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abstract: The intention of the present article is to evaluate two integral formulas
associated with a finite product of the generalized Bessel functions of the first kind
and multivariable polynomials. The results are formulated in terms of the general-
ized Lauricella functions. The major outcome conferred here are of general aspect
and simply reducible to unique and widely known integral formulae.
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1. Introduction and Preliminaries

A remarkable authors have developed a huge amount of integral formulas in-
volving a different type of special functions for instance; Suthar et al. [19] evaluated
unified integrals associated with the hypergeometric function; Choi et al. [5], Choi
et al. [6], Menaria et al. [10], Nisar et al. [11] and Suthar and Habenom [18]
established certain integrals involving Bessel type functions. In this paper, we ex-
plore the possibility to obtain certain new integrals involving generalized Bessel
function of the first kind and multivariable polynomials.
Recently, the generalized Bessel function of the first kind wv(z), studied and intro-
duce by Baricz [3], as follow:

wυ,b,c(z) =
∞
∑

k=0

(−1)
k
ck
(

z
2

)υ+2k

k !Γ
(

υ + k + b+1
2

) , (1.1)

where Γ (z) is a gamma function (see [14], Section 1.1). For additional details of
function defined by (1.1), one may refer to [3].
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Here, Bessel function of the first kind Jυ(z) and Iυ(z) are often accounted in
considering solutions of differential type equations and they are connected beside
a broad scope of issues in significant fields of mathematical physics, like issues of
acoustics, radio physics, hydrodynamics and atomic, nuclear-physics, probability
theory and statics. These thoughts have led a variety of hands in the meadow of
special functions for analyzing them, likely extensions, fundamental properties and
applications for the Bessel functions (see, [2], [4], [7], [8], [13], [20], [17]).
Also, we recall the following multivariable polynomial S

m
1
, . . . ,mr

n
1
, . . . , nr

[z] introduced by
Srivastava ( [16], p, 185, eq.(7)) defined and represented as:

S
m

1
, . . . ,mr

n
1
, . . . , nr

[z] =

n1/m1
∑

l1=0

...

nr/mr
∑

lr=0

r
∏

i=1

[

(−ni)m
i
l
i

li!
Ani, li (z)

li

]

. (1.2)

Throughout this paper, we consider C, N, Z− and N0 as set of complex numbers,
set of positive integers, set of negative integers and set of positive integers including
zero respectively.
The generalized Lauricella function see [15] is defined as:

FA:B(1); ... ;B(n)

C:D(1); ... ;D(n)





z1

...
zn





= FA:B(1); ... ;B(n)

C:D(1); ... ;D(n)

(

[(a):θ(1); ... ;θ(n)] : [(b)(1):φ(1)] ; ... ; [(b)(n):φ(n)]

[(c):ψ(1); ... ;ψ(n)] : [(d)(1):δ(1)] ; ... ; [(d)(n):δ(n)]
z1, . . . , zn

)

(1.3)

=

∞
∑

k1, ..., kn=0

Ω (k1, . . . , kn)
z
k
1

1

k1!
, ....,

z
kn
n

kn!
,

where, for convenience

Ω (k1, . . . , kn) =

∏A
j=1 (aj)k1θ1j+...+knθnj

∏B(1)

j=1

(

b
(1)
j

)

k
1
φ1
j

...
∏B(n)

j=1

(

b
(n)
j

)

knφ
n
j

∏C
j=1 (cj)k

1
ψ1

j
+...+knψn

j

∏D(1)

j=1

(

d
(1)
j

)

k1δ
1
j

...
∏D(n)

j=1

(

d
(n)
j

)

knδ
n
j

,

(1.4)
The coefficients defined as follows

{

θ
(m)
j (j = 1, . . . , A); φ

(m)
j (j = 1, . . . , B(m)) ;

ψ
(m)
j (j = 1, . . . , C); δ

(m)
j (j = 1, . . . , D(m)) ;

∀m ∈ {1, . . ., n}, (1.5)

are real, positive and (a) shortens the array of A parameters a1, a2, ..., aA,
(

b(m)
)

shortens the array of B(m) parameters b
(m)
j

(

j = 1, ..., B(m)
)

; ∀m ∈ {1, . . ., n},
with identical explanations for (c) and

(

d(m)
)

(m = 1 , ..., n) .

