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ABSTRACT: In this article we will provide new multiplicity results of the solu-
tions for nonlocal problems with variable exponent and nonhomogeneous Neumann
conditions. We investigate the existence of infinitely many solutions for perturbed
nonlocal problems with variable exponent and nonhomogeneous Neumann condi-
tions. The approach is based on variational methods and critical point theory.
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1. Introduction

Let Q ¢ RY be an open bounded domain with smooth boundary 9. The
aim of this paper is to investigate the existence of infinitely many solutions for the
following nonlocal problem

T(u) = M (2, u(x)) + ph(z, u(z)), inQ,

plh
|Vu|p(z)’2% = Ag(Yu(z)), on 0N (Fy™)

=
=
I

L w(@) [P + a(z)|u(z)P®)dz ) (- w + a2 ulP@ =24
M(/Qp(x)ﬂvml + a(@)u(@)") dz) (= Byayu + a(@)ul )

in which M : [0, +oo[— R is a continuous function such that there are two positive
constants mg and m; with mo < M(t) < my for all t > 0, p € C(), Apzyu =
div(|Vu[P(*)=2Vu) is the p(z)-Laplacian operator and a € L>(2) with ess infq o >
0, A € [0,+00), f,h: Q2 xR — R are two L!-Carathéodory functions, A > 0 and

i > 0 are two parameters, v is the outer unit normal to 922, g : R — R is a
non-negative continuous function and 9 : WhP@)(Q) — LP()(9Q) is the trace
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operator. If Q =Ja,b[ and k : [a,b] — R is a continuous function, then [, k(z)dx
reads k(b) + k(a).

Problems like (ng ") are usually called nonlocal problems because of the pres-
ence of the integral over the entire domain, and this implies that the first equation
in (qu ") is no longer a pointwise identity.

The problem (ng ‘") is related to the nonstationary problem

P o

2 L 2
o~ (o)) ol o)z -

T)oa = 0, (1.1)

for 0 < x < L, t > 0, where u = u(z,t) is the lateral displacement at the space
coordinate x and the time ¢, E the Young modulus, p the mass density, h the cross-
section area, L the length and p, the initial axial tension, proposed by Kirchhoff
[38] as an extension of the classical D’Alembert’s wave equation for free vibrations
of elastic strings. The Kirchhoff’s model takes into account the length changes
of the string produced by transverse vibrations. Some interesting results can be
found, for example in [3,17]. On the other hand, Kirchhoff-type boundary value
problems model several physical and biological systems where u describes a process
which depends on the average of itself, for example the population density. It
received great attention only after Lions [40] proposed an abstract framework for
the problem. The solvability of the Kirchhoff type problems has been under various
authors’ attentions. Some early classical investigations of Kirchhoff equations can
be seen in the papers [2,30,32,33,41,44,45,54] and the references therein.
Differential equations and variational problems including p(z)-growth condi-
tions due to their applications have been studied deeply by many researchers. It
varies from nonlinear elasticity theory, electro-rheological fluids, and so on (see
[55,59]). The necessary framework for the study of these problems is represented
by the function spaces with variable exponent LP(*) (Q) and W™?(*) (). Materials
which require such advanced theories have been under experimental studies from
the 1950s onwards. The first important discovery on electro-rheological fluids was
contributed by Willis Winslow in 1949. The viscosity of these fluids depends on
the electric field of the fluids. He discovered that the viscosity of such fluids as
instance lithium polymetachrylate in an electrical field is an inverse relation to the
strength of the field. The field causes string-like formations in the fluid, parallel
to the field. They can increase the viscosity five orders of magnitude. This event
is called the Winslow effect. For a general account of the underlying physics see
[31] and for some technical applications [48]. Electro-rheological fluids also have
functions in robotics and space technology. Many experimental researches have
been done chiefly in the USA, as in NASA laboratories. For more information on
properties, modeling and the application of variable exponent spaces to these fluids
we refer to [50,51,52]. The study of various mathematical problems with variable
exponent has received considerable attention in recent years. For background and
recent results, we refer the reader to [1,9,10,14,19,27,36,42,47,49,52,57,58] and the
references therein for details. For example, Yao in [57] by using the variational
method, under appropriate assumptions on f and g, obtained a number of results
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on existence and multiplicity of solutions for the nonlinear Neumann boundary
value problem of the form

—div(|Vul[P® =2Vu) + [uP®) 2y = A f(z,u), in Q,
[Vu|P@) =288 = g (2, u), on 09
where A, 1 € R, p € C(Q2) and p(x) > 1. Moschetto [47] under suitable assumptions
on the functions «, f, p and g, based on the Ricceri two-local-minima theorem,
together with the Palais-Smale property, studied the existence of at least three
solutions for the following Neumann problem:

{—Ap(x)u + afx)|uP® 2y = a(z) f(u) + Ag(z,u), in Q,
% =0, on 0f.
Bonanno and Chinni in [10] by applying variational methods under appropriate
growth conditions on the nonlinearity, obtained the existence of multiple solutions
for nonlinear elliptic Dirichlet problems with variable exponent. Yin in [58] based
on three critical points theorem due Ricceri, obtained the existence of three so-
lutions to a Neumann problem with nonstandard growth conditions. D’Agui and
Sciammetta in [19] established the existence of an unbounded sequence of weak
solutions for a class of differential equations with p(z)-Laplacian and subject to
small perturbations of nonhomogeneous Neumann conditions. Qian et al. in [49]
by the theory of the generalized Lebesgue-Sobolev space lep(x)(ﬂ), a nonsmooth
Mountain Pass theorem and the Weierstrass theorem, studied the nonhomogeneous
Neumann problem of p(x)-Laplacian equations, where the weighted function V (z)
is indefinite and the potential is only locally Lipschitz.

On the other hand, p(z)-Kirchhoff problems which are investigated on func-
tion spaces with variable exponents, have been studied by many researchers, see
[15,16,20,21,23,24,34,35,37,56] and the references therein. For example, Dai and
Hao in [20] by means of a direct variational approach and the theory of the vari-
able exponent Sobolev spaces, established conditions ensuring the existence and
multiplicity of solutions for the p(x)-Kirchhoff-type problem with Dirichlet bound-
ary data. Viasi in [56] used variational techniques to prove an eigenvalue theorem
for a stationary p(x)-Kirchhoff problem, and provided an estimate for the range
of such eigenvalues. He employed a specific family of test functions in variable
exponent Sobolev spaces. His approach permits to handle both non-degenerate
and degenerate Kirchhoff coefficients. In [16], Cammaroto and Vilasi by using
variational nature and weak formulation takes place in suitable variable exponent
Sobolev spaces, established the existence of three weak solutions for a nonlinear
transmission problem involving degenerate nonlocal coefficients of p(x)-Kirchhoff
type. In [24] multiplicity results for the problem (ng'fh), in the case p = 0 were es-
tablished. In fact, using variational methods and critical point theory the existence
results for the problem under algebraic conditions with the classical Ambrosetti-
Rabinowitz (AR) condition on the nonlinear term were ensured. Furthermore, by
combining two conditions on the nonlinear term which guarantees the existence of
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two solutions, applying the mountain pass theorem given by Pucci and Serrin the
existence of third solution for the problem was proved while in [23] based on varia-
tional methods the existence of at least one weak solution for the same problem was
discussed. In [34] using two kinds of three critical point theorem the existence of at
least three weak solutions for a class of differential equations with p(z)-Kirchhoff-
type and subject to perturbations of nonhomogeneous Neumann conditions was
studied.

