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Reidemeister Classes for Coincidences Between Sections of a Fiber
Bundle

D. Penteado and T. F. V. Paiva

ABSTRACT: Let sg, fo be two sections of a fiber bundle ¢ : E — B and assume the
coincidence set I'(so, fo) # 0. We consider the problem of identifying the algebraic
Reidemeister classes for sg and fo with the geometric classes obtained by the lifting
maps on covering spaces. We do this by using the homotopy lifting extension pro-
priety of the fibration ¢ to obtain homotopies over B. When we make this and the
basic point is fixed we can use the elements so(3), fo(87!) where 8 € m1(B, by) and
the elements v € 71 (Fp, ep). So we will introduce the algebraic Reidemeister classes
relative to the subgroup 71 (Fp,e0). When the basic points are not fixed we need
to consider the classes 3]y, of lifting of so defined on the universal covering B to E.
The present work relates the lifting classes [3]1, of so and the algebraic Reidemeister
classes R4 (so, fo;m1(Fo,eo0)), as given in [2],[3] and [5].
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1. Introduction

Let f: (B,by) — (B,bp) be a function and assume that B is compact, locally
path connected, semi locally 1-connected and an euclidean neighborhood retract
space. Then there is the universal covering p® : B(by) — B, constructed from
the trivial subgroup {[bo]} < m1(B, bo). Let T : 71 (B, by) — Cov(B(by)/B) be the
isomorphism S + 1§, the deck transformation associated to 3.

Let £(fo) be the set of all liftings fof fo with respect to the following commu-
tative diagram. Note that the second diagram corresponds to the case when f is
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the identity map Ip.

B(bo) —= Bbo)  Blbo) —=> B(by) (L1)
B———=1B B——=B

Consider the following equivalence relation on the set L(f): flRLfg & fl =
Tgo fao Tgl, with 8 € m1(B,bo). We denote by Ry (L(f) the quotient set and by

[f]L the class of f and r1,(L(f)) = |RL(L(f))]-

In [3],[2] and [4] the authors related the relation Ry with the algebraic Rei-
demeister classes induced by Ig, f : m1(B,by) — m1(B,by) whose quotient set is
Ra(f,Ip) and ro(f,I5) = |Ra(f,I5)|. They proved that:

1. There is an one to one correspondence between Ry (L(f) and Ra(f,Ip),
therefore v, (L(f)) =ra(f, Ip).

2. If [i]r, = [fo]1, then pto (FW(E)) — pho (FM(E)) .

3. 1f pbo (Fix(}i))  pbo (Fix(ﬁ)) 40 then [f1]z = [fa]r.

In fixed point theory it is usual to put the date f,Ig : B — B on the context of
fiber bundle considering the trivial fiber bundle ¢ : B x B — B, q(b1,b2) = b1 and
the sections s, fo : B — B X B of ¢ given by sq(b) = (b,b) and fo(b) = (b, f(b)).

In this work we consider a general fiber bundle ¢ : £ — B and initially two
sections sg, fo : (B,by) — (F,ep) and Fy the fiber over by which satisfies good
hypotheses on B, E and Fy = ¢ 1(by). The purpose of this work is to prove an
analogous result of some results in [2] and [3] in this context of section on fiber
bundle.

This work is divided in four sections. In Section 2 we established notations and
we listed some results about the construction of covering spaces of a subgroup G
of m1(E, ep) and we explicit the lifting So, fo and spg,, fr,. We also introduce the
equivalence relation Ry, on the set L(so; fr,) and the relation R, on L(fo;sr,)
which the sets are, respectively, specified lifting maps on the universal covering
for the sections sg and fo, as in [2],[3] and [5]. The Theorem 2.9 established the
first approximations between relations Ry, or Ry, and the Reidemeister relation
relative to the subgroup 71 (Fyp, eg), as we will see in the next section. In Section 3 we
defined the algebraic Reidemeister classes relative of a subgroup Hy < Gy induced
by the homomorphisms ¢, 1 : G; — G which the quotient set is Ra (¢, ¢; Hp). In
particular, we will apply this for the homomorphisms on the fundamental groups
for two sections s, fo : m1(B,bg) = 71 (E, eg) of a fiber bundle ¢ : E — B and the
subgroup Hy = m1(Fp, eq), so we have the set R(so, fo; m1(Fo,€0))-

In Section 4 we also defined the set of Nielsen coincidence classes which is indi-
cated by I'(sg, fo) and proved that it is finite under good hypotheses on the spaces
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B,E,Fy. We also exhibit an injection map f(so,fo) — Ra(so, fo;m1(Fo,eo)).
We finished this section relating the theorems 2.9 and 4.3 and then we proved
the main theorem 4.5, which established an one-to-one correspondence between
Rr(L(fo;sr,)) and Ra(so, fo; m1(Fo,eo)) or similarly for the classes [s]r on the set
R(L(s0; fr,)), as in [4] and [5].

