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On a Nonlinear System Arising in a Theory of Thermal Explosion

S.H. Rasouli

ABSTRACT: The purpose of this paper is to study the existence and multiplicity of
positive solutions for a mathematical model of thermal explosion which is described
by the system

—Au = Af(v), z €,

—Av = Ag(u), x €,

n.Vu+a(u)u =0, z €99,

nVu+bv)v =0, z€dQ,

where € is a bounded smooth domain of RY, A is the Laplacian operator, A > 0 is
a parameter, f, g belong to a class of non-negative functions that have a combined
sublinear effect at oo, and a,b : [0,00) — (0,00) are nondecreasing C'! functions.
We establish our existence and multiplicity results by the method of sub— and su-
persolutions.
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1. Introduction

A classical problem in combustion theory is a model of thermal explosion
which occurs due to a spontaneous ignition in a rapid combustion process. In this
paper, we consider a model involving a nonlinear boundary heat loss which is not
a very typical one in classical combustion theory, but is relevant to some more
applications (see [4,10,12,5] for details). The model reads as:

0(t) — A0 =Af(n), (t,z) € (0,00) x 0,

n(t) — An = Ag(6), (t,x) € (0,00) x Q,

n.Vo + a(6)0 =0, (t,z) € (0,00) x 09, (1.1)
n.Vn+b(n)n =0, (t,z) € (0,00) x 99,

0(0,2) =0 =n(0,z).

Here 6,7 are the appropriately scaled temperature in a bounded smooth domain
Q c RM N > 1, and f,g are the normalized reaction rate. We assume that f,g
satisfying the following assumptions:

(H1) f,g9 € C(]0,00)) are nondecreasing functions,
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and
(H2) lim,_,o A9 — 0, for all A > 0.

On the C? boundary 052, with the outward unit normal denoted by n, the
heat-loss parameters a(6),b(n) are assumed to satisfy the following hypothesis:

H3) a,b:[0,00) — (0,00) are nondecreasing bounded C! functions.
( ) ) ) g

Physically this assumption means that a heat loss through the boundary always
exists and increases linearly with the temperature even in the small temperature
regime.

A bifurcation (or scaling) parameter A > 0 can be associated with the size of
domain © in (1) which grows linearly as the measure of Q increases. It is well
known that, after normalizing for the size of (2, the long term behavior of solution
of (1) is close to the solution of the time-independent system:

—Au = \f(v), x € Q,
—Av = Ag(u), x €, (12)
n.Vu+a(u)u =0, ze€dQ, '

n.Vo +bw)v =0, x €.

The motivation for this study cames from the work in [7] where the authors es-
tablished the existence, uniqueness and multiplicity of positive solutions for certain
range of A for the single equation of the form

—Au = \f(u), x € €,
n.Vu+a(u)u =0, z €.

Here we extend this study to Laplacian system of the form (1). In [1], Ali-
Shivaji-Ramaswamy discussed the existence of multiple positive solutions to such
systems with Dirichlet boundary conditions. One can refer to [3,8] for some re-
cent existence and uniqueness results of elliptic problems with nonlinear boundary
conditions.

2. Existence results

In this section, we shall establish our existence results via the method of
sub - supersolution. A pair of nonnegative functions (¢,v,) € W2 N C(Q) x
Wh2 N C(Q) and (z1,22) € W2 N C(Q) x WH2 N C(Q) are called a subsolution
and supersolution of (1) if they satisfy

=AYy <A (), T € (),

_A’L/JQ < )‘g( 1)’ T e Qa (2 1)
n.Viy, +a(); <0, x €09,

n.Vi, + b(y)thy <0, € 09,
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and
—Az1 > Mf(22), r e,
*AZQ > )\g(zl)a T e Qa
n.Vzi +a(z1)z1 >0, z €09,
n.Vzo +b(22)22 >0, x € 09,

(2.2)

respectively. It is well known that if there exist sub and supersolutions (1, %,)
and (z1, z2) respectively of (1) such that (¢, 15) < (21, 22). Then (1) has a solution
(u,v) such that (u,v) € [(¢¥1,%,), (71, 22)] ( see [2,6] ).

