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Igusa-Todorov Function on Path Rings

Gustavo Mata

abstract: The aim of this paper is to study the relation between the Igusa-
Todorov functions for A, a finite dimensional algebra, and the algebra AQ. In
particular it is proved that φdim(AQ) = φdim(A) + 1 when A is a Gorenstein
algebra. As a consequence of the previous result, it is exhibited an example of a
family of algebras {An}n∈N such that φdim(An) = n and each An is of Ω∞-infinite
representation type.
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1. Introduction

One of the most important conjectures in Representation Theory of Artin alge-
bras is the finitistic conjecture. It states that sup{pd(M) :M is a finitely generated
module of finite projective dimension} is finite. In an attempt to prove the con-
jecture Igusa and Todorov defined in [9] two functions from the objects of modA
(the category of finitely generated right modules over an Artin algebra A) to the
natural numbers, which generalizes the notion of projective dimension. Nowadays
they are known as the Igusa-Todorov functions, φ and ψ. One of its nicest features
is that they are finite for each module, and allow us to define the φ-dimension and
the ψ-dimension of an algebra. These are new homological measures in the module
category. In particular it holds that

findim(A) ≤ φdim(A) ≤ ψdim(A) ≤ gldim(A)

and they all agree in the case of algebras with finite global dimension.
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This article is organized as follows: after the introduction and the preliminary
section devoted to fixing the notation and recalling the basic facts needed in this
work, section 3 is devoted to Igusa-Todorov function for path rings. The main
results in this section are the following

Theorem A: Let A be a finite dimensional k-algebra. If Q is a finite acyclic
quiver with at least two vertices, then the inequality below holds:

φdimAQ ≥ φdimA+ 1.

In section 4, using results given in Cohen-Macaulay and Gorenstein Algebras
[2] and the previous theorem, we obtain the following result

Theorem B: Let A be a finite dimensional k-algebra and Q be a finite acyclic
quiver with at least two vertices. Then A is n-Gorenstein if and only if AQ is
(n+ 1)-Gorenstein.

In [11] it was proved that if A is of Ωn-finite representation type for some n then
φdim(A) and ψdim(A) are both finite. In this article, as a consequence of the above
theorem, we give an example of a family of algebras of Ω∞-infinite representation
type with finite φ-dimension and ψ-dimension.

2. Preliminaries

2.1. Some notation and definitions

In this article, A denotes a finite dimensional algebra over a field k and modA
the category of finitely generated right A-modules. For M in modA, pdM and
idM are the projective and injective dimension of M respectively.

2.2. Gorenstein projective modules and Gorenstein algebras

The concept of Gorenstein projective module goes back to a work of Auslander
and Bridger [1]. In this work it was introduced the G-dimension for finitely gen-
erated modules over a two-sided noetherian ring. Later was proved by Avramov,
Martisinkovsky, and Rieten that if M is a finitely generated module, M is Goren-
stein projective if and only if the G-dimension of M is zero ( [3, Theorem 4.2.6]).

Definition 2.1. [5]
A finitely generated A-module G is Gorenstein projective if there exist a

exact sequence:

. . . // P−2

p−2
// P−1

p−1
// P0

p0 // P1
p1 // P2

p2 // . . .

such that G ∼= Kerp0, Pi is a projective module for i ∈ Z and the following complex
is exact:

. . . // P2
∗ p1

∗

// P1
∗ p0

∗

// P0
∗ p−1

∗

// P−1
∗ p−2

∗

// P−2
∗ // . . . ,
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where (·)∗ = HomA(·, A).

Definition 2.2. [8]
An Artin algebra A is called n-Gorenstein if id(A) ≤ n and pd(DAop) ≤ n with

n ∈ N, where D = Homk(·, k). An Artin algebra A is called Gorenstein if it is
n-Gorenstein for some n ∈ N.

Remark 2.3. An Artin algebra A is 0-Gorenstein if and only if A is selfinjective.

The following proposition can be seen in [13]:

Proposition 2.4. [13, Corollary 3.4]
Let A be an n-Gorenstein algebra, and

0 // K // Pn−1

pn−1
// . . . // P1

p1 // P0
p0 // M // 0

be an exact sequence with Pi projective, then K is a Gorenstein projective A-module.