2. Covering projection constructed from a subgroup and relations on
the lifting maps

Let G be a subgroup of m1(F,ep) and let P(FE,ep) be the set of all paths
a :[0,1] — E such that a(0) = eg. We say that a1,as € P(E,ep) are G—related
if a1(1) = az(1) and the class [a; * a; '] € G < 71(E, eg). Tt is easy to prove that
this is an equivalence relation and we denote the class from the path a by (e, a)a
with e = a(1). The quotient set of P(E, eq) by this relation is indicated by E(G).

In [6] the author defined a basis for a topology on the set E (G) for which the
function p© : E(G) — E, p®le,a)g = e is continuous. Moreover if E is path
connected then p© is a surjection and we have the following statements:

1. If E is connected, locally path connected and semi-locally 1-connected then
pY (E(G),go) — (F, ep) is a covering space with

€ (m (E(G), 'éo)) -a,
where ¢y = (ep,€0)c and € is the constant path on ey € F.

2. f G; < Gy < m1(F, eg) are subgroups and pCr E(Gl) — E, p©: E(Gg) —
FE are covering spaces then there is a covering space pg; : E(G1) = E(G2)
so that p&1 = p&2 opg;.

3. If G is a normal subgroup of m (E, eo) and p : (E, o) — (E,eq) is a cov-

ering space so that p (wl(E,xo) = @ then there is an homeomorphism

¢ 1 (E,%) — (E(G),&) so that p = p® o .

Now we apply this construction when we have two sections sg, fo : (B,bg) —
(E,ep) of a fiber bundle ¢ : (E,eq) — (B,bg). For this we suppose that F, B and
the fiber Fy = ¢~ 1(bg) are compact spaces with B and E satisfying the hypothesis
as in (1) above.

More precisely, we construct the universal covering spaces for the trivial sub-
groups [bo] <1 71 (B, bo) and [eg] <1 1 (E, o) which are denoted by p® : B(by) — B
and p° : E(eo) — E. We also consider the regular covering space p’® : E(Fo) - F
where E(Fy) = E(m1(Fo, €0)). As in (2) above we denote PR E(eo) — E(Fy) for
the covering space so that p® = pf© o pf? .

From these constructions it is easy to explicit the covering projections, that is
p (b, By, = b, p°°(e,a)e, = e and P (€, Q)e, = (€, )R, € E(Fp). Moreover from
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the sections so, fo : (B,by) — (F,ep) it is possible to explicit two special lifting
maps as in the following lemma:

Lemma 2.1. The maps
50, fo : (B(bo),bo) = (E(eo), ) and sy, fr, : (B(bo), bo) — (E(Fp), &)

given by g0<baﬂ>b0 = <50(b)750(ﬂ>>607 }B<bvﬂ>bo = <f0(b>ﬂf0(/6>>607 SF0<bvﬂ>bo =
<50(b)7 SO(ﬂ)>FO and fFo <b5 /8>b0 = <f0(b)7 fO(ﬂ»Fo are continuous and the following
diagram commutes.

80 —

(Bb). ) ———= (F(co). %)

f(.'l
N
~ ~ 5Ky - = 5
(B bo) ——= (EFo).7n) )7
lpbn pFo l
(B.bo) (E,eo)
fo

Proof: The commutativity is immediate from the constructions. Note that the
continuity of the maps is given by the choice of the topology on the sets E(bo),
E(eg) and E(Fp). In fact, let (b, B)s, € B(bo) and V ({so(b),s0(83))e,) be a basic
open set, of the topology on E(eg) where V is an open neighborhood of so(b) in E.
From the continuity of sg let U = sal(V) C B an open neighborhood of b on B

and note that so (U ((b, B)n,)) €V ({s0(b), s0(8))es) -
The continuity of the fy, sg, and fr, is shown by similar argument. O

For 8 € m1(B,bg) the correspondent deck transformation we denote by T €
Cov(é(bo)/B) and similarly, Ty, T, for o € m1(E, eg) and v € 71 (Fp, e0)<m1(E, ep).