By strict sub and super-solutions we understand functions (¢, %,) and (z1, 22)
for which strict inequalities (3) and (4) hold.

Our multiplicity results are obtained by constructing sub and super-solution
pairs that satisfy the following Lemma:

Lemma 2.1. ( See [6,9,11] ). Suppose the system (1) has a sub-solution (¢, 5),
a strict super-solution (¢, (,), a strict sub-solution (wq,ws), and a super-solution
(21, z2) for (1) such that

(7/’177/’2> < (Clv§2) < (21522)7

(V1,9) < (w1, w2) < (21, 22),

and (w1, w2) £ (¢1,¢5). Then (1) has at least three distinct solutions (u;,v;),
i =1,2,3 such that

(u1,v1) € [(1,92), (€15 Ca)]s (u2,v2) € [(wi,w2), (21, 22)]

and
(s vs) € [(01,982), (21, 22) ]\ ([, 2), (G )] U [, w0), (21, 22)] )

To precisely state our existence result we consider the unique classical solution
e, of the following linear elliptic problem

(2.3)

—Ae, =1, x €,
n.Ve, +rge, =0, x € 09,

for r = a,b, where ro = r(0). Then we establish:

Theorem 2.2. Let (H1) — (H3) hold and f(0) or ¢g(0) be strictly positive. Then
(1) has a positive solution (u,v) for all A > 0.

Proof. Tt is easy to see that (¢1,1%5) = (0,0) is a subsolution of (1). We now

construct the supersolution (z1, z2). Let (21,22) = ( Cxéq, )xg(CAHEbHoo)eb), where
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C' is a large number to be chosen later. We shall verify that (z1, z2) is a superso-
lution of (1) for all A > 0. By (H2) we can choose C) large enough so that

O = M (Mg (Callenll ) lesloo)
and therefore
—Az1 = O 2 M (Ag(Callesllo)lerloc)
> AF (Ag(Calleslloc)en)
= Mf(z2) inQ,
and

n.Vz +a(z1)z1 > Can.Ve, + Creqaq
= C\(n.Ve, + eqap)
=0 onof.

Next,

(S

> )\9(0,\617)
= Ag(z1) in,

and
n.Vzo + b(zo)z0 > )\g(C,\HebHOO)n.Veb + )\g(C’AHebHOO)ebe

— g (CA||e,,||OO) (n.Vey + boes)
=0 ondf,

which implies that (21, z2) is indeed a positive supersolution of (1). Therefore
(1) has a positive solution for all A > 0. O

Our second result concerns with multiplicity of solution for the system (1) and
gives an estimate on the parameter A when such a situation occurs. For positive
constants a;, b;; 1 = 1,2, define

ai b1

Fon) glan)

and
ag b2

2.



ON A NONLINEAR SYSTEM ARISING IN A THEORY OF THERMAL EXPLOSION 173

Then we establish:

Theorem 2.3. Assume f(0) or ¢g(0) be strictly positive. Let Br be the largest
ball of radius R inscribed in €2, for 0 < € < R, we define
N RN—l

Cl(Q):Hgfe_NRfe,

and C(Q) = C1(Q)|ler||oo, for r = a,b. Let (H1) — (H3) hold and % > C(Q) for
some a;, b;, i = 1,2. Then (1) has at least three positive solutions for A € (A, \"),
where A\, = CQq and \* = HQW for r = a, b.

Proof. We will establish a pair of subsolutions (¢, %5), (w1, ws) and a pair of
supersolutions ((q,(s), (21, 22), satisfying Lemma 2.1. Clearly (v;,%5) = (0,0) is
a subsolution of (1).

We next construct a positive supersolution ({y,(,), of (1) when A < & for

llerlloo?

r =a,b. Since A < 7)%1)‘7‘16 > We can choose € > 0 so small that A1) <
Let (¢q,¢2) = (a1 Hei(ll\:ﬂ’bl ||eil|’|:+6). Then, we have

ay
etlleallos

ay

———— > \f(b1)
€+ lleallo

—AG =

> (i)

= Af(¢z) in€,

and
ai

€+ llealloo
ai

= ————(n.Ve, + ape, + age
6+||€a||oo( a 0€Ca 0 )

ajape
€+ llealloo

> 0 onodf.

n.V¢ +a(¢y)¢ = (n-vea + (ea + 6)“0)

Similar argument shows that ¢, satisfies —A(, > Ag(¢;) in 2, and n.V{,+b((5)( s >
0.