Further, the multiple series (1.2), converges absolutely either
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1. ∆ i > 0 (i = 1, 2, . . . , n), ∀z1, . . . , zn ∈ C,

2. ∆ i = 0 (i = 1, 2, . . ., n), ∀z1, . . . , zn ∈ C, |zi| < ρi (i = 1, 2, . . . , n) .

The multiple series defined in (1.2) is divergent when ∆ i < 0 (i = 1, 2, . . . , n)
omitting for the worthless case z1 = 0, . . . , zn = 0. Here

∆ i ≡ 1 +

C
∑

j=1

ψ
(i)
j +

D(i)
∑

j=1

δ
(i)
j −

A
∑

j=1

θ
(i)
j −

B(i)
∑

j=1

φ
(i)
j (i = 1, ..., n) , (1.6)

ρi = min
µ1,..., µn≥ 0

{Ei} (i = 1, 2, ..., n), (1.7)

with

Ei = (µi)
1+

∑
D(i)

j=1 δ
(i)
j

−
∑

B(i)

j=1 φ
(i)
j

{

∏C
j=1

(

∑n
i=1 µi

ψ
(i)
j

)ψ
(i)
j

} {

∏D(i)

j=1

(

δ
(i)
j

)δ
(i)
j

}

{

∏A
j=1

(

∑n
i=1 µi

θ
(i)
j

)θ
(i)
j

} {

∏B(i)

j=1

(

φ
(i)
j

)φ
(i)
j

} .

(1.8)
We also required (see [14], Section 1.5)

pFq =

[

α1, · · · , αp
β1, · · · , βq

;
;
z

]

=
∞
∑

n=0

(α1)n · · · (αp)n zn
(β1)n · · ·

(

βq
)

n
n !

= pFq
(

α1, . . . , αp;β1 . . . , βq; z
)

. (1.9)

where (λ)n is the pochhammer symbol defined as:

(λ)n =
Γ (λ+ n)

Γ(λ)
,

where λ ∈ C (see [14], p. 2 and pp. 4-6).

The Oberhettinger’s integral formula [12] is defined as:

∫ ∞

0

xσ−1
(

x+ a+
√

x2 + 2ax
)−η

dx = 2 η a−η
(a

2

)σ Γ (2σ) Γ (λ− σ)

Γ (1 + η + σ)
, (1.10)

accommodated with 0 < ℜ(σ) < ℜ(η).
The intention of this note is to evaluate the Oberhettinger type integrals associated
with a finite product of the generalized Bessel functions (1.1) and multivariable
polynomials (1.2).
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2. Noted Results

We state the subsequent results:

Theorem 2.1. If x > 0, η, σ, υj , b, c ∈ C with ℜ(υj) > −1, (nr, lr) ≥ 0, 0 <
ℜ(σ) < ℜ(η + υj) (j = 1, 2, . . . , n). Then the following integral formula holds:

∫ ∞

0

xσ−1
(

x+ a+
√

x2 + 2ax
)−η

S
m

1
, . . . ,mr

n
1
, . . . , nr

[

y

x+ a+
√
x2 + 2ax

]

×
h
∏

j=1

wvj

[

yj

x+ a+
√
x2 + 2ax

]

dx

= Γ (2σ) aσ−η21−σ
n 1/m 1
∑

l1=0

...

nr/m r
∑

lr=0

r
∏

i=1

[

(−ni)m
i
l
i

li!
Ani , li

(y

a

)li
] h
∏

j=1

[(yj
4

)υj
]

×
[

1

Γ
(

υj +
b+1
2

)

]

Γ
(

η − σ +
∑h

j=1 υj +
∑r
i=1 li

)

Γ
(

1 + η +
∑h
j=1 υj +

∑r
i=1 li

)

Γ
(

1 + η + σ +
∑h

j=1 υj +
∑r
i=1 li

)

