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abstract: In this paper, theorems concerning
∣

∣N̄, pn, θn
∣

∣

k
factors of Fourier series

and its conjugate series are studied. The presented results are generalizations two
theorems of Mazhar on conjugate series and Fourier series.
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1. Introduction

Let
∑

an be a given series with the sequence of partial sums (sn). Let (pn) be
a sequence of positive real numbers such that

Pn =

n
∑

v=0

pv → ∞ as n→ ∞, (P−i = p−i = 0, i ≥ 1) .

Let (θn) be any sequence of positive constants. The series
∑

an is said to be
summable

∣

∣N̄ , pn, θn
∣

∣

k
, k ≥ 1, if (see [12])

∞
∑

n=1

θk−1
n |Tn − Tn−1|

k <∞, (1.1)

where

Tn =
1

Pn

n
∑

v=0

pvsv.

Let f be a periodic function with period 2π, and integrable (L) over [−π, π]. Let
the Fourier series of f be

a0
2

+
∞
∑

1

(an cosnt+ bn sinnt) =
∞
∑

0

Cn(t).
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Then the conjugate series of the Fourier series is

∞
∑

1

(bn cosnt− an sinnt) =

∞
∑

1

Bn(t).

We denote

φ(t) =
1

2
f(x+ t) + f(x− t)

ψ(t) =
1

2
f(x+ t)− f(x− t)

Λ(t) =
1

t

∫ t

0

udφ(u).

We can write |R, λn, 1| for |N̄, pn|, where Pn = λn, and 0 < λ1 < ... < λn → ∞,
n → ∞. Many studies have been done for absolute summability factors of infinite
series and Fourier series by using different summability methods (see [1]- [2], [6],
[8]- [11], [13]- [17]). Furthermore, in this paper, we obtained new generalizations of
absolute summability factors of Fourier series and its conjugate series.

2. Absolute summability of conjugate series

By using the result in [7], Mazhar [5] has proved the following theorems con-
cerning absolute summability of conjugate series

∑∞
1 Bn(x).

Theorem 2.1. If ψ(+0) = 0 and

∫ π

0

log
C

t
|dψ(t)|k <∞, k ≥ 1, (2.1)

then
∑∞

1 Bn(x) is summable |N̄ , pn|k, where

{

Pn

n

}

↑ (2.2)

n1−αpn = O(Pn), 0 < α < 1. (2.3)

For k = 1, Pn = en
α

, 0 < α < 1, Theorem 2.1 reduces to Mohanty’s theorem
concerning |R, en

α

, 1| summability (see [7]). Firstly, we have generalized Theorem
2.1 to |N̄ , pn, θn|k summability as in the following theorem.

Theorem 2.2. Let
(

θnpn

Pn

)

be a non-increasing sequence and the conditions (2.1)-

(2.1) of Theorem 2.1 are satisfied. If

(
θnpn
Pn

)k−1 pn
Pn

= O(
1

n1−α
), 0 < α < 1, (2.4)

then the series
∑∞

n=1Bn(x) is summable |N̄ , pn, θn|k.
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If we take θn=
Pn

pn

in above theorem, we can obtain Theorem 2.1.

Proof of Theorem 2.2 Let Tn(x) denote the (N̄ , pn) mean of the series
∑∞

1 Bn(x) and let C1 denote a positive constant not necessarily the same at each
occurance. Then,

Tn(x)− Tn−1(x) =
pn

PnPn−1

n
∑

v=1

Pv−1Bv(x)

=
pn

PnPn−1

n
∑

v=1

Pv−1
2

π

∫ π

0

dψ(t)

∫ π

t

sin vudu

since ψ(+0) = 0, so that

∞
∑

1

θk−1
n |Tn(x)− Tn−1(x)|

k =

∞
∑

1

θk−1
n

∣

∣

∣

∣

∣

pn
PnPn−1

n
∑

v=1

Pv−1

2

π

∫

π

0

dψ(t)

∫

π

t

sin vudu

∣

∣

∣

∣

∣

k

≤ C1

∞
∑

1

θk−1
n

(

pn
PnPn−1

)

k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

∫

π

0

dψ(t)

∫

π

t

sin vudu

∣

∣

∣

∣

∣

k

= C1

∞
∑

1

θk−1
n

(

pn
PnPn−1

)k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v

∫

π

0

dψ(t)(cos vt− cos vπ)

∣

∣

∣

∣

∣

k

≤ C1

∞
∑

1

θk−1
n

(

pn
PnPn−1

)

k
(

∫

π

0

|dψ(t)|

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣

∣

∣

∣

∣

)k

≤ C1

∞
∑

1

θk−1
n

(

pn
PnPn−1

)k
(

∫

π

0

|dψ(t)|k

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣

∣

∣

∣

∣

)

×

(

∫

π

0

|dψ(t)|

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣

∣

∣

∣

∣

)

k−1

≤ C1

∞
∑

1

(

θnpn
Pn

)

k−1 (

pn
PnPn−1

)
∫

π

0

|dψ(t)|k

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣

∣

∣

∣

∣

= C1

∫

π

0

|dψ(t)|kLn(t),

where

Ln(t) =
∞
∑

1

(

θnpn
Pn

)k−1(
pn

PnPn−1

)

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
(cos vt− cos vπ)

∣

∣

∣

∣

∣

=

T
∑

1

+

∞
∑

T+1

= L1 + L2,
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and T is the integer part of
(

1
t

)
1

1−α , T =
(

1
t

)
1

1−α , 0 < α < 1.