Next let us construct a strict sub-solution (wq,ws) of (1). First note that a
system
—Aup = /\f(’UD), x € Q,
—Avp = Ag(up), x€Q,
up = 0=wvp, x € 08,

admits a strict sub-solution (wip,wsp) with ||wipllec > a2 and |[Jwapllee > b2
provided A < A" (see [1]). Then we have (w1, ws) £ (¢4, (5). By the Hopf’s lemma
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we have that n.Vw;p < 0 for ¢ = 1, 2. Therefore, setting w; = wi1p and we = wap
we obtain a strict sub-solution for (1) for A > A,.

Let (21, z2) be the super solution as in the proof of Theorem 2.2 Further w;, ¢; <
zi, i = 1,2 for C) large. Hence there exist positive solutions (u;, v;), i = 1,2, 3 such
that

(u1,v1) € [(th1,9), (15 C2)]s (w2, v2) € [(wi, wa), (21, 22)]

and

(us,va) € |10, o1, 20) |\ ([0, 02), (€1, G)| U [(wn, ), (1, 2)] ). 0

References

1. J. Ali, R. Shivaji, M. Ramaswamy, Multiple positive solu- tions for classes of elliptic systems
with combined nonlinear effects, Diff. and Int. Eqns., 19(6) (2006), 669-680.

2. H. Amann, Fized point equations and nonlinear eigenvalue problems in ordered banach
spaces, STAM Rev. 18 (1976), 620-709.

3. D. Butler, E. Ko, E.K. Lee and R. Shivaji, Positive radial solutions for elliptic equations on
exterior domains with nonlonear boundary conditions, Commu. Pure. Appl. Anal, 13 (2014),
2713-2731.

4. D.A. Frank-Kamenetskii, Diffusion and Heat Transfer in Chemical Kinetics, Plenum Press,
New York, 1969.

5. P. Gordon, E. Ko and R. Shivaji, Multiplicity and uniqueness of positive solutions for elliptic
equations with monlinear boundary conditions arising in a theory of thermal explosion,
Nonlinear Anal. Real World Appl. 15 (2014), 51-57.

6. F. Inkmann,FEzistence and multiplicity theorems for semilinear elliptic equations with
nonlinear boundary conditions, Indiana Univ. Math. J. 31 (2) (1982) 213-221.

7. E. Ko and S. Prashanth, Positive solutions for elliptic equations in two dimensionals arising
in a theory of thermal explosion, Taiw. J. Math, 19 (2015), 1759-1775.

8. E. Ko, M. Ramaswamy, R. Shivaji, Uniqueness of ositive radial solutions for a class of semi-
positone problems on the exterior domain of a ball, J. Math. Anal, Appl, 423 (2015), 399-409.

9. C. Maya, S. Oruganti, and R. Shivaji, Positive solutions for classes of p-Laplacian equations,
Dif. and Int. Eqns., 16(6) (2003), 757-768.

10. N.N. Semenov,Chemical Kinetics and Chain Reactions, Oxford University Press, London,
1935.

11. R. Shivaji,A remark on the existence of three solutions via sub-super solutions, Nonlinear
Analysis and Application, Lecture notes in pure and applied mathematics. 109 (1987),
561-566.

12. Ya.B. Zeldovich, G.I. Barenblatt, V.B. Librovich, G.M. Makhviladze, The Mathematical The-
ory of Combustion and Ezplosions, Consultants Bureau, New York, 1985.



ON A NONLINEAR SYSTEM ARISING IN A THEORY OF THERMAL EXPLOSION 175

S.H. Rasouli,

Department of Mathematics, Faculty of Basic Science,
Babol Noshirvani University of Technology,

Babol, Iran.

E-mail address: s.h.rasouli@nit.ac.ir



	Introduction
	Existence results