From the covering map constructions we can to explicit the following fibers,
where we use the same symbol to express the loop path and its class on fundamental
groups:

(") (Bo) = {(bo, BYvo» B € m1(B, bo)} ;
(052) " (leos Bo)m) = (2) ™ () {(€0, Veos ¥ € T1(Fy €0)}
(PF")_l (e0) = {{e0,50(8))r, = (€0, fo(B))Fo; B € T1(B,bo)};

We know that on theses fibers we have a right transitive action of the funda-
mental group and a left action of the deck transformation group. For example, if
ﬂ € 7T1(B,b0> then

T ({bo, B1)so) = (b, B1)eo * B~ = (bo, By * B~ Ny, (2.1)
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where * denotes the right action (pbo)_1 (bo) x m1(B,bo) — (pb")_1 (bo).
In order to relate the set of coincidences between the sections with the liftings
maps involved we define the following sets.

Definition 2.2.
1. L(so) = {5: B(by) = E(eq),p® 03 = sgop”}
2. L(fo) ={F: E(b ) — E(eo),p® o f = fooph}
3. L(s0, fo) = {(3, f);p0 05 =sg0p™, p o f = foop™}
4. L(s0; fry) = {3 fo), sy =pp 05, 5€L(s0)}

5. L(foism) ={Go, ). fro =P8 o f. [ € £(fo)}

Lemma 2.3.

1. L So, fFo

{ s=T v, 0 50; Y1 €7T1(F0,€0)}
anSFo { SO; = Lq, Of07 Y2 eﬂ-l(FanO)}

3. L(so, fo) = {( g 050, Ty © fo) jop, (g € 7T1(E,€0)} = L(s0) X L(fo)-

Proof: Standard results in covering space theory when we identified
Cov(E(eq)/E(Fy)) ~ m1(Fy, e0) and Cov(E(Fy)/E) ~ m1 (B, bo) ~ Cov(B(by)/B).
O

Lemma 2.4.

1. If s € L(s0) and s = 59 o T then there is only one a(s) € m1(Ey, ep) so that
To(z) © 80 = 80 © T, moreover a(s) = so(3).

2. Iffe L(fo) and f: ]70 o T then there is only one a(f) € m(E,eg) so that
Ta(f) o fo = fooTp and moreover a(f) = fo(B).

Proof: Just use the uniqueness of each lifting and apply on the basic point 50
using the equality (2.1). O

Remark 2.5. From lemmas 2.4 and 2.3 part (3), for each pair (3, f) € L(so0, fo)
we can write in the form

(gvf) - (010507 azofO)
(

T eso(atai sso(a(an)) © 50 Tage otatas )= fo(a(aa)) © J0)

T

( arso(q(ag?
(Ty, 030 0T, <a1>, T, 0 foo Tyan)
= (T,Y; 0 30, fOOT(az)*q(a )) or
(SOOTml)*q(% o Tyt © Jo),

) ©30° Tytar)s T po(aaz ™) Ofoo Wﬂ)
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where v, = ay * so(q(ar?)) € m1(Fo,e0) and v9 = oo * fo(qlaz?)) € m1(Fo, €o)-
Because we are considering the constant homotopy on the basic space Ip : B X
[0,1] — B to deform the initial sections so, fo over B, so we assume that q(c1) =

q(az). From this we consider only the pairs of liftings (T,y;l*’yl 030, ]70) € L(so; fry)
or (50, Tv;l*,y2 o fo) S L(fo;SFO).
Definition 2.6.

1. Given (51, ﬁ)) and (§2,f~b) € L(so; fr,) we say that (571, ﬁ)) 1s lifting related
with (S2, fo) for the fo, in symbols 51 Ry, 32, or (51, fo)Ry, (52, fo), if and only
if Tf,(3) © 51 = 52 0 T for some (3 € w1 (B, bo).

