Bol. Soc. Paran. Mat. (3s.) v. 38 3 (2020): 151-160.
©SPM -ISSN-2175-1188 ON LINE ISSN-00378712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.v38i3.37216

A Topological Conjugacy of Invariant Flows on Some Class of Lie
Groups

Alexandre J. Santana and Simao N. Stelmastchuk

ABSTRACT: The aim of this paper is to classify invariant flows on Lie group G whose
Lie algebra g is associative or semisimple. Specifically, we present this classification
from the hyperbolicity of the lift flows on G x g. Then we apply this construction
to some special cases as Gl(n,R) and affine Lie group.
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1. Introduction

Let G be a Lie group with Lie algebra g and take A € g. Consider the dynamical
system
g=Ay =R, (4), gedG. (1.1)

We are interested in establishing a condition to classify systems of type (1.1) via
topological conjugacy, i.e., to find a homeomorphism between the state spaces that
maps trajectories of one system to trajectories of the other system, preserving the
parametrization by time. We restrict to the cases where g is an associative or
semisimple Lie algebra. First, we study the associative case and then we apply it
in the semisimple case. To develop our results we adopt the idea, due to Ayala,
Colonious and Kliemann in [1], of we work with vector bundles.

In the classical case, & = A;x , © € R, 4; € gl(n,R) for i = 1,2, a fundamental
hypothesis to obtain the above homeomorphism is the hyperbolicity of the systems,
that is, |leditz|| < Cie=t||z| for some a; > 0, C; > 1 and for all ¢ > 0 (see e.g.
Robinson [5, ch.IV]). As in Lie groups there is not a normed space structure we lift
the flows to G x g, which inherits a normed vector structure from the Lie algebra
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In the following section, from the study of the lift flows on G x g, we present
a topological classification of flows on Lie group G. To be specific, we lift two
systems of type (1.1) in two systems (on G x g) of type

(5)-(%)

whose solution is (e4tg, e Supposing that these two systems on G x g are
hyperbolic we have that they are topologically conjugate, and, as a consequence,
we show that e'g and eP?g are topologically conjugate on G (see Theorem 2.3).
As application in the third section, we take G as the linear group GL(n,R), that
is, we consider dynamical systems of kind X = AX where X € GL(n,R) and from
Theorem 2.3 we recover the classical result of dynamical system: if the real parts of
generalized eigenvalues of A and B are negative, then e and e?* are topologically
conjugate. To finish this section, we give a partial classification in case of GL(2, R).
In the last section, we consider (1.1) on a semisimple Lie group and the purpose
is to study the dynamical system (1.1) in the adjoint group Ad(G). In fact, we
show that if the real parts of the generalized eigenvalues of ad(A) and ad(B) are
negative, then e'* and e? are topologically conjugate. From this, we can classify
dynamical systems on affine groups H x V', where H is a semisimple Lie group and
V' a n-dimensional vector space, or rather, we establish a condition to topological
conjugacy of flows on H x V.

At )

2. Hyperbolic condition for topological conjugacy on Lie groups

Let G be a Lie group such that its Lie algebra g is an associative algebra. This
structure is natural in matrix groups. We adopt in the trivial vector bundle G x g
the direct product

(g,v)-(h,u) = (g-h,v-u).

Our intention is to present a hyperbolic sufficient condition on g to obtain topo-
logical conjugacy between flows on GG. Take the following dynamical system

g=RsA, Acg

on the Lie group G. Consider, on the trivial bundle G x g, the system

g\ [ RgA
2)-(5)
A direct account shows that (eg, e*v) is a solution of (2.1) with g € G and v € g
(see for instance [6]).

Remark 2.1. Being g an associative algebra it is true that G X g is a Lie group
and projections of flows on G x g are natural on G and g. However, for our
work, the importance of associativity property is that solution of v = Av is eMv =

POyt (t’s)i (v), which allow us to work with hyperbolic property in a easy way.
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Before we introduce the hyperbolic property of dynamical system of form (2.1),
we say what means topological conjugacy of dynamical systems in our context.
Take A,B € g. Two dynamical systems ¢ = Rg.A and § = Ry.B on G are
topologically conjugate if there exist a homeomorphism ¢ : G — G such that
P(ettg) = ePly(g) for g € G. On G x g, two dynamical system of form (2.1) are
topological conjugate if there is a homeomorphism ¥ : G x g — G x g such that
T((e,eM)(g,0)) = (eP',eP)U(g,v) for (g,v) € G x g.