The existence and multiplicity of solutions for stationary higher order problems
of Kirchhoff type (in n-dimensional domains, n > 1) were also treated in some
recent papers, via variational methods like the symmetric mountain pass theorem
in [18] and a three critical point theorem in [6]. Moreover, in [4,5], some evolu-
tionary higher order Kirchhoff type problems were treated, mainly focusing on the
qualitative properties of the solutions.

We refer to the recent monograph by Molica Bisci, Radulescu and Servadei [46]
for related problems concerning the variational analysis of solutions of some classes
of nonlocal problems.

Motivated by the above works, in the present paper, by employing a smooth
version of [13, Theorem 2.1], which is more precise version of Ricceri’s Variational
Principle [53, Theorem 2.5] under some hypotheses on the behavior of the nonlin-
ear terms at infinity, we prove the existence of definite intervals about A and p in
which the problem (ng ‘") admits a sequence of solutions which is unbounded in
the generalized Lebesgue-Sobolev space WP(*)(Q) which will be introduced later
(Theorem 3.1). Furthermore, some consequences of Theorem 3.1 are listed. Re-
placing the conditions at infinity on the nonlinear terms, by a similar one at zero,
we obtain a sequence of pairwise distinct solutions strongly converging at zero; see
Theorem 3.12. Three examples of applications are pointed out (see Examples 3.5,
3.11 and 3.15).

For a discussion of the existence of infinitely many solutions for some differen-
tial and difference equations, applying Ricceri’s Variational Principle [53] and its
variants we refer to the paper [7,11,12,22,33,43].

The paper is organized as follows. In Section 2, we recall some basic definitions
and our main tool, while Section 3 is devoted to our abstract results.

2. Preliminaries

Our main tool to ensure the existence of infinitely many solutions for the
problem (PJ"") is a smooth version of Theorem 2.1 of [13] which is a more precise
version of Ricceri’s Variational Principle [53] that we now recall here.

Theorem 2.1. Let X be a reflexive real Banach space, let &,V : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semi-
continuous, strongly continuous, and coercive and W is sequentially weakly upper
semicontinuous. For every r > infx ®, let us put

- nf SUDycp-1(]—oo,r) Y (V) — ¥(u)
o(r) = in —
wed—1(]—o0,r[) r— ®(u)
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and
~v:=lminfp(r), ¢:= lminf o(r).

r—+00 r—(infx ®)*

Then, one has

(a) for every r > infx ® and every X\ €]0, ﬁ[, the restriction of the functional
In=®— AU to @ 1(] — oo, r[) admits a global minimum, which is a critical point

(local minimum) of I in X.

(b) If v < 400 then, for each X €]0, %[, the following alternative holds:
either
(b1) I possesses a global minimum,
or
(bo) there is a sequence {uy} of critical points (local minima) of I such that
lim ®(u,) = +o0.
n—+oo
(¢) If § < o0 then, for each A €]0, %[, the following alternative holds:
either
(c1) there is a global minimum of ® which is a local minimum of Iy,
or
(c2) there is a sequence of pairwise distinct critical points (local minima) of
I, which weakly converges to a global minimum of ®.

Here and in the sequel, mea§(Q) denotes the Lebesgue measure of the set €2,
and we also assume that p € C(Q) verifies the following condition:

N<p = ingp(x) <p(z) <pt :=supp(z) < +© (2.1)
TE e

and is globally log-Holder continuous on €2 (see Definition 4.1.1 and Remark 4.1.5
of [26]). Define the variable exponent Lebesgue space by

LP@)(Q) = {u : Q — R measurable and lu(z)|P@de < Jroo},

Q

LP@)(99) == {u : 092 — R measurable and /
o0

On LP@®)(Q) and LP(®) (9Q) we consider the norms respectively

lu(z) [P do < +oo}.

p(z)
1l e (o) :inf{n>0 :/ ’@ dz < 1},
! N
. u(z) |p)
||u||Lp<z)<aQ>:mf{n>o:/ 1D, <),
aal M

where do is the surface measure on 9.
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Consider the generalized Lebesgue-Sobolev space
WP (Q) = {u e LP@(Q) : |Vl € LW)(Q)}
endowed with the following norm
[ullwreeo @) = lulluee @) + IVl @) (2.2)

It is well known (see [29]) that, in view of (2.1), both LP(*)(Q) and W) (Q),
with the respective norms, are separable, reflexive and uniformly convex Banach
spaces. Moreover, since o € L*°(Q), with o™ := essinf,cq a(z) > 0 is assumed,
then the following norm

fullo = int {o >0 [ (o] 22

g

G ‘V“(x) ‘p(x))dx <1},

g

on WhP()(Q) is equivalent to that introduce in (2.2). Since WhP(#)(Q) is con-
tinuously embedded in W'+ () (see [29] or [39]) and p~ > N, W'P(#)(Q) is
continuously embedded in C°(Q2) and one has

lullco@) < kp-llullwio- (o)

When (2 is convex, an explicit upper bound for the constant &, is

p=t 1 = D -1 et -
k,- <2 »~ max ( )p y— (p7 meas(Q)) = _lofle :
llalle o) N7 \p~ —N llalle o)

where D = diam(Q2) and meas(f2) is the Lebesgue measure of  (see [8, Remark
1]). On the other hand, taking into account that p~ < p(x), [39, Theorem 2.8]
ensures that LP(*)(Q) < LP (Q) and the constant of such embedding does not
exceed 1 4 meas(§2). So, one has

[ullwip- () < (1 +meas(Q))[ullwrre @) < (14 meas(Q))[laflLq)-

In conclusion, put
0 = kp- (1 + meas(92)),

it results
llullcocay < ellulla (2.3)

for each u € WHP(®)(Q).
Put

F(x,t) := /Ot f(z,&)d¢  for all (z,t) € Q x R,

H(x,t):

t
/ h(t,£)d¢ for all (t,z) € Q x R,
0
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t
G(t) = / g(§)d¢ forallteR
0
and

. t
M(t) = /0 M(&)d¢ for all t > 0.

Definition 2.2. We mean by a (weak) solution of the problem (ng’}"), any function
u € WHP@)(Q) such that

M(/Q ﬁ (IVu() P + a($)|u(:c)|p(””))dx)
/Q (|Vu(m)|p(z)_2Vu(x)Vv(x) + a(z)|u(z)[P®~2u(z)v(z) ) de

- )\/Q fzyu(x))v(z)de — )\/émg(ﬂu(x))ﬂv(x)da —u [ h(x,u(z))v(x)de =0

Q
for every v € WHPE)(Q).
Proposition 2.3 ([25, Proposition 2.4]). Let

pat) = [ (Il + a(a)lup@) da

for u € WHP(@)(Q), we have
- +
(D) fJulla = 1= [lu]lg < paluw) <]z

i 3
(2) flulla <1 = [lulla < po(u) < [lullf -

A special case of our main result is the following theorem.