2. Similarly for the elements (So, }’vl) (S0, fg) € L(fo; sr,) we define the relation

Ry by fiRso f2 & Tay(sy © 1 = f2 0 T for some 3 € 1 (B, by).
Proposition 2.7.
1. The relation Ry, is an equivalence relation on the set L(so; [r,)-

2. The relation R, is an equivalence relation on the set L(fo;sr,).
Proof: If ﬂ = [1_70] € 7'(1(B7 bo) then :Slengl. If §1Rf0§2 with Tfo(B) o §1 = gg ] Tﬁ
thus Tt (-1) © Sy = 510 Tg-1. If 51Rf, 82 and s Ry, 53 which implies that there
are 51,52 S 7T1(B,b0) so that TfO(Bl) o 51 = gg ] Tgl and TfO(Bz) @) §2 = gg 9 T52.
Therefore,

Tropye80) 051 = Tropy) © (Tres,) ©51)
Tio(8y) © 520 Tp,

Tfo(ﬂg) @] 82) @] Tgl
s3o0Tp, oTp,

= gg ° Tﬂz*Bl

The proof of (2) is analogous. o

Let Ry, (L(s0; fr,)) and Rs,(L(fo;sr,)) be the quotient spaces by the rela-
tions Ry, and R, on the spaces L(so; fr,) and L(fo, sk, ) respectively. Denote by
71, (L(s0; fr,)) and rs, (L(fo; sF,)) the respective cardinals of the quotient spaces.

The following definition is approximation between the relation Ry,, or Rs,, and
the Reidemeister relation relative to the subgroup 1 (Fo, e9) as we will view in the
the next section.

Definition 2.8. Let 51 = T, 050,52 = T, 059 be in L(so; fr,) where v1,7, €
m1(Fo,e0). We say that $1 is lifting related with S2, in symbol s1RSa, if there
is B € m(B,bo) so that fo(B) * v, = Vo * so(8) . Similarly we define for fi =
T, o ﬁ),fz =T, o0 f~’0 be in L(fo;sr,). That is }’leLj?g if and only if there is
B € m1(B,by) such that fo(B) * v1 = Vo * s0(B).

Theorem 2.9.
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1. The relation Ry, defined on L(so; fr,)is an equivalence relation.

2. The relation Ry, defined on L(fo;sr,) is an equivalence relation.

3. (8], = 8L and [fls, = [flL. Therefore if R.(L(s0; fr,)) and Ri(L(foisR,))
are the quotient set by the relation Ry, then there is an one to one correspon-
dence between the followings sets:

Ry (L(s05 fry)) <> RL(L(505 fry)) <> Rso(L(fo58F,)) <> RL(L(fo; R,))-

Proof: We will prove the item (1). Obviously the relation Ry is reflexive and
symmetric. If 5; = T, osg, for i = 1,2,3 and 51 R8> and 53Rz s3 then there
exists 3, and By in 71 (B, by) such that fo(B81) * v, = v * so(5;1) and fo(Bs) * 74 =
3 * So(By). So we have

fo(BaxB1)xv1 = fo(Ba)* (fo(B1) *
= fO(ﬂz)*'YQ*SO(ﬂ
= 73 *50(B2) * s0(B

Y1)

1)

1)-

Therefore s1 Ry, 53. The proof of (2) is analogous.

In fact [s1]y, = [$1]r. If 51Rf,52, then there is 8 € m1(B,bo) such that T’ () o

51 = S207Tpg. But 51,52 € L(so; fr,) so there are vy,7v, € m1(Fo,ep) such that
51 =T, 059 and 53 =T}, o0 5g. Since 51 Ry, 5> we have:

Tryp o1 = 520Tp
To(py 0 To, © S0 = Ty, 0500 7:@
Tsy(Byer, ©50 = Typuse(8) © 50

The last equation means that 53Ry ss. Therefore there is an one to one corre-
spondence betwen the sets. The second part is analogous. O

3. Algebraic Reidemeister classes relative of a subgroup

Definition 3.1. Let ¢, ¢ : G1 — Gy be group homomorphisms and Hy a subgroup
of Go. We say that two elements hy, ha € Hy are (¢, ; H)—algebraic Reidemeister
related, in symbols th(w7lp;H0)h2 = h1Rpy ho or hiRahe, if there is g € Gy such
that ¢(g)h1 = hatp(g).

It is easy to prove that Ry ,.m,) is an equivalence relation on Hp, called the
algebraic Reidemeister relation of ¢ and 1) relative to the subgroup Hy. We denoted
by [R](y,p;H,) = [P, or [h]a the algebraic Reidemeister class determined by h €
Hy and by Ra(y,v; Hp) to the quotient set. The cardinal of R (¢, v; Hp) which is
indicated by (¢, 1; Hp) is called (¢, 1; Hy)—Reidemeister number. When Hy = Go
we denoted R(p,1; Go) = R(p, 1) and r(p,¢; Go) = r(p, ).