Since hyperbolic property needs a norm, we begin by adopting a norm | - ||, in
g. Then, in the trivial vector bundle G x g, we consider the following norm

(g, )l = l[lls-

For this reason,
(e g, eMo)l| = [[e*v]lg.

Hence, the behavior of the flow e4*v drives the behavior of the flow (e4tg, eAtv) on
G x g. As a direct consequence, if eA*v has the hyperbolic property, that is, there
exists a > 0 and C > 1 such that for every ¢t > 0 we have [|ev|; < Ce™%|v]|,
then (e“tg, eA%v) has the same property. Since g is a vector space, it follows that
there exists a norm || - |4 on g such that |[eAv||4 < e~ ||v||a (see for instance
Theorem 5.1 in [5, ch.IV]). We also denote by ||(+,)|| 4 the norm on G x g associated
with || - || 4.

In the following we show a technical lemma that is necessary to show our main
theorem.

Lemma 2.2. Let A € g and assume that hyperbolic condition is satisfied, that is,
there exists a > 0 such that for every t > 0 we have

le**ll4 < Ce™|lv]|a. (2.2)
Then there exists a unique time T such that ||(eA7g, e v)||a = 1.

Proof. We first assume that the hyperbolic condition is satisfied for etv. In con-
sequence, the same occur with (e4tg, eAtv), that is,

(e g, e™o)l[a < e™™|[(g,0)[a, >0 (2.3)
On the other hand, if t < 0 then
le**olla > e o]l a,

and, consequently,
(™ g, e v)][a = eM[|(g, v)[|a-

Taking ¢t — oo or t — —oco we obtain ||(e?'g, eA*v)[|4 — 0 or ||(eAtg, eAtv)||a — oo,
respectively. Since ||(-,-)||4 is a continuous function, there is a time 7 such that

(g, e?Tv)]la = 1.
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We claim that this time is unique. In fact, suppose that there exist 71,72 € R
such that ||(eA71g,eA710)||a = ||(e?72g,e472v)||4 = 1. Assume that 79 > 71. If we
write 79 = (72 — 71) + 71, then

L= [e720]l4 = [[e? 27TV 0| 4.

From (2.3) it follows that

A(‘rg—Tl)eA‘n —a(‘rg—Tl)HeA‘rl —a(T2—72)

le vlja <e v|la=e

Therefore 1 = e~™2=71) and, consequently, —a(ry — 71) = 0. Since a > 0, we
conclude that 79 = 7. O O

In this context, we can prove the following theorem which is an adaptation of a
classical result (see for instance Theorem 2.2.8 in [2] or Theorem 7.1 in [5, ch.IV]).

Theorem 2.3. Tuke A, B € g such that e**v and ePtv satisfy the hyperbolic
property. Then (eAtg,eAtv) and (ePtg, ePtv) are topologically conjugate in G x g.
In consequence, e*tg and eBtg are topologically conjugate in G.

Proof. We first assume that there exist a,b > 0 such that for every ¢ > 0 we have

[(eMg, e )a < e *|(g,0)lla
I(ePtg, e 0) s < e |l(g.v)ll5.

For every t < 0, it follows that

[(e™g, e**v)la

1% g, " v)ll5

¢l(g, )14
(g, )] 5.

(AVARAYS

Denote by S4 and Sp the unit spheres in G x g

Sa={(g,0) : [l(g;v)a =1} and Sp ={(g,v): [[(g,v)llB =1} (2.4)

It is clear that the flows (e g, el*v) and (eB?g, ePv) cross S4 and Sp, respectively,
in an unique point, by Lemma (2.2).