Theorem 2.4. Let meas(Q2) = fBQ do =1, f: R — R be a continuous function
and put F(t) = fot F(&)dE for all t € R. Assume that

(F+G)(©) (F+G)(E)

lim inf =0 and limsup ———* = +o0.
§—+o0 €p E—+o0 €p

Then, for every continuous function h : R — R whose H(t) = fot h(£)dE for every
t € R, is a nonnegative function satisfying in the condition

P su H(t)+G
_eopr lim Plt|<e (t) (€ < 100

hy :
* mo &—+oo gp

and for every p € [O,M*,/\) where p, \ = % (1 — AoPpliminfe, | o %), the

problem
8 ( o (Va4 u(@)7)de) (~Apu(e) + [u(e)P~2u(2))
= Af(u(z)) + ph(u(z)), in Q,
|Vu|p_22—jj = Ag(Yu(x)), on 9N

has an unbounded sequence of solutions.
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3. Main results

We present our main result as follows.
Put

r(oQ) = do and B> = limsup Jo P, §)d + F(@Q)G(g)-
a0 400 EP*

Theorem 3.1. Assume that there exist two real sequences {an} and {b,} with
an > 1 for allm € N and lim,, o by, = +00, such that
pJr mopibzi
(A1) " < mipter” llallpg)’
fQ SUD|4|<b,, F(z,t)d;v—fQ F(z,ar,)dz+T(0Q)(G(bn)—G(an))

= - ¥
mop~bn —mipter el g)an

mop %)
mi ”O‘HLI(Q)QpilD+ ’
. llexll
Then, for each A € (A1, A2) with Ay = % and g := ﬁﬁ’ for every
continuous function h : @ x R — R whose H(x,t) = fg g(x,&)d¢ for every (x,t) €
Q x R, is a nonnegative function satisfying the condition

Pt
hy, = me (3.1)
. Josupp <, H(z,t)de — [ H(z,a,)dz +T(0Q) (G(bn) — G(an))
x lim = — e < +o00
noo mop~byn —miptoP |lallLq)yan

and for every p € [0, py, ) with pu, 5 = m, the problem (PJ") has an

mghbn g
unbounded sequence of solutions in WP ().

Proof: Fix A € (M\1,A2) and let h be a function satisfying the condition (3.1).
Since, X < Az, one has p, x > 0. Fix 7 € [0,, 5[ and put vy := A\; and vy :=

ﬁ If hy, = 0, clearly, v1 = A1, v = Ay and X €]vy, vol. If hy, # 0, since

.V
1+%k2hbn

since A > A\; = vy, one has \ €]vy,va]. Now, set Q(z,t) = F(z,t) + %H(z,t) for
all (z,t) € Q x R. Take X = W'P(®)(Q) and define on X two functionals ® and ¥
by setting, for each u € X, as follows

A< p, 5, We obtain % + mhy, < 1, and so > )\, namely, A < vy. Hence,

(u) = M ( /Q Z% (IVu(z) [P + ) u(a)[P) )dx)

and

_ i
U(u) = /QF(:L‘, u(zx))dx + /agz G(VYu(z))do + 5 5 H(z,u(x))dz.
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Since X is a finite dimensional Banach space W is a Gateaux differentiable func-
tional and sequentially weakly upper semi-continuous whose Gateaux derivative at
the point u € X is the functional ¥’'(u) € X*, given by

U (u)(v) = /Qf(z,u(z))v(z)d:c + /aag(ﬁu(z))ﬁv(z)do + %/ h(z,u(z))v(z)de

Q

for every v € X, and ¥/ : X — X* is a compact operator. Moreover, ® is a
Gateaux differentiable functional which Gateaux derivative at the point u € X is
the functional ®'(u) € X*, given by

#/(0)(0) =M ( [ = (Vu(@)P) + ao)u(e) ") ds)

X /Q (|Vu($)|p(z)72Vu(x)Vv(x) +a($)|u($)|p(z)72u(x)v(x))dx

for every v € X. Furthermore, ® is sequentially weakly lower semi-continuous (see
8, Remark 2.2 and Remark 2.3]). Put I := ® — AU. We observe that the weak
solutions of the problem (ng ) are exactly the solutions of the equation I%(u) = 0.
So, our end is to apply Theorem 2.1 to ® and ¥. Now, we wish to prove that
v < 400, where v is defined in Theorem 2.1. Put r, = %(%)f for all n € N.
For all uw € X with ®(u) < r,,, owing to [14, Poroposition 2.2], one has

p=to

0

L

1
lulla < max{(pTra)?™, (pTra)?

So, due to the embedding X < C%(Q) (see (2.3)), one has |ulco < o|tlla < bn. It
follows that

O (—o00,rn) ={u € X; ®(u) <rn,} C{uc X;|ul <b,}.

Now, for each n € N, let w,, be defined by w,(z) = a, for every z € Q, Clearly,
wy, € X,

B(wn) = M(/Q ﬁ (19a,P) + afa)]a, ")) dz

— 1
=M / ——o(z)al® de
(e @eta)
and since a,, > 1 for all n € N,

- +
p P
moay, mia,

er

lallL @) < ®(wn) < el (o)

Moreover, from the assumption (A1) one has ®(w,,) < r,. Hence, for every n large
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enough, one has

p(rn) = inf (8UPyea—1()—oo,r,) T(W) — ¥(W) _ SUPyeo-1(—oor,)) (V)
u€®=1(J—o0,rs) Tn — ®(u) - Ty — ®(u)

(3.2)

fQ Sup|y<p,, Q(x,t)dx + [0 suppy <y, G(I(t))do — ¥ (w,)

ma (B ) — ()

_ Josupjy<p, (F(z,t) + %H(Jc,t))dx + [0 8UDt <, G(I(bn))do — W (an)
m L — ()

pt

_ o pt (fQ SUP|y|<p,, F(z,t)de — fQ z, an)dx + T(0Q)(G(by) — G(an))

mo mop~bh, — myptor” ”aHLl(Q)an

L MfQ sup|y<p,, H(x,t)dx — [ H(x, an)dx>
A mopTbh —muptor” Ha”Ll(Q)an

Now by (A2) we have
— Josupjy <y, Flz, t)dz — [, F(z,a,)dz +T(9Q)(G(bn) — G(an))
§otoo mop~ bl —miptoP |lallLa)a
< Ag < +00.

Then, in view of (3.1) and (3.3), we have

Josupp<p, Fa,t)dz — [, F(z,a,)dz +T(09Q)(G(b,) — G(an))

mop=bh —mapter ||alpoyah
i Jo SUD|¢<b,, H(z,t)de — [, H(z,an)dz

+ lim = = oSt
n=>0 X mop=bh —mapter ||afLioa

(3.3)

limy, 00

Therefore,

~v < liminf ¢(ry,) (3.4)

n—-4o0o
< i Jo SUD ¢ <p,, F(z,t)dz — [, F(z,a,)dz 4+ T(99Q)(G(b,) — G(an))

~ n—oo mop_bV - m1P+Qp7 ||O‘HL1 Q)ag+

4 lim ,Ufslsuplth H(x,t)dx — [, H(x,an)dx
nre X mop= b —mip*ter [lafi)a

< +00

Since
Jasupjy<p, Qz, t)dz — [, Q(x, a,)d fQ supyy<p,, F(x,t)de — [, F(z an)dx
mop~bh —mapt o [l (o) ah’ T mop~bh —maptor[|al s sz)an
T 20 SUPj<p, H(2,1) )da + [, H(x, ap)da

+X D + pt
mop~bn —miptoP |allLiq)yan
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taking (3.1) into account, one has

o’ p* lim Ja SUPj1 <b, Q(z,t)dz — [, Q(z an)dx

(3.5)
mo  n=Feo mep=by, —mapteP ol sz)an
Pyt su F(z,t)de — (r,an)dx 7
B . Ja Pitl<b ( Jo F 3 By,
mo  n=Eee mep=hy, —miptoP |l o)an A
Moreover, since H is nonnegative, we have
(x,8)dx +T(00)G F(x,&)dx +T(00)G
s 0 QA LTONGE L e+ TONGE) ;o
|| —+o0 134 |€l—-+oo 13