Proposition 3.2. Let p,v : Gy — Gy be homomorphisms and Hy, Ko subgroups
of Go. If Hy < Ko then r(,v; Ho) < (¢, ¢; Ko).
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Proof: Just set the injection Ra(p,¥; Hy) < Ra(p,¥; Ko), [alm, — [a]x,- ]

Remark 3.3. If {eq,} is the trivial subgroup of Gg then for any subgroup Hy of
GO we have 1 = 7"(8077/); {eGo}) < T((,O,?/);Ho) < 7’((,0,’1/))

Proposition 3.4. Let ¢, : Go — G be homomorphisms, K1 < Gy and ® : G; —
Go a homomorphism with Hy = ®(K1). The following map ®4 : Ra(p,; K1) —
RA(® o o, ® o 1p; Hy)) given by ®Pa([klk,) = [®(k)|n, is surjective. Therefore
T(@a Z/}a Kl) > T(q) ° ¥, P o ’l/), HO)

If ® has the left inverse homomorphism ¥ : Gy — Gy then ® 4 is an one to one
correspondence and ® 3 [® (k)| m, = [k]x, s0 r(p,¥; K1) =7(® o o, ® o 1h; Hy).

Proof: If [ki)x, = [ka]k, there is go such that ¢(g2)ki = koto(g2), then
D(p(g2))P(k1) = P(k2)P(¢(g2)). Therefore we have a well defined map Py, :
RA(@) Z/}a Kl) — RA(CI)O% ‘1)07/), HO) given by [kl]K1 = [q)(kl)]Ho As HO = @(Kl)v
it is easy to prove that the map ® 4 is surjective.

Otherwise if ¥ : Gy — G is a left inverse of ® then when we apply ¥ in the
equation ®(p(g2))P(k1) = ®(k2)P(¢0(g2)) we have a well defined map V(g :
Ra(® o p,®0;®(K1)) — Ra(p,9; K1) such that g, o Ugg,) is identity of
Ra(p, ;K1)

Therefore @, is an one to one correspondence and we have the equivalence on
the Reidemeister numbers r(p,1; K1) = r(® o ¢, ® o ¢; Hy) with Hy = ®(K;) O

Example 3.5 (Case trivial fiber bundle). Let f,g: (B,bo) — (F,yo) be continuous
maps. So we have f,g: 71 (B,by) = w1 (F,y0) and the set of algebraic Reidemeister
classes Ra(f,g). Now we consider the trivial fiber bundle q : (B x F\, (bo,%0)) —
(B, bo) so the maps f, g induces two sections s¢, sq : (B,by) = (BxF, (b, yo)) given
by sp(b) = (b, f(b)) and s4(b) = (b, g(b)). Let Fy = {bo} x F =q~'(by) be the fiber
over by with base point ey = (bg, yo) so m1(Fp). Then we can consider the algebraic
classes of Reidemeister Ra(sq,ss;m1(Fo,e0)) and ®(m1(Fo,bo,%0)) = m1(F,yo0)-
Then we conclude that:

Ra(sg,sp5m1(Fose0)) <« Ra(®osy, ®osy; ®(mi(Fo,eo)))

< Ralg, fim1(F,y0)) = Ral(g, f) 8.1)

Example 3.6 (Case not trivial fiber bundle). We consider two sections so, fo :
(B,bo) — (E,eq) of the fiber bundle q : (E,eq) — (B,by). We used so to describe
the structure of the group w1 (E, eo) as the semi direct product w1 (Fy, eq) xw1(B, by).
Formally, let ® : m1(E,eq) — m1(Fo, e0) X w1(B,bo) be the isomorphism given by

D(a) = (a * S0 (q (a_l)) ,q(a)) € m (Fy,eq) X w1 (B, bg), (3.2)

The operation on w1(Fy,eq) X w1 (B, bg) is expressed by

(72, 81) @ (42 B2) 1= (71 50(81) # 72+ 50(B71), By # Ba). (3.3)
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Let O := &1 : m(Fy,eq) x w1(B,bg) — m1(E,eq) be the inverse isomor-
phism of ® given by W(v,3) = v * so(81") and let Hy = m1(Fo,e0) x {[bo]} =
O(m1(Fp, ep)) be the subgroup of w1 (Fo,eo) X w1(B,bg). By the proposition 3.4 we
have Ra(s0, fo; m1(Fo,€0)) <> Ra(® o s, o fo; Ho).

