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Invariants of First Order Partial Differential Equations *

Lizandro Sanchez Challapa

ABSTRACT: In this paper we introduce the concepts of multiplicity and index of
first order partial differential equations. In particular, the concept of multiplicity
coincides with the multiplicity of implicit differential equations given by Bruce and
Tari in [2]. We also show that these concepts are invariants by smooth equivalences.
Following the work [10] on implicit differential equations with first integrals, we
introduce a definition of multiplicity for this class of equations.
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1. Introduction

Let F(x1,....,%n,Y,P1,.--,Pn) = 0 be a first order partial differential equation
(first order PDE), where F is a smooth function on R?"*! (here smooth means
C®). A classical solution of this equation is a smooth function f: U C R" — R
such that y = f(z1,...,2,) and p; = g—zfi. If & o (q0) # 0 at go € R2"*! for some
i € {1,...,n}, the first order PDE defines a famlly of classical solutions near ¢
(see [15]) The locus points where F' = g—}i =..= gTF = 0, denoted by X(F),
are called m-singular points. At such points, the notion of first order PDE with a
singular solution was introduced in [12]. It was shown in [13] that the local normal
form of such equation is y = 0, up to contactomorphism. In [11] Tzumiya studied
singularities of the first order PDEs, describing the singularities appearing in an
open dense set in the space of all functions F' with the Whitney C°°-topology. At
a m-singular point the first order PDE generically have no singular solution and
the set X(F') consists of isolated singular points.
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When n = 1, the first order PDE is called implicit differential equation (IDE).
A natural way to study IDEs is to lift the multi-valued direction field determined
by the IDE to a single field on the surface F~1(0). In [6], Davydov classified
(following the work of Dara [5]) generic IDE’s when the discriminant is a regular
curve and showed that the topological normal form of the IDE acquires moduli
when the discriminant is a cusp.

Bruce and Tari introduced in [2] the multiplicity of an IDE, at a singular
point, as the maximum number of singular points of the IDE which emerge when
perturbing the equation F. In [3] the author defined the index of an IDE and
showed that this index is invariant by smooth equivalences.

In this work we introduce the concepts of multiplicity and index of a first
order PDE at an isolated singular point. We shall use results in [7], where the
authors defined the multiplicity and index of a 1-form on an isolated complete
intersection singularity (ICIS). This concept of multiplicity extends the definition
of multiplicity of an IDE given in [2]. The invariance of the multiplicity and index
by smooth equivalences is proven in Section 3. We also define an invariant of first
order PDEs by contactomorphism. Following the work [10] on implicit differential
equations with first integrals, we introduce a definition of multiplicity for this class
of equations (see Section 4). In the last section we give examples to distinguish
normal forms given in [10] and [17].

2. Multiplicity and index of first order PDE

As mentioned in the introduction, a first order partial differential equation is
an equation of the form

F(zla"'aznayvplv"'vpn):07 (21)

where F is a smooth function on R?"*!. Consider the projection 7 : R2?*1 —
R given by 7(21, ..o, Tn, Yy P1y ooy Pn) = (T1, .., Tn, y). The set of critical points
of the restriction of  to F~1(0) is called the criminant of the first order PDE and
is given by the equations F' = F,, = ... = F}, =0, where F),, = g—}i. These points
are called 7-singular points and their locus is denoted by X(F'). The image of X(F)
by the projection 7 is called discriminant of the first order PDE.

Let w = dy — Y_i, pidx; be the canonical contact 1-form on R***!. Since
we will only study local properties, a solution of the first order PDE (2.1) is a
submanifold germ (L, go) C R*"*! such that L ¢ F~*(0), dim(L) = n and wj, =0,
where w, is the restriction of the 1-form w to L. Let (L,qo) be a solution of
the first order PDE, then (L, qg) is said to be classical solution if there exist a
function germ f : (R",x9) — R such that (j!f(R"),j'f(z0)) = (L, qo), where
jf i R® — R?*+1 s the jet extension map. It is not difficult to show that (L, qo)
is a classical solution if and only if go is a regular point of the map |, .