Therefore, from (3.5) and (3.6), and from Assumption (A1) and (3.4) one has

A€ (v1,v2) C (m1]|)|134|31;;(9), pr;nquoo) < (0’%)'

For the fixed )\, the inequality (3.4) assures that the condition (b) of Theorem 2.1
can be used and either /5 has a global minimum or there exists a sequence {u,,}
of solutions of the problem (PJ"") such that lim,, e [lulle = 4o0.
The other step is to verify that the functional I5 has no global minimum. Since

1 D~

)d INCY
< ———— limsup Jo F@,8) zt (ODEE)
A mallallLig) jg—+oo &P

3

we can consider a real sequence {¢,} with ¢, > 1 for all n € N and a positive
constant 7 such that ¢,, - +00 as n — oo and

- n)da + (00
Lo v Fe)d  TORGE
A m1HaHL1(sz) b

(3.7)

for each n € N large enough. Thus, if we consider a sequence {y,} in X defined by
setting
yn(z) = ¢, for allz € Q. (3.8)

Thus y, € X and

+
mycP

moc n
- el (o) (3.9)

i) < @(yn) <

On the other hand, since H and G are nonnegative functions, we observe

U(y,) > / F(z,cp)da. (3.10)
Q
So, from (3.7), (3.9) and (3.10) we conclude

L () = () = N0 (y,) < THO@) e [ Fenyas
p Q

< mlHaHLl(Q)(l — XT) cp+

— n

p
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for every n € N large enough. Hence, the functional I is unbounded from below,
and it follows that /5 has no global minimum. Therefore, Theorem 2.1 assures that
there is a sequence {u,} C X of critical points of I3 such that lim, . ®(u,) =
~+00, which it follows that lim,, o ||un|la = +00. Hence, we have the conclusion.

O

Remark 3.2. If {a,} and {b,} are two real sequences with a,, > 1 for allm € N
and lim,,—, oo b, = +00, such that the assumption (A1) in Theorem 3.1 is satisfied.
Then, under the conditions As = 0 and B> = 400, Theorem 3.1 assures that for
every A > 0 and for each u € [0, #) the problem (ng’h) admits infinitely many
solutions. Moreover, if hy, = 0, the ‘result holds for every A >0 and p > 0.
Remark 3.3. If f is non-negative, then the strong mazximum principle ensures that
the weak solutions the problem (PJ") are non-negative (see [28, Lemma 1.1]).

Theorem 3.4. Assume that
(A-?)) lim lnfg N fQ SUP|y|<¢ F(z,t)dz+T(0Q2)G (&)
— 400

p—

mop
mi ”C“HLl(Q)Qpi;D+

Then, for each

m «
A€ ( . 1HfJ;‘ES?)derF(BQ)G({)’
p~limsupg_, o, ot

Jo F(2,8)dz+T(92)G (&)
gt '

limsup,_, 4 o,

mo
Jo sup|y<¢ F(z,t)dz+T'(0Q)G(E) ’
&
for every continuous function h : QxR — R whose H(x,t) = fot h(z, &)dE for every
(x,t) € Q X R, is a nonnegative function satisfying the condition
o pt - Jo supjy<¢ H(z, t)dz + T(O)G(€)

li — < 0 (3.11)
mg E—+oo Ep

oP” ptliminfe s o

heo :

and for every p € [0, wj, \) where

Pt F(z,t)de + T'(0Q)G
o s ::L<1_)\Q D hminffgsup\tlgé (z,t)dz (09) (§)>’ (3.12)

hoo mg  E—+oo &P
the problem (PJ]'") has an unbounded sequence of solutions in Whr@) ().

Proof: We choose the sequence {b,,} of positive numbers such that goes to infinity
and

- fQ SUP|¢|<p,, F(z,t)de + T(0Q2)G(by,)
n——+oo b?;

it Jo SUP 4 <¢ F(z,t)dz + T(0Q)G(&)
£—t0o &P '
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Now, since ®(0) = ¥(0) = 0 we can taking a,, = 0 for every n € N in (3.2), from
Theorem 2.1 the conclusion follows. O

Now, we give an application of Theorem 3.4.

Example 3.5. Let N =1, Q = (0,3) C R, M(t) = 1+ L= for all t € R,
p(x) = 2(1+sinz) for all z € [0, ], a(x) = (;TQ””)Q forall x € [ 2], g(t) = 1+¢°

for allt € R and a,, be a sequence defined by

ap = 4
any1 =1+ 10\/22(1% forn > 2

and by, be a sequence such that by = 4* and b,, = ai — afz_l for alln > 2. Consider
the problem

{1 + cosh {(fo’g m(|ul($)|3+2smz + (;T2€2|u(x)|3+2sinz)dx)1}} y
(= (@) (@) + 2 (@) [+250 u(a) )

= M (@,1) + petu(@), in (0,5),

[ (O)]u'(0) = A (14 Wu(0))°) , |w'($)Pu'(5) = A (1 + (u($)™°)

where f(z,t) = ek(t) for all (z,t) € (0,5) x R with

(3.13)

- 1
=32, (1- 2’15 P 5‘))([%,11%]@) for allt € R
n=1

where x4, 5 denotes the characteristic function of the interval [, B].  According
to the above data we have, mg = 1, my = 2, p~ = 2, p™ = 4, meas(Q) = %,
D =%, 009) =0, [allu@ = lale = gap: k- = k2 < V2(r +2) and
thus, o < ‘/75(77 +2)%, H(z,t) = em; for all (z,t) € (0,%) X R and it is easy to
verify that apy1 —1 > a, and f;"_l k(t)dt = b, for all n € N. Then, one has

F(z,a,) = €” [} k(£)d¢ = e®a}, and

Jo supj<¢ F(z,t)dz + T(OQ)G(E)

lim inf —
§—+o0 é’p
2 o F(apiq — 1)dz 1 al [2 erds z —1
< lim Jy' e Flanss —dz tim 2o ==
n—-+oo (ant1 —1)2 2200 n—o0 at 2200

and

. fﬂ F(z,t)de + T(0Q)G(€) .
lim sup - = lim
E—too 510 n—-+oo a
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Hence, using Theorem 3.4, since

Ot Jy sy Hw e + TEQ)G(E)

mo &=+ §p7

hoo :=

2(m +2)* lim

n—-+oo a%

=2(m+2)*(e? — 1) < +o0,

the problem (3.13) for every

1100
A€ ((71‘4—2)2(6% 1) (ot 2)4es 1))

(1 )\(W+2) (e2-1)

and p € [O 1100 )) has an unbounded sequence of solu-

I S—
P 2(r42)4 (e —1)
tions in the space W1-2(1Fsin@)( ),

Here, we point out two simple consequences of Theorems 3.1 and 3.4, respec-
tively.

Corollary 3.6. Assume that there exist two real sequences {a,} and {b,} with
an > 1 for all n € N and lim,,—, 1 o b, = 400, such that the assumption (A1) in

Theorem 3.1 holds, As < m“+ and B > M. Then, for every arbitrary

function h € C(2 x R, R) whose H(z,t) fo x,&)dE for every (z,t) € QxR is a
nonnegative function satisfying the condztzon (3.1) and for every p € [0, py, ;[ with

+ P
. mo—p ¥ A
P q = = oh = the problem

{T() @ ule)) + bl i), (314)

|Vu[P®) = 26“ g(ﬁu( ), on 0N
has an unbounded sequence of solutions.