For the operation e in 71 (Fy,eq) X1 (E, eo) expressed in (3.3) when we describe
the classes of Ra(® o sg, ® o fo; Hy) we have the same classes on

RA(s0, fo;m1(Fo,eo))

Doso(B)e (1, [bo]) = (72, [bo]) ® (@0 fo(B))
([EO]’ﬁ).(lyla [bO]) = (72?[1)0] (fo(ﬁ)*so(ﬁil)’ﬁ) (34)
(s0(8) ¥ 71 *50(871), B) = (v2* fo(B) * s0(B7"), )
so(B)xv1 = v2xfo(B).

4. The coincidence set and the Nielsen classes for sections on the fiber
bundle

Let so, fo : (B,bg) — (E,ep) be the sections of a fiber bundle ¢ : (E,ep) —
(B, bo) and T'E(so, fo) = {b € B, s0(b) = fo(b)} # 0 be the coincidence topological
space induced from B. Note that T'B (s, fo) = s5 ' (fo(B)) = f5 *(s0(B)).

In I'B(s0, fo) we defined the Nielsen classes for by, be € I'E(so, fo) saying that
b1 is Nielsen related to by, in symbols b1 Nbo, if and only if there is a path ﬁg; on B
connecting by to by such that so(ﬁg;) is homotopic to fo(ﬁgi) relative to {0,1}. Tt
easy is to verify that N is an equivalent relation and we denote by [b1]n the class
determined by b;. If fg(so, fo) is the quotient set of I'E(sg, fo) by the Nielsen
relation, we denote by py : T'B(so, fo) — fg(so, fo) the canonical projection map.

Considering fg (80, fo) with the topology co-induced by px we have the follow-
ing statements.

Theorem 4.1.

1. If [bi]ee is the connected component by path of by € TE(so, fo) then [bi]ee C
[b1] N

2. If E is a Hausdorff topological space then T'E(so, fo) is closed in B.

3. If B is locally path connected and E is Hausdorff and semilocally 1-connected
topological space then T'B(so, fo) is discrete topological space.

4. If B and E satisfies the before conditions and T'B(sq, fo) is compact then
I'B(s0, fo) is finite.

Proof: The (1),(2) and (4) items are easy to prove. We will prove only the item
(3). Let b € [bi]n and consider an open set V62 such that ¢ : m1(Ve,,e2) —
71 (E, eg) is trivial homomorphism. Now Wy, = s5 ' (Ve,) N fo(Ve,) N Uy, where U,
is connected path neighborhood of by. It is immediate to verify that W}, C [b1]x so
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Py (biln) = U Wi,. In others words [by]x is open and closed set in T2 (sq, fo).
b2 € [b1] O

In this work we assume that B, E and Fy are compact, ENR (Euclidean neigh-
borhood Retracts), path connected, locally path connected and semilocally 1-

connected space so the set fg(so, fo) is finite.

Let B be the collection of all the pairs (bi;ﬁlb";), where BZ‘; is a path on B
connecting by to b; € T'E(so, fo). Let v(b;) € m1(Fp,eo) be the homotopy class
given by the loop s( Z‘i’)*f( g‘;)’l. Now we define Pr : B — Ra(so, fo; m1(Fo,€0))
given by Pr(bs; 85°) = [[s0(85°) * fo(8)~11] , = [¥(b:)]a and Py : B — TE(s0, fo)
by Pr(bi, 80) = [bilw

Theorem 4.2. The map Pr does mot depend of the path 5 0, it is that, if

(blvﬂbl( ))7(171,51)1( )) € B then PR(bi,ﬂbl( ) = PR(b1,ﬂb1( )) The map Pgr
splits by Py through the injective map Pgr on the bellow diagram, so that we have
T2 (50, fo)| < 7a(s0, fo; m1(Fo, eo)).

