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New Types of Soliton Solutions for Space-time Fractional Cubic
Nonlinear Schrodinger Equation

Ahmad Neirameh *, Mostafa Eslami and Mostafa Mehdipoor

ABSTRACT: New definition for traveling wave transformation and using of new con-
formable fractional derivative for converting fractional nonlinear evolution equations
into the ordinary differential equation are presented in this study. For this aim we
consider the time and space fractional derivatives cubic nonlinear Schrodinger equa-
tion. Then by using of the efficient and powerful method the exact traveling wave
solutions of this equation are obtained. The new definition introduces a promising
tool for solving many space-time fractional partial differential equations.
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1. Introduction

The examinations of exact solutions of fractional nonlinear evolution equations
have a very important place in the enquiry of some physical phenomena. The
types of solutions of FNLEEs, that are combined utilizing variety mathematical
techniques, are very significant various sciences such as chemistry, technology of
space, control engineering problems, physics, applied mathematics and computer
engineering.

In this paper, we will use the (G’/G)-expansion method [1-2] to solve nonlinear
fractional partial differential equations in the sense of new conformable fractional
derivative.

The (G’/G)-expansion method was introduced, by Wang et al. [3], to find the
travelling wave solutions of nonlinear evolution equations. This method was further
extended [4-5] to find the solutions of fractional order differential equations, the
Jacobi elliptic function expansion method [6], the tanh-function method for finding
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solitary wave solutions [7], the homotopy perturbation method [8], the first integral
method [9], the solitary wave ansatz [10] and etc[11-13].

The conformable fractional derivative of order « defined by the following ex-
pression and theorems.

Definition 1. Let f* (¢) stands forT, (f) (t). Hence
fle+et=) - f@)
« — 1
7o (1) = limy ¢
If fis a-differentiable in some(0, a), a > 0, and lilgl+ f (t)exists, then by definition
t—

£ (0) = Jim 7 1)
We should remark that Ty, (t#) = pt#~*. Further, this definition coincides with
the classical definitions of R-L and of Caputo on polynomials (up to a constant
multiple).
One can easily show that T,, satisfies all the properties in the theorem [14-15].
Theorem 1. Let « € [0, 1) and f, g bea-differentiable at a point ¢, Then:
(1) To (af +bg) =aTy (f) +bTa(g), for all a,beR.
(i) T, (t“) =pth= for all peR
(id0) T (f9 fT(() ) o ()
ITa(9)—9Ta (f
()T (§ )

’Ll/

If, in addition, f is differentiable, then T}, (f) (t) = t'~*<L.
Theorem 2. Let f : [0, co) — Rbe a function such that f is differentiable and also
differentiable. Let g be a function defined in the range of fand also differentiable;

then, one has the following rule:
Ta(fog) (t) =t'="g" (t) f' (9 (1))

Definition 2. (Fractional Integral) Let a > 0 and ¢ > a. Also, let f be a function
defined on (a, t] and o € f. Then the a—fractional integral of f is defined by,

=L

a

if the Riemann improper integral exists. It is interesting to observe that the «
-fractional derivative and the a—fractional integral are inverse of each other as
given in [14-15].

Now we consider the following general nonlinear fractional differential equation:
G (u, Dju, DSu, DYu, Dy D{u, DY Diu, DD, ....) =0, 0 < o, B, < 1. (1.1)

Where v is an unknown function, and G is a polynomial of w. In this equation,
the partial fractional derivatives involving the highest order derivatives and the
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nonlinear terms are included. Next by using the new definition for traveling wave

variable ) 5
il kel ot te
u@ ) =U TR, il (1.2)
«

Where k, ¢, and w are non-zero arbitrary constants, we can rewrite Eq. (1.1) as
the following nonlinear ODE:

QU U U",..)=0. (1.3)

Where the prime denotes the derivation with respect to £ . If possible, we should
integrate Eq. (1.3) term by term one or more times.
Suppose that the solution of ODE (1.3) can be expressed by a polynomial in (G'/G)

as follows ]
m G/ [
u(€) = Za <E> . am #0. (1.4)

=0
Where G = G(§) satisfies the second order LODE in the form

G"+ MG +uG =0 (1.5)

am, Aand p are constants to be determined later.