Corollary 3.7. Assume that B, > M nd

—_— Jo SUP ¢ <¢ F(x,t)dz + T(ONQ)F () __mo
£—+4o0 5?7 Qp7p+ ’

Then, for every arbitrary function h € C(Q xR, R) whose H(x,t) fo x,&)d¢ for
every (z,t) € Q x R is a nonnegative function satisfying the condztzon (3 11) and
for every p € [0, pj, [ where pj, | given by (3.12) with A = 1, the problem (3.14)
has an unbounded sequence of solutions.

Remark 3.8. Theorem 2.4 is an immediately consequence of Corollary 5.7.

We here give the following two consequences of the main result.
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Corollary 3.9. Assume that there exist two real sequences {a,} and {b,} with
an > 1 for all n € N and lim,,—, o b, = 400, such that the assumption (A1) in
Theorem 3.1 holds, f1 € C(Q x R,R) and Fy(x,t) = fot fi(z, &)dt for all t € R.
Moreover, assume that

fQ SUp|y|<p,, F1(z,t)dz— Jo F1(z,a,,)dz+T(0Q)(G(bn)—G(an))

e
mop~bl, —mipter” |lall 1 g ah

< +o00;

fQ Fy(z,)dz+T(0Q2)G (&)
ert

(A4) limsupg_, = +00.

Then, for every function f; € C(Q x R,R), denoting F;(k,t) fo fi(k,&)dE for all
t € R for 2 <i<n, satisfying

max {Sup (Fi(z,§) + T(02)G(£)); 2<i < n} <0

£ER
and F
min { lim inf ($+€) 2<i< n} > —00,
E—+4o0 é’p
for each
re |0, o

Jo sup g <y, Fi(z,t)de— [ F1(2,a,)dz+T(992)(G(bn)—G(an)) |’

= = T
mop~ b, —miptor el gy an

0P ptlimy, 400

for every arbitrary function h € C(Q2 xR, R) whose H (x,t) fo x,&)dE for every
(x,t) € Q x R, is a non-negative function satisfying the condition (3.1) and for
every p € [0, 1y, 5 1) where

1 1 AoP pT
Mh,k,l T hbn mo

. Jo supyyy<p, Fi(@,t)da — [, Fi(z, ap)dz + T(09Q)(G(by) — G(an))>

n—-+oo mop~bh — miptoP” HO‘HLI(Q)a%+

the problem

T(u) =AD" filw,u(x)) + ph(z,u(z)), inQ,
{IVUI”(”””g—jj = \g(Yu(z)), on 990 (3.15)

has an unbounded sequence of solutions in WHP(®)(Q).
Proof: Set F(z,£) => 1", Fi(z,§) for all £ € R. Assumption (A4) along with the

condition
min { lim inf ﬂ

2<z<n} > —0o0
E—+o0 gp
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ensures

s Jo P00 + TORIGE)
§—+o0 €p

. Yoy Jo Fiz,§)dz +T(0Q)G(E) .
= £_>+O£) £p+ = .

Moreover, Assumption (A3) together with the condition

£ER

maX{SupFi(w,E); 2<i < n} <0,

implies

i Josupy <y, Fla,t)dz — [, F(z,a,)dz +T(9Q)(G(bn) — G(an))
nrteo mop~ bl —myptor” Ha”Ll(Q)an

“ i Jo supjy <y, Fi(z,t)de — [ Fi(x,an)da +T(9Q)(G(bn) — G(an))

T n—4oo

- - T
mop~bn — mipt ol |lalLq)an
< +00.

Hence, the conclusion follows from Theorem 3.1

O
Corollary 3.10. Let f; € C(QxR,R) and let Fy(x,t) fo fi(z,&)dt for allt € R.
Assume that

Fy(z,t)dz + T'(002)G
lim inf Jo sl Fi( )7 v+ TONEE) +oo
E—+o0 €p
and F dx +T'(00)G
£—+o00 gp
Then, for every function f; € C(Q x R,R), denoting F;(k,t) fo fi(k,&)dE for all
t € R for 2 <i<n, satisfying

max {2u£ (Fi(x,&) +T(ON)F(£)); 2<i < n} <0

and

min { lim inf Fiz,8) + Ii(@Q)G(«f)’ 2<i< n} > —00,
E—+oo gp

for each

Ae |0, o

_ .. 5 Fy(z,t)dz+T(0Q)G (& ’
Qp p+ hmlnfE*FH)O fgﬁupmgg ! :_p,) - )
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for every arbitrary function h € C(Q2 xR, R) whose H (x,t) fo x,&)dE for every
(x,t) € Q x R, is a non-negative function satisfying the condition (3.1) and for
every pu € [0, j, 5 ;[ where

, 1 NP pt oy supyy<¢ Fi(x, t)dz + L'(0Q)G(E)
Ppagi=—|1— lim inf — ,
o hso mo  E—+oo &P

the problem (3.15) has an unbounded sequence of solutions in WhP(®)(Q).

Now, we give an application of Corollary 3.10.

Example 3.11. Let N = 2, Q = {(z1,22) € R? 22 + 23 < 1} C R?, M(t) =
2+4sint for allt € R, p(x1,22) = eltai+al for all (x1,12) € Q, a(z1,22) = m

for all (z1,22) € Q, g(t) = elt|*"%t for allt € R, Let f1, fo,h : Q x R — R are
defined by

fi(zr,x0,t) =
k(z1,22)t? (10 4 20sin®(Int) + 2sin(2Int))  if (21,22, t) € Q x (0, +00),
0 if (z1,x2,t) € Q X (—00,0],
2t
fa(z1,22,t) = *Kﬁ#@)m
and

h(z1,z2,t) = (23 4 23)(2t + sint)

respectively, where k,1 : Q — R are two non-negative continuous functions. Con-
sider the problem

. 1 el+\w\2 \u(ml,:w)\elﬂz‘z
2 + sin [fQ < (|Vu(x1, x2)] T )dz] X
1 x 2
(fdiv(|Vu(:c1,x2)|e =22y, 22))

ez (e ) )
= A(f1+ f2)(u (zl, 2)) + p(af + 23)(1 + sin(u(z1, 22))), in €2,
|Vu(x1,ac2)|el+‘m‘ “28% = eXYu(z1, 32)|*2u(z1, 72) on O
(3.16)

where || = /22 +2%. Thus, mg =1, m; =3, p~ =e, p* = €2, meas(Q) = 7,
r(69) =27, D =2,

27 1
,
oL o) /0 /0 H_—erTdG =7In(2) and |al. =1,

i b < 2 N 1 2(e — D) 2
- = e > max 5 =
b V Vrln2 wln(2)¢/2n(e — 2) /27 In(2)
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and thus, o < ?/% Moreover,
k(zy,22)t'0 (1 + 2sin®(Int))  if (21, 22,t) € Q x (0, +00),

F t) =
1(z1,22,1) {0 if (1, 22,t) € Q x (—00,0],
2

t
Fy(z1,20,1) = fl(zl,xg)l— for all (x1,x92,t) € A X R

+ 12
and
H(x1,29,t) = (23 +23)(1 +t* — cost) for all (z1,20,t) € Q x R.
Put
i
ay = " 1 " ?S Ve and b, = €""  for everyn € N.
e~ "™ if nis odd
Then
i [fasupy <, Fi(x1,20,t) + D(ON)G(an)  [2r  if nis odd,
im =
n——4oo as, +o0o if n is even
and
F ,T2,by,) +T'(0Q)G (b,
Jim sup S Fi(z1, 22 Z+ (0)G(by,) e
n—-+oo b%
So,
su Fi(zy,x0,t) +T(00)G
S Jo supjy<¢ Fi(2 2 ) FLODGE) o< oo
S &
F , oo, 1) + T(00)G
Jim sup JJo Fi(z, 22 )+ ONEE) _
E—+o0 |§|p
Moreover,
sup Fp(z1,22,§) =0,
£ER
F _ 2
lim inf 72(301’?2’5) = lim inf 71(361’ xQZg = 00
£—+o00 5? £—+o0 §6(1+§ )
and
o pt . Josupj<e Hzr,zo,t) + T(OQ)G(E) o’ pt
hoo := lim — =27
mgo &—+oo gp mo
9e 2 1 e
Lxelrm
In2