The notion of a singular solution is defined as follows. If the set %(F) is a
solution of the first order PDE, then we call it a singular solution of the first order
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PDE. The zeros of the 1-form Wl correspond to zeros of the vector field

- 0 - 0 - 0
=Y F 9 T (ZPz‘Fpi)a—y > (F, +PiFy)a—p
i=1 ¢ i=1 v

=1

on F~1(0). These zeros are called contact singular points. We shall denote by
¥2(F) the set of critical points of g+ Lhis set is given by the equations F' =

Fpy = ... = F, = det(F,,,) = 0.

Definition 2.1. We say that qo € R*"*! is a singular point or a zero of the first
order PDE (2.1) if qo is a contact singular point or a zero of the 1-form w on

$2(F).

This definition coincides with Definition 2.3 given in [2] when the first order
PDE is an implicit differential equation. Note that, by definition, the singular
points of the first order PDE lie on the criminat of F. We denote by (F,qo)
the germ of the first order PDE (2.1) at an isolated singular point ¢qo. If F' is
a real analytic function we say that (F,qo) is an analytic germ. The concept of
multiplicity of an IDE given in [2] motivates the following definition.

Definition 2.2. Let (F,qo) be an analytic germ of first order PDE. The multi-
plicity M (F,qo) of (F,qo) is the mazimum number of zeros that can appear in a
deformation of the equation F =0 (including complex zeros).

Note that the multiplicity is not defined if the 1-form w vanishes identically
on both ¥2(F) and F~!(0). The general problem of computing the multiplicity
and index of the zero of a 1-form on an isolated complete intersection singularity
(ICIS) has been considered by Ebeling and Gusein-Zade in [8]. They also give an
algebraic formula for computing the multiplicity of a 1-form. We use this algebraic
formula to define the following ideal.

Definition 2.3. Let 0 = >." | a;dz; be a smooth 1-form on R™ and let f =
(fi, . fr) : (R™,0) — R¥ be a smooth map germ, where n > k + 1. We define
I(f~1(0),0) as the ideal generated by fi, ..., fr and the (k+1) x (k + 1)-minors of

the matrix

ofr Of1
Oxq e ox.,
: . : (2.2)
Ofw O
Ox1 e ox,
aq e Qp,

Remark 2.4. The following holds for a function germ X\ : (R™,0) — R with
A(0) #0:
I(f710),0) = I(f71(0),M).

The next lemma characterizes the zeros of the 1-form 6 on f~1(0) that are
regular points of f~1(0).
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Lemma 2.5. Let 0 be a regular value of f. Then, xo € R™ is a zero of the 1-form
0 on f=(0) if and only if g(zo) = 0 for all g € I(f~1(0),0).

Proof: We denote by A the matrix (2.2). Let 29 € R™ be a zero of the 1-form 6 on
f71(0). Then, dim(ker A) > n — k. As dim(ker A)+rank(A) = n, we obtain that
k > rank(A). Then, g(xg) = 0 for all g € I(f~1(0),6). Conversely, if g(zo) = 0
for all g € I(f~1(0),0) then k > rank(A). Then, the vector (ay,...,a,) is a linear
combination of V f1, ..., V fx. Therefore, 2o € R™ is a zero of the 1-form  on f~1(0).

O

It is not difficult to show that if zo € f~1(0) is a singular point of f, then
g(zo) = 0 for all g € I(f~1(0),0). These points are also called the zeros of the
1-form 6 on f~1(0) (see [8]). From Lemma 2.5, we obtain that xy € R™ is a zero of
the 1-form 6 on f~1(0) if and only if g(z¢) = 0 for all g € I(f~1(0),6). We denote
by &, the ring of function germs on R™ at 0. We set I(f~1(0),0) = (g1, ..., ¢;) and
denote by g = (g1, .-, g1)-

Lemma 2.6. Let 0 be an isolated zero of the 1-form 6 on f~1(0). Suppose that
I =n. Then, dimg &, /(I(f~1(0),0) = 1 if and only if 0 is a regular value of g.