Γ
(

η +
∑h
j=1 υj +

∑r
i=1 li

)

×F 2 :0 ;...; 0
2 :1 ; ...; 1





(

1 + η +
∑h
j=1 υj +

∑r
i=1 li; 2, ..., 2

)

,
(

η +
∑h

j=1 υj +
∑r

i=1 li; 2, ..., 2
)

,

(

η − σ +
∑h

j=1 υj +
∑r

i=1 li; 2, ..., 2
)

:
(

1 + η + σ +
∑h

j=1 υj +
∑r
i=1 li; 2, ..., 2

)

:

; . . . ; ;

(

υ1 +
b+1
2 , 1

)

; . . .;
(

υn + b+1
2 , 1

)

;

−c
4a2

y21 , · · · ,
−c
4a2

y2n



 . (2.1)

Proof: By making use of product of (1.1) and (1.2) in the integrand of (2.1) and
interchanging the order of integral and summation, which is confirmed by uniform
convergence of the series, we obtain

=

n 1/m 1
∑

l1=0

...

nr/m r
∑

lr=0

r
∏

i=1

[

(−ni)m
i
l
i

li!
Ani, li (y)

l
i

]

×
∞
∑

k1, . . . , kh=0

(−1)
k
1

ck1
(

y1
2

)υ1+2k1

k1!Γ
(

υ1 + k1 +
b+1
2

) · · · (−1)
kh

ckn
(

yn
2

)υ
h
+2kh

kn!Γ
(

υh + kh +
b+1
2

)

×
∫ ∞

0

xσ−1
(

x+ a+
√

x2 + 2ax
)−(η+

∑
h
j =1(υj+2kj) +

∑
r
i=1 li)

dx, (2.2)
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In sight of the circumstances disposed in Theorem (2.1), since

0 < ℜ(σ) < ℜ(η + υj) ≤ ℜ (η + υj + li + 2kj) , ℜ(υj) > −1,

we apply the integral formula (1.10) to the above integral (2.2) and get subsequent
expression:

= Γ (2σ) aσ−η21−σ
n 1/m 1
∑

l1=0

...

nr/m r
∑

lr=0

r
∏

i=1

[

(−ni)m
i
l
i

li!
Ani, li (y)

l
i

]

×
∞
∑

k1, . . . , kh=0

(−1)
k
1

ck1
(

y1
2

)υ1+2k1

k1!Γ
(

υ1 + k1 +
b+1
2

) · · · (−1)
kh

ckh
(

yn
2

)υ
h
+2kh

kh!Γ
(

υh + kh +
b+1
2

)

× a−(
∑h

j=1(υj+2kj)+
∑r

i=1 li)
Γ
(

1 + η +
∑h

j=1 (υj + 2kj) +
∑r
i=1 li

)

Γ
(

η +
∑h

j=1 (υj + 2kj) +
∑r

i=1 li

)

×

Γ
(

η +
∑h

j=1
(υj) +

∑r

i=1
li − µ

)(

η − σ +
∑h

j=1
(υj) +

∑r

i=1
li

)

∑
h
j=1 2kj

Γ
(

1 + σ + η +
∑h

j=1
(υj) +

∑r

i=1
li

)(

1 + σ + η +
∑h

j=1
(υj) +

∑r

i=1
li

)

∑
h
j=1 2kj

,

and, we acquire

= Γ (2σ) aσ−η21−σ
n 1/m 1
∑

l1=0

...

nr/m r
∑

lr=0

r
∏

i=1

[

(−ni)m
i
l
i

li!
Ani, li

(y

a

)li
] h
∏

j=1

[ yj
2a

]υj

×
Γ
(

η − σ +
∑h

j=1 (υj) +
∑r
i=1 li

)

Γ
(

1 + σ + η +
∑h

j=1 (υj) +
∑r

i=1 li

)

Γ
(

1 + η +
∑h

j=1 (υj) +
∑r
i=1 li

)

Γ
(

η +
∑h

j=1 (υj) +
∑r

i=1 li

)

×
∞
∑

k1,··· ,kh=0

Γ
(

1 + η +
∑h
j=1 (υj) +

∑r
i=1 li

)

