., Generalized topology, generalized continuity, Acta Math. Hungar., 96 (2002), 351-
357.

2. Csészar A., Generalized open sets in generalized topologies, Acta Math. Hungar., 106(2005),
53-66.

3. Csészér A., Modification of generalized topologies via hereditary classes, Acta Math. Hungar.,
115(1-2) (2007), 29 - 36.

4. Carpintero C., Rosas E., Salas-Brown M. and Sanabria J., u-Compactness with respect to a
hereditary class, Bol. Soc. Paran. Mat., 34(2) (2016), 231-236.

5. Kim Y. K. and Min W.K., On operations induced by hereditary classes on generalized topo-
logical spaces, Acta Math. Hungar., 137(1-2) (2012), 130-138.

6. Kuratowski K., Topologies I, Warszawa, (1933).

7. Rajamani M., Inthumathi V. and Ramesh R., Some new generalized topologies via hereditary
classes, Bol. Soc. Paran. Mat., 30(2) (2012), 71-77.

8. Roy B., On a type of generalized open sets, Appl. Gen. Topology, 12(2)(2011), 163-173.

9. Sarsak M. S., On p-compact sets in p-spaces, Questions Answers General Topology, 31 (2013),
49-57.

10. Sarsak M. S., Weakly pu-compact spaces, Demonstratio Math., 45(4) (2012), 929-938.

11. Saraiva L.E.D., Generalized quotient topologies, Acta Math. Hungar., 132(1-2) (2011), 168-
173.

12. Zahram A. M., El-Saady K. and Ghareeb A. , Modification of weak structures via hereditary
classes, Appl. Math. Letters., 25 (2012), 869-872.



WEAKLY p-COMPACT VIA A HEREDITARY CLASS

Abdo Qabhis,

Department of Mathematics,

Faculty of Science and Arts, Nagran university,

Saudi Arabia.

E-mail address: cahis82@gmail.com (Corresponding author)

and

Heyam Hussain AlJarrah,

Department of Mathematics,

Faculty of science, Yarmouk University,
Irdid-Jorda.

E-mail address: hiamaljarah@yahoo.com

and

Takashi Noiri,

2949-1 Shiokita-cho, Hinagu, Yatsushiro-shi,
Kumamoto-ken, 869-5142,

Japan.

E-mail address: t.noiri@nifty.com

135



	Introduction
	Preliminaries
	Weakly 0=x"0116H-Compact Spaces
	Weakly 0=x"0116H-Compact Subsets