Proof: Since dimg &, /(I(f71(0),0) coincides with the multiplicity of the ideal
I(f~1(0),0) at 0, the result follows from Proposition 2.1 in [4]. O

Lemma 2.7. Let (F,0) be a germ of first order PDE. Suppose that I(X%(F),w)
is generated by 2n + 1 elements. Then there exists a smooth family of functions
F, R s R, t € R, with Fy = F such that

dimg €5, /I(2%(F),w) =1 and dimg €%, /(I(F7'(0),w) =1,

for t # 0 sufficiently close to zero, where p; and q; are isolated zeros of the 1-form
w on Y2(F;) and F;'(0), respectively, and EP (resp. €%t ) the ring of function
germs on R™ at py (resp. qi).

Proof: Note that I[(F~'(0),w) = (F,F,,, ..., Fp,, Fo, + p1Fy, ..., Fu, + pnFy) is
generated by 2n + 1 elements. Using Thom’s transversality Theorem, we obtain
a smooth family of mapping F; with Fy = F' such that 0 is a regular value of
(Ft, Fypys ooy Frp, s Frgy +01Fy, oy Fyy ) +pinFyy), for t # 0 sufficiently close to zero.
From Lemma 2.6, we get dimg €%, | /(I(F; '(0),w) = 1. Analogously one proves
the other equality. O

We can state the following consequences from previous results.

Proposition 2.1. Let (F,0) be an analytic germ of first order PDE. Suppose that
the ideal 1(3?(F),w) is generated by 2n + 1 elements. Then:

(a) If det(Fy,p,)(0) # 0, then the multiplicity of the germ of first order PDE
(F,0) is given by M;(F,0) = dimg Eay,41/1(F~1(0),w).
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(b) If 0 is not a contact singular point, then the multiplicity of (F,0) is given by
MQ(F, 0) = dlm]R 82n+1/1(22(F), w).

(c) If 0 is a contact singular point and det(Fy,p,)(0) = 0, then the multiplicity of
(F,0) is the sum of the numbers holding in (a) and (b).

Proof: Lemmas 2.6 and 2.7 remain valid in the complex analytic case. The result
follows by complexifying the algebras €a,41/I1(F~1(0),w) and 2,41 /1(3%(F),w).
O

From Proposition 2.1, the multiplicity of the germ of first order PDE is invariant
by deformations of the complexification of F. It is not true that M;(F,0) and
M5 (F,0) are invariants by real deformations of F. We denote by deg,(f) the
degree of f: (R™,0) — (R™,0) at 0 (see [9] for more details).

Definition 2.8. Let (F,0) be a germ of first order PDE. We define the index of
(F,0) as the integer

indo(F) = dego(FFy, Fyp,, ... Fy,, Fuy + p1Fyy ooy Fa, + pnFy).

Proposition 2.2. Let 0 be a reqular value of F. If F, : R?"*1 —+ R is a smooth
family of functions with Fy = F, then

S

indo(F) =) indy, (Fy),

i=1

for t # 0 sufficiently close to zero, where q; are the contact singular points of the
first order partial differential equation Fy.

Proof: The proof follows from Proposition 2.2 in [4]. O

Let h: (R™ (z0,y0)) — (R (21,41)) be a germ of diffeomorphism. The
germ of diffeomorphism A : (R?"+1 go) — (R*"*1 ¢;) is said to be the canonical
contact lift of h if

W (w)Aw=0 and hom=moh,

where w = dy — Y| p;dz; is the canonical contact 1-form on R27+1 and h* is the
pull-back of h.

Remark 2.9. If h : (R?"+L q9) — (R2™FL qq) is the canonical contact lift of h,
then there exists a function germ X : (R*"* qo) — R such that X\(qo) # 0 and

h*(w) = Mw. Using this equality and how = 7 o h, we get

Ohnt1 <= Ohy;
8—:;; T2 8—:cz-h"+1+j = —PpiA (2.3)
j=1
Ohnt1  ~—=0Oh, -
oy a—yjthrlJrj =A (2.4)

j=1
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Ohs
op; B
where i € {1,...,n}, s € {1,....,n+ 1} and h = (ﬁl,izg, ...7i712n+1>.
Definition 2.10. We say that (F,qo) and (G,q1) are equivalent if there exist a

germ of diffeomorphism h : (R" ™! 7(q0)) — (R™™ . 7(q1)) and a function germ
v (R2F g0) — R, v(qo) # 0 such that F = ~v(G o h).