L1 ≤ C1

T
∑

1

(

θnpn
Pn

)k−1 (
pn

PnPn−1

) n
∑

v=1

Pv−1

v

≤ C1

T
∑

1

Pv−1

v

∞
∑

n=v

(

θnpn
Pn

)k−1 (
pn

PnPn−1

)

≤ C1

T
∑

v=1

(

θvpv
Pv

)k−1
Pv−1

v

∞
∑

n=v

(

pn
PnPn−1

)

≤ C1

T
∑

v=1

(

θvpv
Pv

)k−1
1

v
= C1

(

θ1p1
P1

) T
∑

v=1

1

v
= O(log T ) = O(log

C

t
)

L2 ≤

∞
∑

n=T+1

(

θnpn
Pn

)k−1 (
pn

PnPn−1

)

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
cos vt

∣

∣

∣

∣

∣

+

∞
∑

n=T+1

(

θnpn
Pn

)k−1 (
pn

PnPn−1

)

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
cos vπ

∣

∣

∣

∣

∣

by using condition (2.3) of Theorem 2.1 and Abel’s partial sums for
∣

∣

∣

∑n
v=1

Pv−1

v cos vt
∣

∣

∣
,

0 < t ≤ π, we have

≤C1

∞
∑

n=T+1

(

θnpn
Pn

)k−1 (
pn

PnPn−1

)

Pn−1

n
t−1

+ C1

∞
∑

n=T+1

(

θnpn
Pn

)k−1 (
pn

PnPn−1

)

Pn−1

n

≤C1

∞
∑

n=T+1

(

θnpn
Pn

)k−1 (
pn
nPn

)

t−1

+ C1

∞
∑

n=T+1

(

θnpn
Pn

)k−1 (
pn
nPn

)

≤C1

∞
∑

n=T+1

t−1

n2−α
≤ C1.

Therefore

Ln(t) = O(log
C

t
).

Thus
∞
∑

1

θk−1
n |Tn(x) − Tn−1(x)|

k ≤ C1

∫ π

0

log
C

t
|dψ(t)|k <∞.
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This completes the proof of Theorem 2.2.

3. Absolute summability of Fourier series

Concerning about
∑∞

n=0 Cn(x), Prem Chandra has proved main theorems in
[3] and [4]. Later on, Mazhar [5] obtained the following result for summability
|N̄ , pn|k for k ≥ 1.

Theorem 3.1. Let
{

Pn

n

}

↑ (3.1)

and

pn
Pn

= O

(

1

n1−α

)

, 0 < α < 1. (3.2)

Then, φ(t) ∈ BV [0, π] and Λ(t)g(Ct ) ∈ BV [0, π], under the following conditions

log
π

t
= O(g(C/t)), t→ 0 (3.3)

x

g(x)
↑ (3.4)

x
d

dx

1

g(C/x)
↑ with x (3.5)

d

dx

(

1

g(Cx )

)

↓ with x (3.6)

[

d

dt

(

1

g(C/t)

)]

t=1/n

= O

(

n

g(n)

)

(3.7)

∞
∑

1

1

ng(n)
<∞, (3.8)

the series
∑∞

n=0 Cn(x) is summable |N̄ , pn|k, where C is a positive constant such

that g(C/t) > 0 for t > 0.

Now we generalize Theorem 3.1 to |N̄, pn, θn|k summability as in the following
manner.

Theorem 3.2. Let
(

θnpn

Pn

)

be a non-increasing sequence. If φ(t) ∈ BV [0, π] and

Λ(t)g(Ct ) ∈ BV [0, π], under the conditions (3.1)-(3.7) of Theorem 3.1, and

∞
∑

1

(

θnpn
Pn

)k−1
1

ng(n)
<∞, (3.9)

then, the series
∑∞

n=0 Cn(x) is summable |N̄, pn, θn|k.
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Proof of Theorem 3.2 Let Tn(x) denote the (N̄ , pn) mean of
∑∞

n=0 Cn(x). Then

tn(x)− tn−1(x) =
pn

PnPn−1

n
∑

v=1

Pv−1Cv(x)

where,

Cv(x) =
2

π

∫ π

0

φ(t) cos vtdt

so that
∞
∑

1

θk−1
n |tn(x)− tn−1(x)|

k ≤

∞
∑

1

θk−1
n

(

pn
PnPn−1

)k

×

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1
2

π

∫ π

0

Λ(t)g(
C

t
).

t

g(C/t)
.
d

dt

(

sin vt

vt

)

dt

∣

∣

∣

∣

∣

k

.