2.3. Igusa-Todorov functions

In this section, we show some general facts about the Igusa-Todorov functions.
Our objective is to introduce some properties that will be used in the following
sections.

Definition 2.5. [9]
Let K0 be the abelian group generated by all symbols [M ], where M is a f.g.

A-module, modulo the relations:

1. [M ] = [M ′]− [M ′′] if M ∼=M ′ ⊕M ′′.

2. [P ] = 0 if P is projective.

The groupK0 may also be described as the free abelian group with basis the set
of symbols [M ], one for each isomorphism class of indecomposable non-projective
module. Moreover every element in K0 can be written in the form [M ]− [N ], for
some pair of, not necessarily indecomposable, M , N A-modules.

For any finitely generated A-module M let Ω[M ] = [ΩM ]. Since Ω commutes
with direct sums and takes projective modules to zero this gives a group homo-
morphism Ω : K0 → K0.

For every finitely generated A-module M , let 〈addM〉 denotes the subgroup of
K0 generated by the classes of indecomposable summands of M .

Definition 2.6. The Igusa-Todorov function φ is defined for M ∈ modA, as

φ(M) = min
{

Ω|
Ω

l+s
〈addM〉

is a monomorphism for all s ∈ N

}

.

Definition 2.7. The Igusa-Todorov function ψ is defined for M ∈ modA, as

ψ(M) = φ(M) + sup
{

pd(N) : Ωφ(M)(M) = N ⊕N ′ and pd(N) <∞
}

.
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The main properties of the Igusa-Todorov functions are summarised below. One
can find the next propositions in [9] and [7].

Proposition 2.8. [9], [7]
Let A be an Artin algebra and M , N ∈ mod(A). Then, the following statements

hold.

1. φ(M) = pd(M) if M has finite projective dimension.

2. φ(M) = 0 if M is indecomposable and has infinite projective dimension.

3. φ(M) ≤ φ(M ⊕N).

4. φ(Mk) = φ(M) for k ∈ N.

5. φ(M) ≤ φ(Ω(M)) + 1.

Proposition 2.9. [9], [7]
Let A be an Artin algebra and M , N ∈ mod(A). Then, the following statements

hold.

1. ψ(M) = pd(M) if M has finite projective dimension.

2. ψ(M) ≤ ψ(M ⊕N).

3. ψ(Mk) = ψ(M) for k ∈ N.

4. If N is direct summand of Ωn(M) where n ≤ φ(M) and dp(N) < ∞, then
dp(N) + n ≤ ψ(M).

5. ψ(M) ≤ ψ(Ω(M)) + 1.

The following definitions were introduced in [7].

Definition 2.10. [7]
Let A be an Artin algebra. We recall that the φ-dimension and ψ-dimension of

A are defined as follows:

• φdim(A) = sup{φ(M) such that M ∈ modA}.

• ψdim(A) = sup{ψ(M) such that M ∈ modA}

The following results give properties of the Igusa-Todorov functions for an Artin
algebra A with id(A) <∞. For the proof see [11].

Proposition 2.11. [11, Corollary 3.17]
Let A be an Artin algebra such that id(A) = n <∞, then

findim(A) ≤ φdim(A) ≤ ψdim(A) ≤ n.
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Proposition 2.12. [11, Corollary 4.7]
If A is a Gorenstein algebra, then

1. φdim(A) = ψdim(A) = findim(A) <∞.

2. Let m be the minimun natural number such that A is a m-Gorenstein algebra
then:

φdim(A) = ψdim(A) = findim(A) = m.

2.4. Path rings

A quiver Q consists of:

• The set Q0 of vertices of Q.

• The set Q1 of arrows of Q.

• Two functions: s : Q1 → Q0 giving the start or source of the arrow, and
t : Q1 → Q0 giving the target of the arrow.

We say that a quiver Q is finite if Q0 and Q1 are finite. A path of length n in
Q is a sequence of arrows αnαn−1 . . . α3α2α1 such that t(αi+1) = s(αi). We also
agree to associate with each point a ∈ Q0 a path of length 0, called the trivial path
at a, and denoted by ea. For the composition of paths, we use the convention of
concatenating paths from right to left. We denote by P(v, w) the set of paths with
start v and target w.