0, (2.5)

A diffeomorphism H : R?"+! — R27*1 ig gaid to be a contactomorphism (or
contact diffeomorphism ) if H*(w) = Aw for some nowhere zero function X\. Another
equivalence relation of germs of first order PDEs is introduced in [15]. This relation
is defined as follows.

Definition 2.11. We say that (F,qo) and (G,q1) are contact equivalent if there
exists a germ of contactomorphism H : (R**1 ¢o) — (R*"*L q1) and a function
germ 7y : (R g0) — R, ~v(qo) # 0 such that F = ~v(G o H).

It is clear that equivalence of germs of first order PDEs implies contact equiv-
alent. The converse is not true in general.

Theorem 2.12. Let f,g: (R",0) — R* be smooth map germs. Let h : (R™,0) —
(R™,0) be a germ of diffeomorphism and let C : (R™,0) — GL(RF) be a map germ
with C(goh™Y) = f. If 0 is a 1-form on R™, then

h*(I(f71(0),0)) = I(g~"(0), h*(9))-

Proof: We set go h™! = g and write § = > " | a;dz;. Since Cg = f, then the
ideals (f1, ..., fn) and (g1, ..., gn) are equal. Also,

oC ~ oC_ ~ 0g 0g of of
( Bmilg e Bzik'g ) + C( axfl e Bx?k ) = ( axil e Bxik ) (26)

where i1, ...,i; € {1,...,n}. Note that every (k + 1) x (k + 1)-minor of the matrix
(2.2) is of the form

k+1 .
kbldis af af af
S (-1 azsdet( T e )

s=1

where the above matrix is obtained from ( 82{1 ce. of

) by cancelling the

iy yy

s-th column. Using (2.6), we deduce I(f~1(0),0) C I(g~*(0),0). The opposite
inclusion follows by applying the same argument to C~! f = §. Therefore,

I(f71(0),0) = 1(3~"(0), ). (2.7)
We write h*(0) = Y1, bidy;. Using g = g o h, we get
n g 6h]‘ n g é)hj
6‘?}3 . ayag Zj:1(367qjoh)ﬂ e Zj:1(§_zgjoh) i s
! ) = n oh; n oh;
bil bik+1 ijl(ajOh)ﬁ ce ijl(ajoh) ayikj»l
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Since the determinant is linear in each row, we deduce from the above equality that
I(g~1(0),h*(0)) € h*(I(371(0),0)). The opposite inclusion follows from § = goh ™!
and the result follows from Equation (2.7). O

Let f: (R",0) — R* be a map germ. We denote by indo(6),) the index of the
1-form @ on f~1(0) at 0, introduced by Ebeling and Gusein-Zade in [8]. We also
denote by B(r) C R™ the open ball of radius r centered at 0.

Lemma 2.13. Let f,g: (R",0) — R¥ be smooth map germs. Let h: (R, 0) —
(R™,0) be a germ of diffeomorphism with goh™ = f. If 0 is a 1-form on R™, then

ind0(9|f) = indo(h*(H)‘g).

Proof: By Definition 1 in [8] we have that ind0(9|f) =1+ quB(T) indq(é|f),

where 6 is a smooth 1-form on B(r) which coincides with 6 near the boundary

OB(r) and with a radial 1-form 6,,4 on B(s), s < r, and has only isolated singular

points. It is not difficult to show that h*(0,qq) is a radial 1-form on h=1(B(s)) and

indh—l(q)(h*(é)|g) = indq(é“). As h*(0) coincides with h*(#) near the boundary

Oh~Y(B(r)) and with h*(0,44) on h=1(B(s)), the result follows. O
Let A C R™. We denote by x(A) the Euler characteristic of A.