The positive integer m can be determined by considering the homogeneous bal-
ance between the highest order derivatives and the nonlinear terms appearing
in Eq. (1.3). By substituting Eq. (1.4) into Eq. (1.3) and using Eq. (1.5),
we collect all terms with the same order of (G’/G). By equating each coefficient
of the resulting polynomial to zero, we obtain a set of algebraic equations for
a; (i =0,4+1,42,...), A\, 4, k, ¢,l and w. By solving the equation system and substi-
tuting the general solutions of Eq. (1.5) into Eq. (1.4), we can obtain a variety of
exact solutions of Eq. (1.1).

The rest of this paper is organized as follows. In Sections 2, we use this method
to obtain the exact solutions for the time and space fractional derivatives cubic
nonlinear Schrodinger equation. Discussion and some conclusions are given in the
last section.

2. Outcomes

We consider the following time and space fractional derivatives cubic nonlinear
Schrodinger

0% 9%Py 2 ;
i T s T2luffu=0 £>0, 0<af<Li=VL (2.1)

Where « is a parameter describing the order of the fractional time derivative. For
our purpose, we introduce the following new wave transformations:

u(x,t) =U () ei(k%ﬂ%),

N 2.2
£ =15 +wl 22)
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Where k, ¢, and w are non-zero arbitrary constants. So

o (w8 e (eB e

i i (65 e) e (5 es) (2.3)
ote
28 N o (2B e N o
07U _ pagnei(h5+e5) 4 gippre (B +e55) 2y (o) (g
Ox28

By substituting Eqs. (2.2)-(2.4) into Eq. (2.1), Eq. (2.1) is reduced into an ODE
PU" +i(2kl +w)U' — (c+ k*) U +2U° =0, (2.5)

WhereU’ = %. By using the ansatz (2.5), for the linear term of highest order
U'with the highest order and the nonlinear term U3, balancing U” with U? in Eq.
(2.5)

3m=m+ 2
So m = 1. Suppose that the solutions of Eq. (2.5) can be expressed by a polynomial
in (G'/G) as follows:

U@§) =a (%I) + ao, ar # 0, (2.6)

By using Eq. (1.5), from Eq. (2.6) we have

U = 2a1(%)2 + 3a1Ag%')2 + (@12 + 201 0)(E) + arhu 27)
U'=-a(F)" —aAF) —ap
By substituting Eqgs. (2.6)-(2.7) into Eq. (2.5), collecting the coefficients of
(G'/@)" (i =0, ...,2), and setting them to be zero, and solving this system we
have i
al =i l,
_i(2kl+w) =312 (2.8)
@o = 6iv1 ’
3 6cl —360%u + 6k
w=—i|(108"\u+ 6 VP)" — — 2ikl + 312X, 2.9
( H ) 10814\ + 6P (29)
q
= = 2.10
c=g (2.10)

Where

P = 12961%1> + 6481°12k? + 6481° 2 c — 10814 uk* — 21614 pk2c—
10814 uc? + 6KS1% 4 18k 3¢ + 18K213¢? 4 6313 + 32418)\% 12

q = 613N + 12031 — 12i\2%k — 6iMlw — 6k2] + 4k212+
Aklw + 12ikI3N + w? + 6iwl® X\ — 94N>
By using Egs. (2.8)- (2.10), and substituting the general solutions of Eq. (1.5) into

Eq. (2.6), we have three types of travelling wave solutions of the time and space
fractional derivatives cubic nonlinear Schrodinger as follows.
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1. When A\ —4u > 0,

U(e) = iVIy/A2—4p [ C1cosh L1/ A2 —4pu€+Casinh 24/2%—4pug
- 2

C1sinh 24/ A2 —4pE+Cs cosh 3/ N2 —4p¢

WA iZklw) =312
2 6iv/1 ’

So
uy (1) = [ﬂi@—w "
(Clcosh%\/)\2 4#(l” +w—) Cgsmh—\//\2 4u(l%+ %)
=) )

Ch sinh%\/k2—4u<lzﬂ C5 cosh 2\/A2 4u<l%+w

@
WIA | iCkw) 3] i(k2f g
2 6iv1

3

Where

3 1 — 3612 k2l
w=—i {(10814AM+ 6 \/1_3) 3 Bl = S60p A OFL ot 31%] ,
10814\ + 6P

1. When \? — 4p <0,
ug (z,t) = [7iﬁV ;1“7A2 X
C1Cos%\/4u—k2(l%+ %)+Czsin%\/4u kz(l%ﬁ-w%
Crsin $/4— N2 (157 4w 2 )+ cos 3/ap—22 (17 +wi2 ) |
(0 2B @
} g k7+617)