By the previous facts, we observe that Q can be considered as a category.

Note 1. Given a finite dimensional k-algebra A and a finite acyclic quiver Q, we
denote by RepA(Q) the category of funtors from Q to modA.

Note 2. We denote by AQ the path algebra with quiver Q and coefficients over A,
i.e. A⊗k kQ.

Remark 2.13. The categories RepA(Q) and Repk(AQ) are equivalent for any
finite dimensional k-algebra A and any finite acyclic quiver Q.

Definition 2.14. Let A be a finite dimensional k-algebra and a finite acyclic quiver
Q. Given M an A-module and v a vertex of Q, then we denote by Mv the AQ-
module such that:

• Mv(v) =M , Mv(w) = 0 if w 6= v, and

• Mv(α) = 0 for every arrow in Q1.

Definition 2.15. Let Q be a finite acyclic quiver. We denote by:

• P̄ v, if P is a projective A-module, the following AQ module:
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◦ P̄ v(w) =







P if w = v;
⊕λ∈P(v,w)Pλ if w 6= v and P(v, w) 6= ∅;
0 otherwise,

where Pλ = P for all λ ∈ P(v, w).

◦ P̄ v(α) =

{

fα if α ∈ P(w1, w2) and P(v, w1) 6= ∅;
0 otherwise,

where fα =
∑

λ∈P(v,w1)
P̄ v(w1)

πλ→ Pλ
1P→Pλα →֒ P̄ v(w2).

• Ĩv, if I is an injective A-module, the following AQ module:

◦ Ĩv(w) =







I if w = v;
⊕λ∈P(w,v)Iλ, if w 6= v and P(w, v) 6= ∅;
0 otherwise,

where Iλ = I for all λ ∈ P(v, w).

◦ Ĩv(α) =

{

fα if α ∈ P(w1, w2) and P(w2, v) 6= ∅;
0, otherwise,

where fα =
∑

λ∈P(w2,v)
Ĩv(w1)

πλ→ Iαλ
1I→Iλ →֒ Ĩv(w2).

Definition 2.16. Let A be a finite dimensional k-algebra and Q be a finite acyclic
quiver. If ι : M →֒ P is a monomorphism of A-modules where P is a projective
module and v a vertex in Q, then we denote by MP v the following AQ-module:

• MP v(w) =







M if w = v;
⊕λ∈P(v,w)Pλ if w 6= v and P(v, w) 6= ∅;
0 otherwise,

where Pλ = P for all λ ∈ P(v, w).

• MP v(α) =







ια if α starts in v;
fα if α ∈ P(w1, w2) and P(v, w1) 6= ∅;
0 otherwise,

where:

◦ ια =M →֒ Pα →֒ ⊕λ∈P(v,w)Pλ

◦ fα =
∑

λ∈P(v,w1)
MP v(w1)

πλ→ Pλ
1P→Pλα →֒MP v(w2).

Remark 2.17. Given M , N , P and P ′ A-modules where P and P ′ are projectives
and the morphisms ι :M → P and ι′ : N → P ′ are inclusions, then MP v ∼= NP ′v

if and only if the following commutative diagram exists

M

ι

��

∼= // N

ι′

��

P
∼= // P ′
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The following theorem can be found in [4] in a more general version:

Theorem 2.18. Let Q be a finite quiver without oriented cycles and A a finite
dimensional k-algebra. A representation P of AQ is projective if and only if the
following conditions are satisfied:

1. For every v ∈ Q, P (v) is a projective A-module.

2. For every v ∈ Q, the morphism ⊕t(α)=vP (s(α)) → P (v) (where P (s(α)) →
P (v) is P (α)) is a split monomorphism.

The next theorem is the dual version of the previous one

Theorem 2.19. Let Q be a finite quiver without oriented cycles and A be a finite
dimensional k-algebra. A representation I of AQ is injective if and only if the
following conditions are satisfied:

1. For every v ∈ Q, I(v) is an injective A-module.

2. For every v ∈ Q, the morphism I(v) → ⊕s(α)=vI(t(α)) (where I(v) → I(t(α))
is I(α)) is a split epimorphism.

Remark 2.20. From Theorem 2.18 we can see that every indecomposable projective
module is of the form P̄ v where P is an indecomposable projective module and
v ∈ Q0. Dually from Theorem 2.19 one can see that every indecomposable injective
module is of the form Ĩv where I is an indecomposable injective module and v ∈ Q0.