∑
h
j=1 2kj

Γ
(

η +
∑h

j=1 (υj) +
∑r

i=1 li

)

∑
h
j=1 2kj

×

(

η − σ +
∑h
j=1 (υj) +

∑r
i=1 li

)

∑
h
j=1 2kj

(

1 + σ + η +
∑h

j=1 (υj) +
∑r

i=1 li

)

∑
h
j=1 2kj

×





1

Γ
(

υ1 +
b+1
2

) (

υ1 +
b+1
2

)

k
1

· · · 1

Γ
(

υh +
b+1
2

) (

υh +
b+1
2

)

kh





×







(

−c y
2
1

4a2

)k
1

k1!
· · ·

(

−c y
2
h

4a2

)k
h

kh!






, (2.3)
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Straightaway, we employ (1.3) to pick up the aimed formula (2.1). ✷

If we set r = 1, then the multivariable polynomials reduces to Srivastava’s polyno-
mials, i.e. Smn [x], and we get the following result:

Corollary 2.2. If x > 0, η, σ, υj , b, c ∈ C with ℜ(υj) > −1, (n, l) ≥ 0, 0 <
ℜ(σ) < ℜ(η+υj) (j = 1, 2, . . . , n). Then there holds the following integral formula

∫ ∞

0

xσ−1
(

x+ a+
√

x2 + 2ax
)−η

Smn

[

y

x+ a+
√
x2 + 2ax

]

×
h
∏

j=1

wvj

[

yj

x+ a+
√
x2 + 2ax

]

dx

= Γ (2σ) aσ−η21−σ
n /m
∑

l=0

(−n)ml

l !
An, l

(y

a

)

h
∏

j=1

[

( yj
2a

)υj 1

Γ
(

υj +
b+1
2

)

]

×
Γ
(

η − σ + l +
∑h

j=1 υj

)

Γ
(

1 + η + σ + l +
∑h
j=1 υj

)

Γ
(

1 + η + l +
∑h

j=1 υj

)

Γ
(

η + l +
∑h
j=1 υj

)

×F
2:0;...;0
2:1;...;1





(

1 + η + l +
∑h

j=1
υj ; 2, ..., 2

)

,
(

η + l +
∑h

j=1
υj ; 2, ..., 2

)

,

(

η − σ + l +
∑h

j=1
υj ; 2, ..., 2

)

:
(

1 + η + σ + l +
∑h

j=1
υj ; 2, ..., 2

)

:

; . . . ; ;

(

υ1 +
b+1
2 , 1

)

; ...;
(

υh +
b+1
2 , 1

)

;

−c
4a2

y21 , · · · ,
−c
4a2

y2h



 . (2.4)

Theorem 2.3. If x > 0, σ, η, υj , b, c ∈ C with ℜ(υj) > −1, (nr, lr) ≥ 0, 0 <
ℜ(σ) < ℜ(η + υj) (j = 1, . . . , n). Then the following integral formula holds true:

∫ ∞

0

xσ−1
(

x+ a+
√

x2 + 2ax
)−η

S
m1 , . . . ,mr
n1 , . . . , nr

[

x y

x+ a+
√
x2 + 2ax

]

×
n
∏

j=1

wvj

[

x yj

x+ a+
√
x2 + 2ax

]

dx

= aσ−η21−σ Γ (η − σ)

n 1/m 1
∑

l1=0

...

nr/m r
∑

lr=0

r
∏

i=1

[

(−ni)m
i
l
i

li!
Ani, li

(y

2

)li
] h
∏

j=1

[(yj
4

)υj
]

×
[

1

Γ
(

υj +
b+1
2

)

]

Γ
(

1 + η +
∑h

j=1 υj +
∑r

i=1 li

)

Γ
(

η +
∑h

j=1 υj +
∑r
i=1 li

)
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×
Γ
(

2σ + 2
∑h
j=1 υj + 2

∑r
i=1 li

)

Γ
(

1 + σ + η + 2
∑h
j=1 υj + 2

∑r
i=1 li

)