Let t4 : Gxg — R be the map that associates for every (g,v) € G x g the unique
time t4(g,v) such that ||(e4t4(9:¥) g eAta(9:0)4)|| 4 = 1. This map is well defined by
Lemma (2.2). We claim that ¢4 is continuous. In fact, take (g,v) € G x g and a
sequence (gn,vn) € G x g such that (gn,v,) — (g,v). We observe that v, — v,
that is, ||v, —v||4 — 0. For simplicity, suppose that ¢t 4(gn,v,) > 0 for every n € N.
Thus we have

eAt4(00) (0, — )4 < €740 o, — 0] 0.
This gives

hm eAtA(gnaUn)(vn> — hm eAtA(gnavn)v_
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Since || - ||a is a continuous map,
lim ||€AtA(gn7'Un)(,U Ma = ||6A1imn~>octA(gn7vn)U||A
n—oo "
As [[eAtalonvn)(p,)|[4 = 1 we have [eAlimnoootalgn,vn)y||, = 1. According to

uniqueness, we get limy, o0 ta(gn,vn) = ta(g,v). Therefore t4 is a continuous
map.

Before we construct a homeomorphism that conjugate the flows, we show the
following property: ta(edtg, eA*v) = ta(g,v) — t. In fact,

1= ”eAtA(g,v),UHA _ ||€AtA(g,v)€A(7t)eAt A(tA(g,v)ft)eAt

vlla = e V| a-

By uniqueness, we conclude that t4(etg, eAtv) = t4(g,v) — t.

We define the maps ¢, : S4 — Sp by ¢, (g,v) = (g, m) and ¢y : Sp — Sa
by ¢,(g,v) = (g7, =% Tolx ). Note that ¢, = ¢y ' and that ¢, and ¢, are continuous.
Hence 1 is a homeomorphism.

Now we extend the homeomorphism 1, to G x g. We begin by defining the
map ¢ : G xg— G xgby

(e=Btalgv)eAtalgn) g oe=Btalgv)y (g eAtalev)y)) if o #£0

M%@{ (9,0) if v = 0.
To simplify, we write ¥ (g,v) = (h1(g), h2(v)) where

h1(g) _ efB tA(g,v)eAtA(g,v)g

and

e Pralelyy (g, eMtalomlv) if v # 0
h“w{ 0 if v = 0.

We now proceed to show the conjugacy of the flows. In fact,

Petg, etv) =

_ At At At At _ At At At At
(6 Bta(e®g,e 'u)eAtA(e g,e U)eAtg, e Bta(e®g,e U)wo(g’eAtA(e g,e U)eAt’U).

Using t(etg, e*v) = t4(g,v) — t we obtain

Q/J(eAtg,eAtv) _ (e*B[tA(ng)*t] Alta(g,v)—t] Atg7 e B [t“(g’v)ft]z/)o(g, eA[tA(g,v)*t]eAtv))

= (Be Btalam)Atalon)y Bro=Btalaw)y (g oAta(9:0)))
= (""h(g), e”'ha(v))

= ("7 (hulg), h2(v))

= (", e")9(g,v).

The next step is to show that ¢ is continuous. We need only consider the case

(g, ) with v = 0. In fact, the map b = (hy, he) is continuous if v # 0 because

(eAtg, ettv), (eBtg, eP), ta and tp are continuous. We begin by observing that
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h1 is continuous at v = 0, so we only need to show that ho is continuous at v = 0.
Fix g € G and take a sequence v,, such that v,, — 0 in g. Our work is to show that

hg(’Un> — hg(O) =0.

If tA(g,v,) is the time such that |leA*4(@n)y, |4 = 1, then ¢, = t4(g,vy) — —oo0.
Let us denote u,, = 1 (g,*" v,). Thus

A oalla _

_ At, _ ¢ Unlla _
unlla = llvo(g, €™ vn)lla [eAtny, || A

and, for this,

Iha(on)lla = lle™Pg(g, e va) 4
le™ 5" Lallo(g, e vn)lla = =5 [la < " — 0.

N

We conclude that ho(v,) — 0, hence that hy is continuous at 0 € g, and finally
that 1) is continuous.
To end, we define the map

e~ Atelgv)eBle(gv) g o=Ats(g) g (g eBte(9:)y))  if v £ 0

1 ]
(4 (g,v){ (g~1,0) if v =0.

It is easily verified that ¢! is the inverse map of . It follows from the argu-
ments above that 1) is a homeomorphism that conjugate the flows (e“tg, eA*v) and
(ePtg,ePtv) in G x g.