3. Igusa-Todorov functions for path rings

The objective for this section is to relate the φ-dimension and ψ-dimension of
A and AQ.
Let us begin, by computing the syzygies for a particular class of AQ-modules.

Proposition 3.1. Let A be a k-algebra and Q be a finite acyclic quiver. If M is
a finitely generated A-module and v a vertex of Q, then following results holds:

1. If v is a sink, then Ωk
AQ(M

v) = (Ωk
A(M))v.

2. If v is not a sink, then Ωk
AQ(M

v) = Ωk
A(M)Pk−1

v, where

· · · // P1
// P0

// M // 0

is the minimal projective resolution of M .

Proof:

1. Is clear.
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2. Consider the AQ-module (ΩAM)P v
0 . By Definition 2.16, it has the following

shape:

(ΩAM)P v
0 (w) =







ΩAM, if w = v;
⊕λ∈P(v,w)Pλ, if w 6= v and P(v, w) 6= ∅;
0, otherwise.

where Pλ = P0 for all λ ∈ P(v, w).

Let α be an arrow starting at v. The following diagram shows locally the
syzygy of Mv at the arrow α:

0 // Ω(M)

i

��

i // P0

1

��

// M

��

// 0

0 // P0
1 // P0

// 0 // 0

If α is an arrow that does not start at v, but it belongs to any path starting
at v, then there exists the following commutative diagram with exact rows:

0 // P0

1

��

1 // P0

1

��

// 0

��

// 0

0 // P0
1 // P0

// 0 // 0

and therefore ΩAQ(M
v) = (ΩAM)P v

0 .

Suppose that Ωk(Mv) = (Ωk(M)Pk−1)
v.

If α is an arrow that start at v, we obtain the following commutative diagram
with exact rows, such that the first one locally represents Ωk

AQ(M
v) at α:

0 // Ωk+1(M)

i′
k

��

ik // Pk

jk

��

fk // ΩkM

i′
k−1

��

// 0

0 // Pk

j′
k // Pk ⊕ Pk−1

(i′
k−1◦fk,1)

// Pk−1
// 0

where jk = (1Pk
, 0). We deduce that the following diagram commutes:

Ωk+1(M)

i′
k

��

1 // Ωk+1(M)

ik

��

Pk
hk // Pk
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where hk is the first coordenate of the map j′k. The second coordenate of
(i′k−1 ◦ fk, 1Pk−1

) is an isomorphism, then hk must be a monomorphism.
Therefore the rows of the previous diagrams are isomorphisms. This implies
that the left column can be changed by the right one in the diagram above.

If α is an arrow that does not start at v, but it belongs to a path that start at
v, then the following diagram with exact rows commutes:

0 // Pk

1

��

j′
k // Pk ⊕ Pk−1

1

��

(i′
k−1◦fk,1)

// Pk−1

1

��

// 0

0 // Pk

j′
k // Pk ⊕ Pk−1

(i′
k−1◦fk,1)

// Pk−1
// 0

therefore the result follows.

✷

Remark 3.2. Assume the hypothesis of Proposition 3.1. Let M be a finitely gen-
erated A-module. By using the fact that 0P v is a projective AQ-module, if M is a
finite dimensional A-module, it follows that:

1. If v is a sink, then pd(Mv) = pd(M).

2. If v is not a sink, then pd(Mv) = pd(M) + 1 and pd(MP v) = pd(M) + 1.

In the following proposition we compute the Igusa-Todorov function φ for AQ-
modules of the form Mv.