Hence, all assumptions of Corollary 3.10 are satisfied. So, for every

In2

A0, =———
€@ 2¢e2(1+m)e

)



INFINITELY MANY SOLUTIONS FOR NONLOCAL PROBLEMS 89

and
In2 2¢e2(1 + )¢

T 2ee2(1 +7T)e( In2

)

welo

12 I2
the problem (3.16) has an unbounded sequence of solutions in the space Whe T2 Q).

Now put
B0 = limsup Jo F(x,&)dx +T(0Q)G(E) .

€0+ ¢t

Arguing as in the proof of Theorem 3.1, but using conclusion (¢) of Theorem 2.1
instead of (b), one establishes the following result.

Theorem 3.12. Assume that there exist two real sequences {d,} and {e,} with
dn, > 1 for alln € N and lim,, 1 e, = 0, such that

(A5) ) <
" mypT P ”a”Ll(Q)7

fQ SUDP|y|<e,, F(m,t)dm—fQ F(xz,d,)dz+T(092)(G(en)—G(dy))

= - ¥
mop~en —mapTeP [lallpqydn

(A6) Ag = limp_ 4o

mop_ 0,
mi ”O‘HLI(Q)Q:U?ZDJr
. mala
Then, for each \ € (Ag, A\q) with A3 := #;;(Q) and Ay := ﬁ, for every
continuous function h : Q xR — R whose H(x,t) = fg g(x,£)dE for every (x,t) €
Q) x R, is a nonnegative function satisfying the condition

Pt
he, = me (3.17)
_ Josupp <, H(z, t)dz — [ H(z,d,)dz +T(09) (G(en) — G(dn))
X lim = — = < +00
nree mop~en — maptoP” ||l o)dn

and for every u € [O,ﬁh)\) with fiy, 5 = m, the problem (qu}’) has a

mohe,,

sequence of pairwise distinct solutions which strongly converges to 0 in Wl’p(x)(ﬂ).

Proof: Fix X € (A3, \4) and let h is the function satisfying the condition (3.17).

Since, A < A4, one has fi, x > 0. Fix 71 €]0, /1, 5[ and set vz := A3 and vy :=

ﬁ If he, = 0, clearly, v3 = A3, v4 = Ay and X €]vz, vyl If he, # 0, since

1 < [t 5, one has

A

— +uhe, <1,
)\4+,u en

and so
A4 —

1+ %)\4hen
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namely, A < v,4. Hence, recalling that A > \3 = v3, one has \ Elvs, val.
Now, put Q(z,t) = F(z,t) + £H(x,t) for all t € R and 2 € Q. Since

Josupp<e, Qz, t)dz — [, Q(x,dy,)da - Josupj<e, Fz,t)dz — [ F(x,d,)dx
mop=eh, —miptor |alluiydh T mopeh —miptor” ||al|oydh
T 20 SUD <, H (2, t)dx + [ H(z,d,)dx

+X P ot )
mop~en —maiptoP |laflLe)dn

taking (3.1) into account, one has

o pt . Josupjy <., Qa, t)dz — [, Q( )dx (3.18)
mo  n=+oo mop—eh — miptor” HaHL1(Q)d
Dt S t d _
< &Py JaS e, Bl - Jo Pl dodr | 7, o
mg mn—+oo mop—e% — m1p+ QP HaHLl (Q)dn A
Moreover, since H is nonnegative, from Assumption (A5) we have
)daz + T'(092 )dz 4+ I'(09
lim sup Jo @z, ) - ()G (5 > lim sup Jo F(@,£)dz - DS (5) (3.19)
0" & £ﬂ0+ &

Therefore, from (3.18) and (3.19), we obtain

< millelliie)  mo
A€ (v1,v9) C ( ,——
b1,0) € p=BY P ptAg
We take X, ®, ¥ and I5 as in the proof of Theorem 3.1. We prove that § < +oo.

For this, put r, = =20 for all n € N. Let us show that the functional Iy has
or pt T

) C (A3, A1) .

not a local minimum at zero. For this, let {¢,} be a sequence of positive numbers
and 7 > 0 such that ¢, — 07 as n — oo and

o7 Jo F(z, Cn)dSC:r T(0Q)G(€)
A millallLi(q) &

(3.20)

for each n € N large enough. Let {y,} be a sequence in WP(*)(Q) defined by
(3.8). So, owing to (3.9), (3.10) and (3.20) we obtain

E(yn) = ®(yn) — A¥(yn) < %Wd’; ~ X[ F(x,c,)da

p Q
< m1Ha||L1(Q)(1 — )\T) cp+

— n

p

<0,

for every n € N large enough. Since I5(0) = 0, that means that 0 is not a local
minimum of the functional I5. Hence, the part (c) of Theorem 2.1 ensures that
there exists a sequence {u,,} in WP (Q) of pairwise distinct critical points of It
such that ||u,|| — 0 as n — oo, and the proof is complete. O
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Theorem 3.13. Assume that

Jo supjy <¢ F(z,t)dz+T(9Q)G(€)

(A?) hm inf§%0+

gp
mop~ : Jo F(z,8)dz+D(92)G(§)
Tl e pT I SWPes0+ et '
Then, for each
) e malallL o)
p~ limsupe o+ Ja F(z,g)d;ptF(BSl)G(f)

mo
Jo sup |y <¢ F(z,t)dz+T(0Q)G(E) |’
&

oP” ptliminfe o+

for every continuous function h : QxR — R whose H(x,t) = fot h(z, &)dE for every
(x,t) € Q X R, is a nonnegative function satisfying the condition

_ o pt lim Josupjy<e H(k,t) +T(OQ)G(E)

ho :
mo &£—07t 620

< 00

and for every u € [0, [L;“\) where

. 1 MNP pt oy supyy<¢ F'(z,t)dr + T(9Q)G(€)
fin = 3 1 — ——— liminf ,

_0 mo £—0t EP

the problem (P(-]f’h) has a sequence of pairwise distinct solutions which strongly
converges to 0 in WHP(@)(Q).

Proof: We choose the sequence {e,} of positive numbers such that goes to zero
and

fQ SUD|4|<e,, F(z,t)dz + T(0Q)G(en)

lim
n—+oo 651

i fQ supjyj<¢ F(z,t)dz + T(OQ)G(E)
E—+o0 §p7 '

Now, since ®(0) = ¥(0) = 0 we can taking d,, = 0, from Theorem 3.12 the
conclusion follows. O

Remark 3.14. Applying Theorem 3.12, results similar to Remark 3.2 and Corol-
laries 3.6, 3.7, 3.9 and 3.10 can be obtained.