It is not difficult to see that the projection of ¢ on G is a homeomorphism that
conjugates e* and eB* on G. O )

3. Topological conjugacy in Gl(n,R)
Let A be a matrix in gl(n,R) and consider the system
X = AX, X € Gl(n,R).

This system is well posted (see for instance [6, section 2.3]). Following the idea of
previous section, we consider the trivial bundle Gl(n,R) x gl(n,R) and study the
topological conjugacy of the flow of

(v)=(%)

that is, the flow given by (eA'X,eA'V), with et = 3", (t4) Thus, taking a

3!

norm | - | on R™ we consider the supremun norm in gl(n, ITK)
A
||A||:sup{%;07§xeRn}. (3.1)
x
The choice of the norm || - || allows us to show a well-known result that relates

hyperbolic property and eigenvalues of A (see e.g. Theorem 5.1 in [5, ch. IV]).
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Proposition 3.1. Take A € gl(n,R) and consider the equation X = AX. The
following statements are equivalent:

1. There are a norm || - ||a and a constant a > 0 such that for any initial
condition X € Gl(n,R), the solution satisfies

e X||a < e | X||a, forall t>0.

2. for every generalized eigenvalue pn of A we have Re(u) < 0.

Proof. We first observe that every generalized eigenvalue p of A has Re(u) < 0 if
and only if there is a norm |- |4 on R” and a constant a > 0 such that for any
initial condition x € R"™, the solution of & = Ax satisfies

leAz|a < e”x|a, forall t>0.
Thus it is sufficient to show that
leMza < e [a|a & [l X]|a < e X]|a.

In fact, suppose that [eA*z|4 < e~%|x|4 where & = Axz. Since eA*X (z) is a solution
for & = Az, it follows that |e4*X (z)[4 < e~ X (z)|a. Thus we obtain

le?* X4 < e™ [l X ] a-

Conversely, suppose that ||eA* X || 4 < e~9|| X || 4. Taking = e; in Definition (3.1),
it follows that
leMala < e |z|a

with x satisfying & = Az, and it assures the last assertion is hold. O O

Now we take a norm on Gl(n,R) x gl(n,R) as ||(X,V)]|a = ||V|la. Thus, we
are able to show a sufficient condition for topological conjugacy on GL(n,R).

Theorem 3.2. Consider the systems X = AX and Y = BY, where A,B €
gl(n,R). If every generalized eigenvalue of A and B has negative real part, then
et and eBt are topologically conjugate on Gl(n,R).

Proof. By Proposition 3.1, we have that there exist norms ||-|| 4, ||-|| 5 and constants
a,b > 0 such that

le* X 14
le”Y || 5

e " X]|a

<
< e Yls

in gl(n,R). Using Theorem (2.3) we have that e4* and eP* are topologically con-
jugate on Gl(n,R). O

d
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As every generalized eigenvalue of —A and —B has negative real part it follows
that

Corollary 3.3. Consider X = AX and Y = BY, where A,B € gl(n,R), and
suppose that every generalized eigenvalue of A and B has positive real part. Then
et and eBt are topologically conjugate on Gl(n,R).

Example 3.4. Take the matriz

(a+d)++/(a—d)?+be
5 . When

in gl(2,R). Then its eigenvalues are given by A =
(a—d)*+bc<0 (3.2)

the real part of the eigenvalues depend only on the trace a + d. Thus, supposing
that two matrix A and B in gl(2,R) satisfy the inequality (3.2) we have:

1. if tr(A) < 0 and tr(B) < 0, then by previous theorem et and eBt are topo-
logically conjugate; and

2. if tr(A) > 0 and tr(B) > 0, then by previous corollary et and eP* are
topologically conjugate.

4. Invariant flows on Semisimple and Affine Lie Groups

In this section, we study the topological conjugation on semisimple Lie group.
Our idea is to transfer the dynamical system ¢ = A5 on G to one on the adjoint
Lie group Ad(G) and to find a condition to topological conjugation in this group,
since Ad(G) is a matrix group.

We begin by assuming that G is a semisimple Lie group. We know that solution
of g = A, is given by

g(t) = e go.