P
B = Ra(s0, fo; m1(Fo,e0))
_—
fg(SOa fO)

Proof: For the first part we consider 8= ﬂg‘f (2) = ( 2‘1’(1))*1. Now
Pr(by, By (1) = [lso(Bye (1) * fo(By2 (1) "]
= [[s0(8) (80(51,1( ) * fo(By (1)) * fo(B) ™M ]a
= Pr(bi,82(2)

For the second part, if (b1, 85°), (b2, 55°) € B and [bi]y = [ba]x on T2 (so, fo)
then there is a path Bz; (N) between by and by such that fo( Zb’; (N)) is homotopic
to so(ﬂg; (N)) relative to {0, 1} So we have:

Pr(b1,By) = [ls0(8) * f( é)‘l]]A
[[50(51, ) * s0(Bys (N))  F(BR (N)) !+ £(832) "l
(1s0(85) * fo(Bp3) " 1la = Pr(ba, 5;2)

So Pr([b1]) = Pgr(b1, Blb"l’) is a well defined map as on the commutative diagram

and it is easy to see that Pp is an injection. O

Theorem 4.3. Let Fggboi(go,ﬁ) and Fggboi(go,ﬁ) be the coincidence set for
[N €o
J1, f2 € L(fo;8F,)-

1 1 [fileg = [Folsy then o (PE00) Go, 1)) = p (TR Go. ).
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2 19" (D50 Go, 7)) Nt (TR0 Go, J2)) # 0 then (il = [Fols

Proof: (1). Since [:fvl]go = []?2]50 there is 8 € m1(B, bp) which satisfies T gy o fi=
f2 o Tp. Ifh e ( B(bO) ( o,fl)) then so( ) = fl( ), so we have

S00Ts(h) = Tus)©30(b)
Tso(8) © J1(D)
f2 [e] Tﬁ (b)

Therefore T (b) € F]f(b(’) (§07 J?Q) The verification of the inverse inclusion is anal-

ogous. Since T3 estabhshed an one to one correspondence between I'Z E o) (so, fl)

and FE( o) (so, fg) then when we apply p* we have
€0

pbo( g( )( O,fl)) ( B(bo)( O,fz))

Since (3) is equivalent to (2) it is sufficient to prove the item (2). If

(F~( ") (30, fl)) np" (FEE"O;(SO, f2)) £,

then T2 E “g( f1) # 0 and T (b“)(so,fg) £ (). Then there are by € T'2 E 0)(30,f1)
and by € T2 E )(so, f2) such that p% (by) = pbo(by) := b. Since the action of the

fundamental group 71 (B, by) on the fibers is transitive, there is 8 € m1(B, bg) such
that Tg(bl) = bQ and

¢:=falba) = Fobs) _

fa0 Ts(by) 500 Tp(b1)
Tsq(p) © So(b1)
Ty © f1(b1)

Since fl, f2 S L( fo;sr,) and the coincidence occurs in the 51 it follows that
fa0 T = Tsy(p) © f1 as the bellow diagram. Therefore we have [fa]s, = [f1]so-

(B(bo). b2) — 2= (B(en), &) =~ (E(eo). 1 (b1))

A A

(B(bo), b1) —= (E(Fo), 55, (b1)) <——— (B(bo), b1)
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Theorem 4.4. Let FEE Og(fo,'svl) and T'= (0)(f0,52) be the coincidence set for
51,82 € £(s0; R, )-

1. If [51]g, = [S2]4, then pbo (Fggig(%,gﬁ) = pbo( ggbog(fo, 2))

If bo( Be )(fO, 81)) N pto (FZEEZ:;(J?O’gQ)) # 0 then [s1]f, = [S2]f,-

Now, [s1]5, = [S2]z € Rr(L(50; fr,) by theorem 2.9. If 57 = T, o35 and
59 =T, 050 with 7,7, € m1(Fp, €) then, by definition 2.8, we have [T, o35]; =
[T, 080]r if and only if [y;]a4 = [v5]a € Ra(so, fo; m1(Fo, €0)). From this, it follows
the main theorem:

Theorem 4.5. Let Fggb(’;(%,f:) and T2 (O;(so,fg) be the coincidence set for
€o
f1, f2 € L(fo; 8F,)-

1. There is an one to one correspondence

W Ry (L(fo;sr,)) = Ralfo, so; m1(Fo, €0)).

2 1 (Al = [Flo then o (20 Go, 1)) = p (DR) Go. o).

5. 1707 (D30 Go, 1) 9% (P20 Go, F2)) # 0 then (il = (el

Remark 4.6. Note that the theorem follows from the theorems 2.1 and 4.3, and
is true if we replace fo, f1, fo by So, 51,52 and sg, by fr,.
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