×F 2: 0 ; ... ; 0
2: 1 ; ... ; 1





(

1 + η +
∑h
j=1 υj +

∑r
i=1 li : 2 , . . . , 2

)

,
(

η +
∑h

j=1 υj +
∑r
i=1 li : 2 , . . . , 2

)

,

(

2σ + 2
∑h
j=1 vj + 2

∑r
i=1 li : 4 , . . . , 4

)

:
(

1 + σ + η + 2
∑h
j=1 υj + 2

∑r
i=1 li : 4 , . . . , 4

)

:

; . . . ; ;

(

υ1 +
b+1
2 , 1

)

; . . .;
(

υh +
b+1
2 , 1

)

;

−c
16
y21 , · · · ,

−c
16
y2h



 . (2.5)

Proof: By analogous way as in demonstration of the Theorem (2.1), we can fix
the integral formula (2.5). ✷

If we intent r = 1, then the multivariable polynomials reduces to Srivastava’s
polynomials, i.e. Smn [x], and we get the following result:

Corollary 2.4. If x > 0, σ, η, υj , b, c ∈ C with ℜ(υj) > −1, (n, l) ≥ 0, 0 <
ℜ(σ) < ℜ(η + υj) (j = 1, . . . , n). Then there holds the following integral formula

∫ ∞

0

xσ−1
(

x+ a+
√

x2 + 2ax
)−η

Smn

[

x y

x+ a+
√
x2 + 2ax

]

×
h
∏

j=1

wvj

[

x yj

x+ a+
√
x2 + 2ax

]

dx

= aσ−η21−σ Γ (η − σ)

n /m
∑

l=0

(−n )m l

l !
An, l

(y

2

)l
h
∏

j=1

[

(yj
4

)υj 1

Γ
(

υj +
b+1
2

)

]

×

Γ
(

1 + η + l +
∑h

j=1
υj

)

Γ
(

l + η +
∑h

j=1
υj

)

Γ
(

l + 2σ + 2
∑h

j=1
υj

)

Γ
(

1 + σ + η + l + 2
∑h

j=1
υj

)

×F 2:0;...;0
2:1;...;1





(

1 + η + l+
∑h

j=1 υj : 2, . . . , 2
)

,
(

l + 2σ + 2
∑h
j=1 υj : 4, . . . , 4

)

:
(

l + η +
∑h

j=1 υj : 2, . . . , 2
)

,
(

1 + σ + η + l + 2
∑h
j=1 υj : 4, . . . , 4

)

:

; . . . ; ;

(

υ1 +
b+1
2 , 1

)

; . . .;
(

υh +
b+1
2 , 1

)

;

−c
16
y21 , · · · ,

−c
16
y2h



 . (2.6)
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Remark 2.5. If we plan n = 0 in corollary (2.2) and (2.4) , then in observation
of Srivastava’s polynomials Smn [x] yields to unity, i.e. Sm0 [x] → 1, and we arrive
at the subsequent noted results due to Agarwal et al. [1].

Remark 2.6. If we set h = 1 in corollary (2.2) and (2.4), then we get the subse-
quent established results due to Menaria et al. [9].

3. Particular Cases

In this part, we deal with some particular cases of above outcome presented in term
of generalized Lauricella type functions.

(i) For b−1 = 1 = c equation (1.1) reduces to Spherical Bessel function Kυ (z) and
is express as:

Kυ (z) =

∞
∑

k=0

(−1)
k

Γ (υ + k + 3/2) k !

(z

2

)υ+2k

, (z ∈ C) , (3.1)

(ii) For b = c = 1 in equation (1.1) reduces to Bessel function Jυ (z) and is express
as:

Jυ (z) =

∞
∑

k=0

(−1)
k

Γ (υ + k + 1) k !