Applying the adjoint operator in g(t) we have
Ad(g(t)) = Ad(e'go) = €4 Ad(go).
Taking the derivative of Ad(g(t)) with respect to ¢ we obtain
Ad'(g(t)) = ad(4)-Ad(g(1)).

Thus considering two systems ¢ = A, and h = By, we have the dynamical
systems on Gl(g)
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Suppose that every generalized eigenvalue of ad(A) and ad(B) has real part neg-
ative. From Theorem 3.2 there exists a homeomorphism ¢ : Gl(g) — Gl(g) such
that

P(e* D Ad(go)) = €1 PV (Ad(go))-

Since g is semisimple, it follows that Ad is an isomorphism on its image (see for
instance Corollaries 5.2 and 6.2 in [3, ch.II]). Thus we apply Ad~' in the above
equality to obtain

Ad™ (p(Ad(e™)Ad(g0))) Ad™H(Ad(e" )y (Ad(g0)))
Ad™H ((Ad(eMgo))) = eP'AdT P(Ad(90)))-

If we denote ¢ = Ad™' 04 o Ad we have

p(e™g0) = e (go).
Summarizing,

Theorem 4.1. Let A, B € g and consider g = A, and h = By. Suppose that g is
a semisimple Lie algebra. If every generalized eigenvalue of ad(A) and ad(B) has
negative real part then et and Bt are topologically conjugate on G.

Our final step is to work with the class of Affine groups. This idea follows
from work due to Kawan, Rocio and Santana [4]. We recall the affine Lie groups
and study the topological conjugacy on it. First, we need to establish a result on
semisimple Lie groups.

Proposition 4.2. Take A € g where g is a semisimple Lie algebra. Consider
the system g = Ay. Suppose that G has a left invariant metric and denote by
p the distance associated to this metric. If ad(A) has negative real part for every
generalized eigenvalue, then there exists a positive constant a such that p(eAtgo, e) <

eiat/’(gm e).

Proof. Let <, > be a left invariant metric on Lie group G. As Ad is an isomorphism
we consider the following metric on Ad(G):

< X,Y >=<d(Ad"HX,d(Ad")Y > .

Let us denote by p; the distance associated to metric on Ad(G). It follows that
p1(Ad(g(¥)),Id) = p(g(t),e) for any smooth curve g(t) € G. Suppose now that
Ad(c(t)) satisfies the differential equation Ad’(c(t)) = ad(A) - Ad(c(t)). Then
Proposition 3.1 assures that there are a positive constant a such that

pr(Ad(g(1), 1d) = py (™' Ad(go), Id) < e~ py(Ad(go), Id).

Hence p(g(t),e) < e™*p(go, e). o 0
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Now we recall the affine Lie groups. Let V be an n-dimensional real vector
space and H a Lie group that acts on V. Take the group G = H x V given by
the semidirect product of H and V. If ®(t,g) = exp(tX)g is a flow on G, where
X = (A,b) € g=bhxV and g € G, we denote by ® the flow on H given by
®H (t,h) = expy (At)h with h € H.

Before we state and show the last result, we recall, for group actions, that a
fundamental domain is a subset of the space on which the group acts such that
this subset contains exactly one point of each orbit. For example, spheres S4 and
Sp given by (2.4) are fundamental domains.

Proposition 4.3. Consider the affine group G = H XV with H being a semisimple
Lie group with a left invariant metric. Let m : G — H be the canonical projection.
Take flows ®;(t, g) = exp(tX;)g with X; = (A;,b;), i = 1,2, on G, and suppose that
every generalized eigenvalue of ad(A1) and ad(As) has negative real part. Then ®4
and ®o are topologically conjugate.

Proof. We first suppose that the real part of all generalized eigenvalues of ad(A;)
and ad(As) are negative. From Proposition 4.2 we have two unitary spheres 8}41 and
Sk, in G with center go and g1, respectively, such that exp(A;t)go and exp(Aat)g:
cross these in a unique time, respectively. It means that these unitary spheres are
fundamental domains to flows exp(Ait)go and exp(Ast)gr, respectively. In this
way, Proposition 12 of [4] guarantees that ®; and ®5 are topologically conjugate.
O O
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