Since Λ(t)g(Ct ) ∈ BV [0, π] it is enough to prove that

∞
∑

1

θk−1
n

(

pn
PnPn−1

)k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v

∫ π

0

u

g(C/u)
.
d

du

(

sin vu

v

)

du

∣

∣

∣

∣

∣

k

<∞

uniformly in 0 < t ≤ π. Now
∫ t

0

u

g(Cu )

d

du

(

sin vu

u

)

du =
sin vt

g(C/t)
−

∫ t

0

sin vu

ug(C/u)
du

−

∫ t

0

sin vu
d

du

(

1

g(C/u)

)

du

=M1(t) +M2(t) +M3(t).

Using the estimates [4] uniformly in 0 < t ≤ π.
∫ t

0

sin vu

ug(C/u)
du = O

(

1

g(v)

)

, (3.10)

∫ t

0

sin vu
d

du

(

1

g(C/u)

)

du = O

(

1

g(v)

)

. (3.11)

We have to show that

∞
∑

1

θk−1
n

(

pn
PnPn−1

)k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
M1(t)

∣

∣

∣

∣

∣

k

<∞, (3.12)

∞
∑

1

θk−1
n

(

pn
PnPn−1

)k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
M2(t)

∣

∣

∣

∣

∣

k

<∞, (3.13)

∞
∑

1

θk−1
n

(

pn
PnPn−1

)k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
M3(t)

∣

∣

∣

∣

∣

k

<∞. (3.14)
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Writing (3.12) as

T
∑

1

+

∞
∑

n=T+1

= N1 +N2, T =

(

1

t

)
1

1−α

,

N1 ≤ C1

T
∑

n=1

θk−1
n

(

pn
PnPn−1

)k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v

sin vt

g(C/t)

∣

∣

∣

∣

∣

k

≤
C1

(g(C/t))k

T
∑

n=1

θk−1
n

(

pn
PnPn−1

)k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
sin vt

∣

∣

∣

∣

∣

×

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
sin vt

∣

∣

∣

∣

∣

k−1

≤
C1

(g(C/t))k

T
∑

n=1

(

θnpn
Pn

)k−1 (
pn

PnPn−1

) n
∑

v=1

Pv−1

v

≤
C1

(g(C/t))k

T
∑

v=1

Pv−1

v

T
∑

n=v

(

θnpn
Pn

)k−1 (
pn

PnPn−1

)

≤
C1

(g(C/t))k

T
∑

v=1

(

θvpv
Pv

)k−1
Pv−1

v

T
∑

n=v

(

pn
PnPn−1

)

≤
C1

(g(C/t))k

T
∑

v=1

(

θvpv
Pv

)k−1
1

v
≤

C1

(g(C/t))k

(

θ1p1
P1

)k−1 T
∑

v=1

1

v

= O(1)
(logC/t)

(g(C/t))k
= O(1)

1

(g(C/t))k−1
= O(1).

N2 ≤
1

(g(C/t))k

∞
∑

n=T+1

(

θnpn
Pn

)k−1 (

pn
PnP k

n−1

)

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
sin vt

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
sin vt

∣

∣

∣

∣

∣

k−1

=
1

(g(C/t))k

∞
∑

n=T+1

(

θnpn
Pn

)

k−1 (

pn
PnPn−1

)

∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
sin vt

∣

∣

∣

∣

∣

≤
C1t

−1

(g(C/t))k

∞
∑

n=T+1

(

θnpn
Pn

)k−1 (

pn
PnPn−1

)

Pn−1

n

= C1

t−1

(g(C/t))k

∞
∑

n=T+1

(

θnpn
Pn

)k−1(

pn
nPn

)

= O(1)
t−1

(g(C/t))k

∞
∑

n=T+1

1

n2−α

= O(1)
1

(g(C/t))k
= O(1).

This proves (3.12). Since M2(t) = O(1/g(v)),

∞
∑

1

θk−1
n

(

pn
PnPn−1

)k
∣

∣

∣

∣

∣

n
∑

v=1

Pv−1

v
M2(t)

∣

∣

∣

∣

∣

k

≤ C1

∞
∑

n=1

θk−1
n

(

pn
PnPn−1

)k
(

n
∑

v=1

Pv−1

v

1

g(v)

)

k
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≤ C1

∞
∑

n=1

θk−1
n

(

pn
PnPn−1

)k n
∑

v=1

Pv−1

vg(v)

(

n
∑

v=1

Pv−1

vg(v)

)

k−1

≤ C1

∞
∑

n=1

(

θnpn
Pn

)k−1(

pn
PnPn−1

) n
∑

v=1

Pv−1

vg(v)

= C1

∞
∑

v=1

Pv−1

vg(v)

∞
∑

n=v

(

θnpn
Pn

)k−1(

pn
PnPn−1

)

≤ C1

∞
∑

v=1

(

θvpv
Pv

)

k−1
Pv−1

vg(v)

∞
∑

n=v

(

pn
PnPn−1

)

≤ C1

∞
∑

v=1

(

θvpv
Pv

)

k−1
1

vg(v)
< ∞.

Similarly, M3 = O(1/g(v)) and as in the case of (3.13), (3.14) holds. This com-
pletes the proof of Theorem 3.2.
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