(z

2

)υ+2k

, (z ∈ C) . (3.2)

Now, by setting c = 1 and b = 2 in equation (2.1) and (2.5), the new unified
integrals presents in terms of the spherical Bessel function Kυ (z). we get two next
couples of integral results, as under:

Corollary 3.1. Let the observation of Theorem (2.1) be fulfilled. Then the subse-
quent integral formula holds true:

∫ ∞

0

xσ−1
(

x+ a+
√

x2 + 2ax
)−η

S
m

1
, . . . ,mr

n
1
, . . . , nr

[

y

x+ a+
√
x2 + 2ax

]

×
h
∏

j=1

Kvj

[

yj

x+ a+
√
x2 + 2ax

]

dx

= Γ (2σ) aσ−η21−σ
n 1/m 1
∑

l1=0

........

nr/m r
∑

lr=0

r
∏

i=1

[

(−ni)m
i
l
i

li!
Ani, li

(y

a

)li
]

×
h
∏

j=1

[

( yj
2a

)υj 1

Γ (υj + 3/2)

]

×
Γ
(

η − σ +
∑h

j=1 υj +
∑r
i=1 li

)

Γ
(

1 + η + σ +
∑h
j=1 υj +

∑r
i=1 li

)

Γ
(

1 + η +
∑h

j=1 υj +
∑r

i=1 li

)

Γ
(

η +
∑h

j=1 υj +
∑r
i=1 li

)
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×F 2:0;...;0
2:1;...;1





(

1 + η +
∑h

j=1 υj +
∑r

i=1 li; 2, ..., 2
)

,
(

η +
∑h

j=1 υj +
∑r
i=1 li; 2, ..., 2

)

,

(

η − σ +
∑h

j=1 υj +
∑r

i=1 li; 2, ..., 2
)

:
(

1 + η + σ +
∑h
j=1 υj +

∑r
i=1 li; 2, ..., 2

)

:

; . . . ; ;

(υ1 + 3/2, 1) ; . . .; (hn + 3/2, 1) ;

−c
4a2

y21 , · · · ,
−c
4a2

y2h



 . (3.3)

Corollary 3.2. Let the observation of Theorem (2.3) be fulfilled. Then the subse-
quent formula exists:

∫ ∞

0

xσ−1
(

x+ a+
√

x2 + 2ax
)−η

S
m

1
, . . . ,mr

n
1
, . . . , nr

[

x y

x+ a+
√
x2 + 2ax

]

×
h
∏

j=1

Kvj

[

x yj

x+ a+
√
x2 + 2ax

]

dx

= aσ−η21−σ Γ (η − σ)

n 1/m 1
∑

l1=0

........

nr/m r
∑

lr=0

r
∏

i=1

[

(−ni)m
i
l
i

li!
Ani, li

(y

2

)li
]

×
h
∏

j=1

[

(yj
4

)υj 1

Γ (υj + 3/2)

]

×
Γ
(

1 + η +
∑h

j=1 υj +
∑r

i=1 li

)

Γ
(

η +
∑h
j=1 υj +

∑r
i=1 li

)

Γ
(

2σ + 2
∑h
j=1 υj + 2

∑r
i=1 li

)

Γ
(

1 + σ + η + 2
∑h
j=1 υj + 2

∑r
i=1 li

)

×F 2:0;...;0
2:1;...;1





(

1 + η +
∑h
j=1 υj +

∑r
i=1 li : 2, . . . , 2

)

,
(

η +
∑h

j=1 υj +
∑r

i=1 li : 2, . . . , 2
)

,

(

2σ + 2
∑h
j=1 vj + 2

∑r
i=1 li : 4, . . . , 4

)

:
(

1 + σ + η + 2
∑h
j=1 υj + 2

∑r
i=1 li : 4, . . . , 4

)

:

; . . . ; ;

(υ1 + 3/2, 1) ; . . .; (υh + 3/2, 1) ;

−c
16
y21 , · · · ,

−c
16
y2h



 . (3.4)
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4. Concluding Remarks

We put the lid on the comment that, by accounting our finest developments, one
can find many other impressive integrals associated with a variety of Bessel func-
tions, hyperbolic functions and trigonometric functions, after appropriate paramet-
ric replacements. Additionally, on putting convenient particular characters to the
coefficient An, l the Srivastava’s polynomials provide various acknowledged classical
orthogonal polynomials as its special cases as comprise Hermite, Laguerre, Jacobi,
the Konhauser polynomials along with others.
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