Proposition 3.3. Let A be a k-algebra and Q a finite acyclic quiver. If M is an
A-module and v a vertex of Q, then the following results hold:

1. If v is a sink, then φ(Mv) = φ(M).

2. If v is not a sink, then φ(Mv) = φ(M) + 1.

Proof:

1. It is clear by the first part of Proposition 3.1.

2. Let M be an A-module such that φ(M) = k and M = ⊕i∈IM
li
i the decompo-

sition into indecomposables modules of M .

Consider the linear combination
∑

i∈I αiΩ
k
([Mi]) = 0 for k ≥ 1, such that

∑

i∈I αiΩ
k−1

([Mi]) 6= 0. If we prove that the previous condition implies that
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∑

i∈I αiΩ
k+1([Mv

i]) = 0 and
∑

i∈I αiΩ
k
([Mv

i]) 6= 0, we obtain the inequal-
ity φ(Mv) ≥ φ(M) + 1.

Claim:

If
∑

i∈I

αiΩ
k
([Mi]) = 0 and

∑

i∈I

αiΩ
k−1

([Mi]) 6= 0 then

∑

i∈I

αiΩ
k+1

([Mv
i]) = 0 with

∑

i∈I

αiΩ
k
([Mv

i]) 6= 0.

Suppose that
∑

αiΩ
k
([Mi]) = 0. Then there exist projectives P1 and P2 such

that ⊕i∈I1Ω
k(Mi)

β
i⊕P1

∼= ⊕i∈I2Ω
k(Mi)

β
i⊕P2, where I = I1∪I2 is a disjoint

union and the exponents βi = |αi| for every i ∈ I. Then it follows the next
commutative diagram with exact rows:

0 // ⊕i∈I1Ω
k+1(Mi)

β
i

≃

��
✤

✤

✤

ι // P

≃

��

// ⊕i∈I1Ω
k(Mi)

β
i ⊕ P1

≃

��

// 0

0 // ⊕i∈I2Ω
k+1(Mi)

β
i

ι // P ′ // ⊕i∈I2Ω
k(Mi)

β
i ⊕ P2

// 0

Using Remark 2.17 in the left square of the previous diagram, we obtain the
following

(⊕i∈I1Ω
k+1(Mi)

β
i)P v ∼= (⊕i∈I2Ω

k+1(Mi)
β
i)P ′v.

Therefore by Proposition 3.1
∑

αiΩ
k+1

([Mv
i ]) = 0.

Suppose that
∑

αiΩ
k
([Mv

i]) = 0. This implies, by Remark 2.17, that the
following diagram is commutative with exact rows:

0 // ⊕i∈I1Ω
k(Mi)

β
i

≃

��

ι // P

≃

��

// ⊕i∈I1Ω
k−1(Mi)

β
i ⊕ P ′

1

≃

��
✤

✤

✤

// 0

0 // ⊕i∈I2Ω
k(Mi)

β
i

ι // P ′ // ⊕i∈I2Ω
k−1(Mi)

β
i ⊕ P ′

2
// 0

and we obtain the relation
∑

αiΩ
k−1

([Mi]) = 0, which is a contradiction.

✷

As a consequence of the previous results, we obtain the following theorem that
is trivial in the case Q has one vertex:
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Theorem 3.4. Let A be a finite dimensional k-algebra. If Q is a finite acyclic
quiver with at least two vertices, then the inequality below holds:

φdimAQ ≥ φdimA+ 1.

Proof:

It follows from Proposition 3.3. ✷

4. Special path rings

In this section we study the φ-dimension for algebrasAQ when A is a Gorenstein
algebra. Using these computations, we show an example of an algebra of Ω∞-
infinite representation type with finite φ-dimension.

The following theorem can be found in [2].

Theorem 4.1. [2, Proposition 2.2] If A and B are finite dimensional algebras over
a field k, then

max(idAA, idBB) ≤ idA⊗B(A⊗k B) ≤ idAA+ idBB.

The last theorem shows that tensor products of Gorenstein algebras are Goren-
stein algebras. Now, by the above theorem and Theorem 3.4 we obtain the next
result:

Theorem 4.2. Let A be a finite dimensional k-algebra and Q be a finite acyclic
quiver with at least two vertices. Then A is n-Gorenstein if and only if AQ is
(n+ 1)-Gorenstein.