We end this paper by giving the following example as an application of Theorem
3.13.
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Example 3.15. Let N = 3, Q = {(z1,22,73) € R%* 27 + 23 + 23 < 1} C R?,
M(t) = 2+tanht for allt € R, p(x1, 29, v3) = 4+23+x3+22 for all (z1, 29, 23) € 1,
a(ry, w2, 73) = v2+23+232 for all (x1, 22, 73) € Q, f1 : R\{0} — R be the function
defined by

kS

1. 1
—4t°1n 1(t—2)sm(hﬁ(ln(ln(t—2))))cos(llrl(lrl(lrl(tQ))))
1 1
31,2
eI £ (1) if (2,) € Q x (R {0})
t — ) 3
f(l'l,Z'Q,SCg, ) { 0 Zf(.’L',t)eQX{O},
h(zy1, 79, 23,t) = 6t° In(23 + 23 +23+1) for all (x1,79,73,t) € QxR and g(t) = 5t
for every t € R. Direct calculations give mg = 1, m; = 3, p~ = 4, pt = 5,

meas(2) = 4?“, D=2,

27 T 1
4
ol @) = / / / rsingdrdgdd = - and [|afe = 1,
0 0 0 b

b < 2 e d g/ 5 5 L 100
oM =R Ar’ Vi YR

and thus, o < <1}807(1 + %’r) Also T'(092) = 4m,

e+l +ad 6 In(In(%)) sin? (In(In(In(3)))) + ¢+ 1n_1(t%),
F(z1,20,73,1) = if (w1, 2, 23,1) € 2 x (R {0}),
0 if (21,22, 23,t) € Q x {0},
H(z1,72,73,t) = t°In(23 + 23 + 23 +1) for all (z1, 22, 23,t) € Q2 x R
and
G(t)=t> forallt € R.
Thus
— I SUP 4 <¢ F(x1, 29, 73,t)dz1dzadrs + T(OQ)G(€) (3.21)
0+ I3 '
— i inf S Josupp<¢ F(w1, 22, 23, t)dz1daod; + 4r€’ _
and
Hmsup fffﬂ F($1,$2,$3,€)d$1dl‘2d$3 + F(@Q)G(«E) (3 22)

§—0+ ¢t
— limsup J[[q F(x1, 22, 3, £)dardzades + 4mg® C o
£—0t 55
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Hence, using Theorem 3.13, since

o pt - Jo supjy<¢ H(1, 2, 23, t)dz1dzodas + T(0Q)G(E)

ho :=
0 mo €—0+ et
25 x 103
== (3 + 4m)*,

the problem

{2 + tanh |:fQ |Vu(z1,12713)|4+\z§:|‘§|\22\u(zl,zz,mB)‘4+\z\2 d$:| } y
(— div(|Vu(ar, 2o, 3) 2T Vu(zy, 2o, 23))
+|$|2|U($1,9€2,$3)|2+|I|2U(9U1,$2,$3))
= Af(l'a U(Z'l, Z2, 1'3)) + 6:”‘11‘5(:617 €2, 1'3) ln(z% + SC% + SC%), m Qv
[Vu(xy, za, z3)|2+|m|22—3 = 5A(Yu(x1, 22, 73))* on 05}

4

where |z| = \/2% + x5 + 23, for every (\,u) € (0,400) X [m,oo) has a

sequence of pairwise distinct solutions which strongly converges to 0 in the space
1,4+z?+x§+z§

W, Q).

10.

11.

12.

References

. Afrouzi, G.A., Hadjian, A., Heidarkhani, S., Steklov problem involving the p(x)-Laplacian,

Electronic J. Differ. Equ. Vol. 2014, No. 134, pp. 1-11, (2014).

Alves, C.O., Corréa, F.S.J.A. , Ma, T.F., Positive solutions for a quasilinear elliptic equation
of Kirchhoff type, Comput. Math. Appl. 49, 85-93, (2005).

Arosio, A., Panizzi, S., On the well-posedness of the Kirchhoff string, Trans. Am. Math. Soc.
348, 305-330, (1996).

Autuori, G., Colasuonno, F., Pucci, P., Blow up at infinity of solutions of polyharmonic
Kirchhoff systems, Complex Var. Elliptic Equ. 57, 379-395, (2012).

Autuori, G., Colasuonno, F., Pucci, P., Lifespan estimates for solutions of polyharmonic
Kirchhoff systems, Math. Mod. Meth. Appl. Sci. 22, 1150009 [36 pages], (2012).

Autuori, G., Colasuonno, F., Pucci, P., On the existence of stationary solutions for higher-
order p-Kirchhoff problems, Commun. Contemp. Math. 16, 1450002 [43 pages|, (2014).

Bonanno, G., Candito, P., Infinitely many solutions for a class of discrete non-linear bound-
ary value problems, Appl. Anal. 88, 605-616, (2009).

Bonanno, G., Candito, P., Three solutions to a Neumann problem for elliptic equations
involving the p-Laplacian, Arch. Math. (Basel) 80, 424-429, (2003).

Bonanno, G., Chinni, A., Ezistence and multiplicity of weak solutions for elliptic Dirichlet
problems with variable exponent, J. Math. Anal. Appl. 418, 812-827, (2014).

Bonanno, G., Chinni, A., Multiple solutions for elliptic problems involving the p(z)-
Laplacian, Le Matematiche, Vol. LXVI-Fasc. I, 105-113, (2011).

Bonanno,, G., Di Bella, B., Infinitely many solutions for a fourth-order elastic beam equation,
Nonlinear Differ. Equ. Appl. NoDEA 18, 357-368, (2011).

Bonanno, G., Molica Bisci, G., A remark on perturbed elliptic Neumann problems, Studia
Univ. ”Babes-Bolyai”, Mathematica, Volume LV, Number 4, December 2010.



94

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

S. HEIDARKHANI, A. L. A. DE ARAUJO AND A. SALARI

Bonanno, G., Molica Bisci, G., Infinitely many solutions for a boundary value problem with
discontinuous nonlinearities, Bound. Value Probl. 2009, 1-20, (2009).

Cammaroto, F., Chinni, A., Di Bella, B., Multiple solutions for a Neumann problem involving
the p(x)-Laplacian, Nonlinear Anal. TMA 71, 4486-4492, (2009).

Cammaroto, F., Vilasi, L., Ezistence of three solutions for a degenerate Kirchhoff-type trans-
mission problem, Num. Func. Anal. Opt. 35, 911-931, (2014).

Cammaroto, F., Vilasi, L., Multiple solutions for a Kirchhoff-type problem involving the p(x)-
Laplacian operator, Nonlinear Anal. TMA 74, 1841-1852, (2011).

Chipot, M., Lovat, B., Some remarks on non local elliptic and parabolic problems, Nonlinear
Anal. 30, 4619-4627, (1997).

Colasuonno, F., Pucci, P., Multiplicity of solutions for p(x)-polyharmonic elliptic Kirchhoff
equations, Nonlinear Anal. TMA 74, 5962-5974, (2011).

D’Agui, G., Sciammetta, A., Infinitely many solutions to elliptic problems with variable
exponent and nonhomogeneous Neumann conditions, Nonlinear Anal. TMA 75, 5612-5619,
(2012).

Dai, G., Hao, R., Ezistence of solutions for a p(z)-Kirchhoff-type equation, J. Math. Anal.
Appl. 359, 275-284, (2009).

Dai, G., Wei, J., Infinitely many non-negative solutions for a p(x)-Kirchhoff-type problem
with Dirichlet boundary condition, Nonlinear Anal. TMA 73, 3420-3430, (2010).

De Araujo, A.L.A., Infinitely many solutions for the Dirichlet problem involving the p-
Laplacian in annulus, Submitted for publication.