Lemma 2.14. Let f : (R",0) — R* be a smooth map germ and let X : (R™,0) —
R be a function germ with A(0) # 0. If 6 is a 1-form on R™, then

(a) indo(0),,) = indo(0),).
(b) IFA(0) > 0, then indy(A9)|, = indo(6), ).
(c) If \(0) <0, then
indo(A0)|, = (=1)""*(indo(6],) — 1) = x(f1(0) N 9B(r))) + 1.

Proof: The proof follows from Definition 1 in [8]. O

3. Invariance of the index and multiplicity

Let (F,0) and (G, 0) be two equivalent germs of first order PDEs as in Definition
2.10. From Remark 2.9 we get

Ohpio Ohanti 7
F;D1 ’Ypl Ip1 e op1 GP1 oh

: — (Goh) | : + : : : (3.1)
Fpn ,an agZIQ e 6}821;1”+1 Gpn Oh

and the determinant of the Jacobian matrix of  is

J(h) = J(h) det(ahgTjjl“). (3.2)
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Proposition 3.1. Let (F,0) and (G,0) be the germs of first order PDEs. If (F,0)
and (G, 0) are equivalent, then Ma(F,0) = Ms(G,0).

Proof: We denote by N = det(ahgff;“). Using Equations (3.1), we can write

det(Fp,p,) = ko(Goh) + > ko(Gyp,oh) + YN?[det(Gy,p, )ohl, (3.3)

s=1

where ko, k1, ..., k,, are smooth functions on R?"*1. From Equations (3.1) and (3.3),
we obtain the following system of equations

ol 0 0

oh oh ) Goh r
7201 v 6;?2 e 621;11+1 0 Gploh Fpl
: : : 0 : :
B}Aln 2 6};271 1 ; F
Yo Vot o Vgt 0 Gpnoh det(e )
ko ki ... k. AN? det(Gp,p,)oh i,

By Remark 2.9 we have (h~1)*(w) = +w. From Theorem 2.12 and Remark 2.4,

we obtain that (A=1)*(I(X2(F),w)) = I(32(G),w). Since h is a diffeomorphism,
the result follows. O

Proposition 3.2. Let (F,0) and (G,0) be the germs of first order PDEs. If (F,0)
and (G,0) are equivalent, then M;(F,0) = M;1(G,0)

Proof: Note that y(G oh) = F and (h~1)*(w) = fw. By Theorem 2.12 and Re-
mark 2.4 this implies that (A=2)*(I(F~1(0),w)) = I(G~1(0),w) and result follows.

O
Lemma 3.1. Let (F,0) be the germ of first order PDE. Then
indo(w‘F) =degy(FFy,Fp,,.... Fp,, Fo, + 1 Fy, ..., Fy, + pnFy).
Proof: We denote by Fy,+pF, = (Fy,+p1Fy, ..., Fy, +pnFy) and F, = (F,, ..., F},).

Let (FF,—tF,, F,, F, +pF,) be a perturbation of T' = (F'F,, F,, F + pF,). Then,
by Proposition 2.2 in [4],

deg,T = Z sign [F),(gi)]deg,, (F' —t, Fp, Fi. + pF),) — sign [t]|deg, VF.
4 €Ve

It is not difficult to show that indg, (w,, ) = sign [Fy(q;)|deg,, (F —t, Fy,, Fy + pF)),
for all ¢; € V;, where V; = F~1(t) N B(r). From [14] it follows that x(V;) — 1 =
sign [t]degy VF. The result follows by Theorem 3 in [8]. O
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Theorem 3.2. Let (F,0) and (G,0) be the germs of first order PDEs. If (F,0)
and (G, 0) are equivalent, then indg(F) = indg(G).