Proof:

Let n be the minimum non-negative integer such that A is an n-Gorenstein
algebra. By Corollary 2.12 and Theorem 3.4 we obtain φdimAQ ≥ φdimA+ 1 =
n + 1. Again by Corollary 2.12 we have that idAQAQ = φdimAQ ≥ n + 1. On
the other hand, the inequality idAQAQ ≤ idAA+1 <∞ follows from Theorem 4.1.
This proves that idAQAQ = n + 1, thus AQ is (n + 1)-Gorenstein with minimum
n.
Now suppose that AQ is an (n+1)-Gorenstein algebra. Let I be an indecomposable
injective A-module with pd(Ĩv) = k ≤ n + 1 for v a source (therefore it is not a
sink of Q). This implies that pdI = k − 1, by Remark 3.2. The proof is analoguos
if we consider the injective dimension of an indecomposable projective A-module.
Thus A is a t-Gorenstein algebra with t ≤ n. ✷

As a consequence of the previous theorem we obtain another proof for the
following result of [12].

Corollary 4.3. [12, Lemma 4.1] The algebra Tn(A) with n ≥ 2 is (m + 1)-
Gorenstein if and only if A is m-Gorenstein, where:
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Tn(A) =















A 0 · · · 0 0
A A · · · 0 0
...

...
. . .

...
...

A A · · · A 0
A A · · · A A















Proof:

It is easy to see that Tn(A) ∼= AQ where Q is an An Dynkin type quiver with
its arrows in the same orientation. Then by Theorem 4.2 we obtain the thesis. ✷

Definition 4.4. Given an Artin algebra A, we define Kn as

Kn = {[M ] : there exist N ∈ modA such that Ωn(N) =M}

Definition 4.5. Let A be an Artin algebra. The class Kn is of finite type if there
exists an A-module N such that M ∈ addN for all [M ] ∈ Kn. In this case A is
called of Ωn-finite representation type. If A is not of Ωn finite representation
type for any n ∈ N we say that A is Ω∞-infinite representation type.

In [11] was proved that if A is of Ωn-finite representation type for some n then
φdim(A) and ψdim(A) are both finite. A natural question to ask is which is the
behaviour of these dimensions in the case that A is of Ω∞-infinite representation
type. we show in Example 4.1, that they can be finite.

Proposition 4.6. [11, Proposition 4.2]
Given G a Gorenstein projective module, [G] ∈ Ki for every i ∈ N.

Therefore if A has infinite indecomposable Gorenstein projective modules up to
isomorphism (A is CM-infinite), A is of Ω∞-infinite representation type.

Proposition 4.7. Let A be a Gorenstein algebra and Q be a finite acyclic quiver
with at least two vertices. If M is a Gorenstein indecomposable A-module and v a
sink of Q, then Mv is a Gorenstein indecomposable AQ-module.

Proof:

Suppose that A is an n-Gorenstein algebra. By Theorem 4.2 AQ is an (n+ 1)-
Gorenstein algebra. Since M is Gorenstein, there exists N a A-module such that
Ωn+1

A (N) = M . Using Proposition 3.1 it follows that Mv = Ωn+1
AQ (Nv), and by

Proposition 2.4 the result is obtained. ✷

The following example exhibits a family of algebras {An}n∈N such that φdim(An) =
n and every An is Ω∞-infinite representation type.

Example 4.1. Let A be the radical square zero algebra with associated quiver Q
as follows:

1·
//
·2oo
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It is clear that A is a selfinjective k-algebra.
Now consider Ae = Aop ⊗ A. It is not difficult to see that Ae is a selfinjective

algebra of infinite representation type. Consider Γ a finite acyclic quiver, with a
sink v. Ak denotes the following algebras:

Ak =

{

Ak = Ae if k = 0
Ak = Ak−1Γ if k ≥ 1

Then Ak is a k-Gorenstein algebra, but is not (k − 1)-Gorenstein for k ≥ 1, in
particular φdim(Ak) = ψdim(Ak) = k and all of them are of Ω∞-infinite represen-
tation type because GPA is of infinite representation type by Proposition 4.7.
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