De Araujo, A.L.A., Heidarkhani, S., Afrouzi, G.A., Moradi, S., A wvariational approach
for nonlocal problems with wvariable exponent and monhomogeneous Neumann conditions,
preprint.

De Araujo, A.L.A., Heidarkhani, S., Caristi, G., Salari, A., Multiplicity results for nonlocal
problems with variable exponent and nonhomogeneous Neumann conditions, preprint.

Deng, S.G., A local mountain pass theorem and applications to a double perturbed p(x)—
Laplacian equations, Appl. Math. Comput. 211, 234-241, (2009).

Diening, L., Harjulehto, P., Hasto, P., Ruzicka, M., Lebesgue and Sobolev Spaces with Variable
Ezponents, Lecture Notes in Math., vol. 2017, Springer-Verlag, Heidelberg, 2011.

Fan, X., Boundary trace embedding theorems for variable exponent Sobolev space, J. Math.
Anal. Appl. J. Math. Anal. Appl. 339, 1395-1412, (2008).

Fan, X.L., Zhang, Q.H., Zhao, Y.Z., A strong mazimum principle for p(x)-Laplace equations,
Chinese. J. Contemp. Math. 24, 277-282, (2003).

Fan, X., Zhao, D., On the spaces LP(*)(Q) and W™ P®)(Q), J. Math. Anal. Appl. 263,
424-446, (2001).

Graef, J.R., Heidarkhani, S., Kong, L., A variational approach to a Kirchhoff-type problem
involving two parameters, Results Math. 63, 877-889, (2013).

Halsey, T.C., Electrorheological fluids, Science 258, 761-766, (1992).

He, X., Zou, W., Infinitely many positive solutions for Kirchhoff-type problems, Nonlinear
Anal. TMA 70, 1407-1414, (2009).

Heidarkhani, S., Infinitely many solutions for systems of n two-point Kirchhoff-type boundary
value problems, Ann. Polon. Math. 107(2), 133-152, (2013).

Heidarkhani, S., De Araujo, A.L.A., Afrouzi, G.A., Moradi, S., Ezistence of three weak
solutions for Kirchhoff-type problems with variable exponent and nonhomogeneous Neumann
conditions, preprint.



35.

36.

37.

38.
39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

INFINITELY MANY SOLUTIONS FOR NONLOCAL PROBLEMS 95

Heidarkhani, S., De Araujo, A.L.A., Afrouzi, G.A., Moradi, S., Multiple solutions for
Kirchhoff-type problems with variable exponent and nonhomogeneous Neumann conditions,
Math. Nachr., v. 291, 326-342, (2018).

Heidarkhani, S., Ge, B., Critical points approaches to elliptic problems Dervin by a p(x)-
Laplacian, Ukrainian Math. J. 66, 1883-1903, (2015).

Hssini, M., Massar, M., Tsouli, N., Ezistence and multiplicity of solutions for a p(x)-Kirchhoff
type problems, Bol. Soc. Paran. Mat. 33, 201-215, (2015).

Kirchhoff, G., Vorlesungen tiber mathematische Physik, Mechanik. Teubner, Leipzig (1883).

Kovacik, O., Rékosnik, J., On the spaces Lp(’”)(ﬂ) and Wl’p(x)(ﬂ), Czechoslovak Math. 41,
592-618, (1991).

Lions, J.L., On some questions in boundary value problems of mathematical physics, North-
Holland Mathematics Studies, 30, 284-346, (1978).

Mao, A., Zhang, Z., Sign-changing and multiple solutions of Kirchhoff-type problems without
the P.S. condition, Nonlinear Anal. TMA 70, 1275-1287, (2009).

Mihailescu, M., Existence and multiplicity of solutions for a Neumann problem involving the
p(x)-Laplacian operator, Nonlinear Anal. TMA 67, 1419-1425, (2007).

Molica Bisci, G., Pizzimenti, P., Sequences of weak solutions for non-local elliptic problems
with Dirichlet boundary condition, Proc. Edinb. Math. Soc. 257, 779-809, (2014).

Molica Bisci, G., Radulescu, V., Applications of local linking to nonlocal Neumann problems,
Commun. Contemp. Math. 17, 1450001 [17 pages|, (2014).

Molica Bisci, G., Radulescu, V., Mountain pass solutions for nonlocal equations, Annales
AcademizScientiarum FenniceeMathematica 39, 579-59, (2014).

Molica Bisci, G., Radulescu, V., Servadei, R., Variational Methods for Nonlocal Fractional
Problems, Encyclopedia of Mathematics and its Applications, vol. 162, Cambridge University
Press, Cambridge, (2016).

Moschetto, D.S., A quasilinear Neumann problem involving the p(x)-Laplacian, Nonlinear
Anal. 71, 27392743, (2009).

Pfeiffer, C., Mavroidis, C., Bar-Cohen, Y., Dolgin, B., Electrorheological fluid based force feed-
back device, in Proceedings of the 1999 SPIE Telemanipulator and Telepresence Technologies
VI Conference (Boston, MA), 3840, 83-99, (1999).

Qian, C., Shen, Z., Yang, M., Ezistence of solutions for p(x)-Laplacian nonhomogeneous
Neumann problems with indefinite weight, Nonlinear Anal. RWA 11, 446-458, (2010).

Radulescu, V., Nonlinear elliptic equations with variable exponent: old and new, Nonlinear
Anal. TMA 121, 336-369, (2015).

Radulescu, V., Repovs, D., Partial Differential Equations with Variable Exponents, Varia-
tional Methods and Qualitative Analysis, Monographs and Research Notes in Mathematics,
CRC Press, Boca Raton, FL, (2015).

Repovs, D., Stationary waves of Schridinger-type equations with variable exponent, Anal.
Appl. 13, 645-661, (2015).

Ricceri, B., A general variational principle and some of its applications, J. Comput. Appl.
Math. 113, 401-410, (2000).

Ricceri, B., On an elliptic Kirchhoff-type problem depending on two parameters, J. Global
Optim. 46, 543549, (2010).

Ruzicka, M., Electro-rheological Fluids: Modeling and Mathematical Theory Lecture Notes
in Math., 1784, Springer, Berlin, (2000).

Vilasi, L., Eigenvalue estimates for stationary p(x)-Kirchhoff problems Electron. J. Diff. Equ.,
Vol. 2016, No. 186, 1-9, (2016).



96

57.

58.

59.

S. HEIDARKHANI, A. L. A. DE ARAUJO AND A. SALARI

Yao, J., Solutions for Neumann boundary value problems involving the p(x)-Laplacian oper-
ators, Nonlinear Anal. TMA 68, 1271-1283, (2008).

Yin, H., Existence of three solutions for a Neumann problem involving the p(z)-Laplace
operator, Math. Meth. Appl. Sci. 35, 307-313, (2012).

Zhikov, V.V., Kozlov, S.M., Oleinik, O.A., Homogenization of Differential Operators and
Integral Functionals, Springer-Verlag, Berlin, (1994).

Shapour Heidarkhani,

Department of Mathematics, Faculty of Sciences,
Razi University

67149 Kermanshah, Iran.

E-mail address: s.heidarkhani@razi.ac.ir

and

Anderson L. A. De Araujo,

Departamento de Matemdtica, Universidade Federal de Vigosa,
36570-000, Vigosa (MG),

Brazil.

E-mail address: anderson.araujo@ufv.br

and

Amgjad Salart,

Young Researchers and Elite Club, Kermanshah Branch,
Islamic Azad University, Kermanshah,

Iran.

E-mail address: amjads45@yahoo.com



	Introduction
	Preliminaries
	Main results