Proof: Since (F,0) and (G,0) are equivalent, (G o h) = F and (h™)*(w) = 1w,
Using Lemma 2.13, we get indo(w),.) = indo((iw)‘w), where 5 = yoh™!. Note that
the dimension of F~1(0) is 2n. By Lemma 2.14, we have that indg(w|,.) = indg(w|,,)
and the result follows from Lemma 3.1. O

Proposition 3.3. Let (F,0) and (G,0) be the germs of first order PDEs. If (F,0)
and (G,0) are contact equivalent, then

Ml(F, 0) = Ml(G,O) and indQ(F) = indo(G).

Proof: It follows from the hypothesis that there exist a germ of contact diffeomor-
phism H : (R*"*1 0) — (R?"*1,0) and a germ of function 7 : (R?"*1 0) — R,
v(0) # 0 such that v(G o H) = F. Note that (H1)*(w) = Mw for some smooth
function A with A(0) # 0. By Theorem 2.12 and Remark 2.4 this implies that
(H=H*(I(F71(0),w)) = I(G71(0),w). So, My(F,0) = M;(G,0). Following the
same argument in the proof of Theorem 2.12, we obtain the equality of the indices.

O
Theorem 3.3. Let (F,0) be a germ of first order PDE. Then,
lindo (£)] < My (F) + dimg Eopy1/VE.
Proof: The proof follows by using the formula of Eisenbud and Levine [9]. O

4. First order PDEs with first integral

When n = 1, the first order PDE is called implicit differential equation (IDE).
At points where the partial derivative F, # 0, the IDE is locally the image of a
germ of an immersion (R%,0) — (R3,0). Conversely, the image of every germ
of an immersion f : (R?,0) — (R3,0) define an germ of IDE and is denoted by
(Ry,0).

Definition 4.1. Let (Rf,0) be a germ of IDE. We say that (Rys,0) is a dif-
ferential equation germ with first integral if there exists a germ of a submersion
w: (R20) — (R,0) such that du A f*(w) = 0.

We call p a first integral of f and the pair (f,u) : (R?,0) — (R3 x R,0) is
called a germ of IDE with first integral. Note that the solutions of the IDE with
first integrals in the plane are the images under 7 o f of the level sets of pu.
Definition 4.2. Let (g, p) be a pair of a map germ g : (R?,0) — (R%,0) and a
germ of a submersion p : (R? 0) — (R,0). Then the diagram

(R,0) < (R%,0) -4 (R%,0),

or briefly (g, i), is called an integral diagram if there exists a germ of an immersion
f:(R%0) — (R3,0) such that du A f*(w) =0 and g =mo f.
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It is not hard to see that if the critical set of g is nowhere dense, then f is
uniquely determined by (g, u).

Definition 4.3. Let (g,p) and (¢', ') be integral diagrams. Then (g, ) is called
equivalent to (¢, ') if the diagram

(R,0) <— (R2,0) —2> (R2,0)

R
(R,0) < (R2,0) —L~ (R?,0)
commutes for some germs of diffeomorphisms k, ¢ and ¢.
The following proposition reduces the equivalence problem for IDEs, which

admit independent first integral, to that for the corresponding induced integral
diagrams.

Theorem 4.4. ([10], Proposition 2.8) Let (f,u) and (f',p') : (R%0) — (R3 x
R,0) be germs of IDEs with first integral. Assume that the sets of critical points
of mo f and o f are nowhere dense. Then (Ry,0) and (Ry/,0) are equivalent if
and only if (wo f,u) and (wo f' 1) are equivalent as integral diagrams.

Let (g, 1) be an integral diagram. We denote by
m(g, p) = dimz €5/1(J(9)~*(0), dps),

where J(g) is the determinant of the jacobian matrix of g.

Theorem 4.5. Let (g,u) and (¢', ') be integral diagrams. If (g,u) and (¢', 1)
are equivalent then
m(g, ) =m(g",1).

Proof: It follows from the hypothesis that there exist germs of diffeomorphims £,
1 and ¢ such that po g = ¢ o1 and ko u = i/ o). Differentiating this equations,
we obtain

1 dk
W[J(é) ogll(g) =J(g) et and ¢7(du') = (55 o p)dp.
From Theorem 2.12 and Remark 2.4, we obtain that «*(I(J(g')~1(0),du’)) =
I1(J(g)~1(0),dp). Thus, m(g, ) = m(g', p’). O

Let (f,u) : (R%,0) — (R?® x R,0) be a germ of IDE with first integral. We
denote by M (f, 1) = dimg E3/I(J(m o f)~1(0),dp).