™

Vi + i(2kl+w) =312\
2 6iV1

Where
_ apg2 2
cl — 3617 + 6k°1 2ikl+312)\] ,

i 6
w= 1081* A+ 6 VP)’
{( a ) 10814\ + 61/ P

1. When A% —4u =0,
ivVIy/4p—A2 Coar
us (33 t) = [ 2 (Claﬁ+02(2lafﬁ+wﬁta)) -

(e s)

)

ivVIA + i(2kl4w)— RIEDY
2 6iv/1

In particular, if C; # 0,Cy = 0,A > 0, andp = 0, then u; and usbecomes

ul(z,t)*[@

coth 2 < [(w_) — Selbghl 2k1+3m] )
B>
6l o

VI | i(2kitw) =312 el<k%+
2 6iv/1
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And
ug (z,t) = {“/% X

1
cot 3 (z%’ —i [(6\/1_3) b Sl ikl +312A} %) _

i\/Z,\+i(2kl+w)73l2)\ ez‘(kﬁ+ “)
2 6iv1 ’

@‘.Q
1~

1

|

3. Figure Caption

Figure 1-1: The complex variation of u; for il =1, =1, u=0,a=1,c=1,k =

0,t =1,C1 # 0,C3 = 0, and different values of 5 = 0.1 (red Curve), 8 = 0.2 (green
Curve), 8 = 0.3 (yellow Curve) in regionz = —m...7.
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Fig. 1-1
Figure 1-2: The complex variation of u; for l =1, A =1, u=0,a=1,c=1,k =

0,t =1,C1 # 0,03 = 0, and different values of 5 = 0.4 (red Curve), 8 = 0.5 (green
Curve), 8 = 0.6 (yellow Curve) in regionz = —m...7,

Fig. 1-2
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Figure 1-3: The complex variation of u; for il =1, =1, u=0,a=1,c=1,k =
0,t =1,C1 #0,Cy = 0, and different values of 5 = 0.7 (red Curve), 8 = 0.8 (green

Curve), 8 = 0.9 (yellow Curve) in regionz = —m...m,
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Figure 1-4: The complex variation of u; for l =1, A =1, u=0,a=1,c=1,k =
0,t =1,C1 # 0,05 = 0, and different values of § = 0.9 (red Curve), 5 =1 (yellow
Curve), in regionz = —...7,
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Figure 1-5: The complex variation of u; for [ = 1,A = 1,y = 0, = 1,¢ =
1,k=0,t=1,Cy #0,C5 =0, and 8 = 1; complex curve of general form of cubic
nonlinear Schrodinger equation in regionx = —m...7.
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Figure 2-1: The complex variation of us for il =1, =1, u=0,a=1,c=1,k =
0,t =1,C1 # 0,Cy = 0, and different values of 5 = 0.1 (red Curve), 8 = 0.2 (green

Curve), 8 = 0.3 (yellow Curve) in regionz = —m...7,
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Figure 2-2: The complex variation of us for l =1, =1, u=0,a=1,c=1,k =
0,t =1,C1 # 0,C3 = 0, and different values of 5 = 0.4 (red Curve), 8 = 0.5 (green
Curve), 8 = 0.6 (yellow Curve) in regionz = —7...m,
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Fig. 2-2

Figure 2-3: The complex variation of us for il =1, =1, u=0,a=1,c=1,k =
0,t =1,C1 # 0,C% = 0, and different values of § = 0.7 (red Curve), 8 = 0.8 (green
Curve), 8 = 0.9 (yellow Curve) in regionz = —m...m,
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Figure 2-4: The complex variation of us for l =1, =1, u=0,a=1,c=1,k =
0,t =1,C1 # 0,05 = 0, and different values of § = 0.9 (red Curve), 8 =1 (yellow
Curve), in regionz = —7...7,
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4. Discussion and conclusion

The graphs of the solutions related to u; and ug show that with changing g (if 8
tends to one) the graphs of the solutions of fractional cubic nonlinear Schrodinger
equation is near to graph of solution of cubic nonlinear Schrodinger equation in
general form and finally for § = 1 it coincide with the graph of the general form of
cubic nonlinear Schrodinger equation.

Summary, in this paper we successfully introduce new definition for wave trans-
formation and by using this definition the time and space fractional derivatives
cubic nonlinear Schrodinger equation converted to the ordinary differential equa-
tion. Also, we successfully use the (G’/G)-expansion method to solve time and
space fractional derivatives cubic nonlinear Schrodinger with using conformable
fractional derivative. Finally, to our knowledge, the solutions obtained in this
paper have not been reported in the literature so far.
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