Corollary 4.6. Let (f,u) and (f', 1) : (R%,0) — (R3 x R,0) be germs of IDEs
with first integral. If (Ry,0) and (Ry/,0) are equivalent then

M(f, 1) = M(f',p1").

Proof: The proof follows from Theorems 4.4 and 4.5. o
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5. The cases n=1 and n=2

In this section we give examples to distinguish normal forms given in [10] and
[17]. When n=1, we have M;(F,0) = dimg E3/(F, F), F, + pF,) and M(F,0) =
dimp E3/(F, Fp, Fpp). This shows that the multiplicity of (F,0) coincides with the
multiplicity introduced by Bruce and Tari in [2]. A particular class of implicit
differential equations that have been most intensively studied are the IDEs that
define at most two directions in the plane. This class of equations are called binary
differential equations and are of the form

F(xvyap) :p2 - 5($,y) =0. (51)

In this case, M7 (F,0) = dimg €2/(9,d5), Ma2(F,0) = 0, ind(F,0) = degy(ddy,0,).
In [17], Tari studied the singularities of codimension 2 of binary differential equa-
tions. He also obtained the topological normal forms of these singularities. We
calculate in Table 1 the index and multiplicity of this class of equations.

Table 1: Normal forms for codimension 2 singularities.

Normal forms of § | ind(F,0) | M;(F,0)
—y +at -1 3
—y —a? 1 3
xy + 23 3
2+ 93 -1 3
_$2 +y3 3

When n = 2, we have My (F,0) = dimg E5/(F, F,,, Fp,, R,det(B)) and M; (F,0)

=dimg E5/(F, Fp,, Fp,, Fry +p1Fy, Fry +paFy), where R = det(F},,;) and
FII +p1Fy sz+p2Fy 0 0
B = Fplﬂﬂl +p1FP1y FP1®2 +p2F;D1y Fp1;D1 FP1;D2 (5'2)
F:D2951 +p1FP2y FP2®2 +p2Fp2y szpl FP2p2
0 0 R, R,

Generically F~1(0) C R® is a 4-manifold and Tl 10 has only fold, cusp and
swallowtail singularities (see [1]).

Theorem 5.1. Let (F,0) be an analytic germ of first order PDE. If n =2 and 0 is
not a zero of the 1-form w on X(F), then the multiplicity of (F,0) is the mazimum
number of swallowtail points that appear in a generic deformation of T 1o

Proof: By Lemm

a 2.5 we have that 0 is a zero of the 1-form w on X(F) if and
only if F(0) = F,, (0) =

F,,(0) = det(R1)(0) = det(R2)(0) = 0, where

F,, F,, 0 F,, F., 0

Ry = Fplzl Fplﬂﬁz Fplpl and Ry = Fplﬂﬁl FP112 FP1P2

szzl FP2I2 FP2P1 FP2I1 FP212 FP2P2
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Using (5.2) we get M7(F,0) = 0 and M(F,0) = dimg E5/(F, F,, F,, R, C1,Cs),
where C = Ry, Fp,p, — Rp, Fpop, and Co = Ry, Fy ) — Ry, Fppy p, . The result follows
from Theorem 5.1 in [16]. O

In [10] is studied the classification of generic implicit differential equation with
first integral. This problem is reduced to the classification of generic integral di-
agrams. Normal forms of generic integral diagram also are given in [10]. We
calculate the multiplicity this normal forms and present them in Table 2 .

Table 2: Normal forms for integral diagram (g, p).

g 1 m(g, 1)
(u?,v) v — zu’ 0
(u,v?) v— U 0

(W +uv,v) | 3u? + JuPvto 1

(u, v3 + uv) v 0

(u, v3 + uv?) 202 +u 2
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