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x?’—Riesz Space Defined By a Musielak-Orlicz Function
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ABSTRACT: In this paper we introduce the backward operator is V and study the
notion backward operator of V— statistical convergence and backward operator of

V— statistical Cauchy sequence using by almost (Amit,,) convergence in x2—Riesz
space and also some inclusion theorems are discussed.
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1. Introduction

Throughout w, y and A denote the classes of all, gai and analytic scalar
valued single sequences, respectively. We write w? for the set of all complex double
sequences (T, ), where m,n € N, the set of positive integers. Then, w? is a linear
space under the coordinate wise addition and scalar multiplication.

Some initial works on double sequence spaces is found in Tripathy [1] and Mur-
saleen [2] and Mursaleen and Edely [3,4], Subramanian and Misra [5], Pringsheim
[6], Moricz and Rhoades [7], Robison [8], Savas et al. [9], Raj et al. [10], Francesco
Tulone [11] and many others.

Let (z,n) be a double sequence of real or complex numbers. Then the se-
ries ij n—1 Tmn is called a double series. The double series Zﬁ ne1 Tmn give one
space is said to be convergent if and only if the double sequence (gmn)is convergent,
where
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Smn = > 550y Tij(myn =1,2,3,...) .
A double sequence z = (2, )is said to be double analytic if
1
SUPmn | Tmn| ™ < 00.

The vector space of all double analytic sequences are usually denoted by A?. A
sequence & = (Z,y,) is called double entire sequence if

|xmn|m;+" — 0 as m,n — o0.

The vector space of all double entire sequences are usually denoted by I'2. Let the
set of sequences with this property be denoted by A% and I'? is a metric space with
the metric

d(z,y) = Supmn {|zmn — ymn|ﬁ smyn 1,23, } , (1.1)
forallz = {@n } andy = {ymn} in T2 Let ¢ = { finite sequences} .

Consider a double sequence z = (Z,). The (m,n)" section zI™" of the se-

quence is defined by z™" = > iilowijoiy for all m,n € N,

0 0 .0 O

0 0 .0 O
5mn =

0 0 .1 0

0 0 .0 O

with 1 in the (m,n)!" position and zero otherwise.
A double sequence & = (2,,,,,) is called double gai sequence if
((m 4 1)! ) 77— 0,
as m,n — oo. That is, |2,,,,| — 0. The double gai sequences will be denoted by x?.

2. Definitions and Preliminaries

A double sequence & = (X, ) has limit 0 (denoted by P — lima = 0)

(i) ((m—+n) [Zme)™™ = 0 as m,n — o0o. (i.€) |Zmn| — 0. We shall write
more briefly as P — convergent to 0.

An Orlicz function is a function M : [0, 00) — [0, 00) which is continuous, non-
decreasing and convex with M (0) = 0, M (z) > 0, for x > 0 and M (z) — oo as
x — oo. If convexity of Orlicz function M is replaced by M (z+y) < M (x) +
M (y), then this function is called modulus function. An Orlicz function M is
said to satisfy As— condition for all values wu, if there exists K > 0 such that
M (2u) < KM (u) ,u > 0.



THE BACKWARD OPERATOR OF DOUBLE ALMOST (Ampt,,) CONVERGENCE IN x?—RiIEsz 87

Lemma 2.1. Let M be an Orlicz function which satisfies Ao— condition and let
0 < 0 < 1. Then for each t > &, we have M (t) < K6 "M (2) for some constant
K > 0.

A double sequence M = (M) of Orlicz function is called a Musielak-Orlicz
function [see [12]]. A double sequence g = (gmn) defined by

gmn (V) = sup {Jv|u — (M) (w) :u >0}, mn=1,2---

is called the complementary function of a sequence of Musielak-Orlicz M. For a
given sequence of Musielak-Orlicz function M, the Musielak-Orlicz sequence space
tar is defined as follows

1/m+n

tM:{ggew2:1M(|xmn|) —>0asm,n,k—>oo},

where Iy is a convexr modular defined by

) ) 1/ m—+n
T (2) = 2501 X Mo (jma)* ™
Definition 2.2. A double sequence x = (Zy,n) of real numbers is called almost P—
convergent to a limit 0 if

P— limp,qﬁoosupr,szop_lq LD D e (Y |xmn|)1/m+n 0

m=r n=s

that is, the average value of (Xmy) taken over any rectangle
{(mn):r<m<r+p—1,s<n<s+q—1} tends to 0 as both p and q to co,
and this P— convergence is uniform in r and s. Let denote the set of sequences
with this property as [XQ} .

Definition 2.3. Let A = (\,) and p = (u,,) be two non-decreasing sequences of
positive real numbers such that each tending to co and

)\m-i-l < )‘m+1a)‘1 = 1) Hn+1 < /j/n+ 1):“’1 =1

Let I, = [m — Ay, + 1,m] and I, = [n — p,, + 1,n].

For any set K C N x N, the number

5A7# (K) = lzmmynHOO |{(’L?]) : Z S Imv] S I’na (%]) S K}|5

1
Am fr,
is called the (X, 1) — density of the set K provided the limit exists.

Definition 2.4. A double sequence x = (L) of numbers is said to be (A, p) —
statistical convergent to a number & provided that for each € > 0,

limun,n—so0 xm 1(6,) 16 € In, j € I, [wmn — €] > €} = 0,

that is, the set K (¢) = Aml#n {(i,7) 14 € I, j € L, |Tmn —&| > €}| has (A, u) —
density zero. In this case the number & is called the (A, p) — statistical limit of the
sequence T = (Tmyn) and we write Stox ) liMm 0o = &.

Definition 2.5. The double sequence ;0 = {(m;,n¢)} is called double lacunary if
there exist three increasing sequences of integers such that
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mo=0,h; =m; —m;_1 — o0 as i — oo and
no=0,hy =ny —ny_1 — 00 as £ — oo.

Let m; ¢ = ming, hie = hih_g, and 0; ¢ is determine by

Lie={(m,n) :mi—1 <m < mjandng_; <n <ng},q, = —2* L

me 14T m e

Definition 2.6. Let M be an Orlicz function and P = (pmy) be any factorable
double sequence of strictly positive real numbers, we define the following sequence
space:

X?W [AC/\mMn’P} =

(Tmn) : P — limL Z

MmN Am
" (m7n)eIT,s

m—+n Pmn
P

uniformly in r and s.

We shall denote x3, [AC,\mun,P} as x> [ACAm#n] respectively when pg, = 1
for all m and n. If x is in x> [AC,\mun,P} , we shall say that x is almost (Amfi,,)
in x? strongly P—convergent with respect to the Orlicz function M. Also note
if M (x) = 2, ppmn = 1 for all m,n and k then x3, [AC,\ P} =2 [AC,\ P} ,
which are defined as follows:

X2 [AC)\mMn’P} =

1/m+n Pmn
(o) : P — lim 1 Z [M (((m+n)!|xm+r,n+s|) i )] 0\

" m/'[/n (mvn)elns p

m My mMy

uniformly in r and s.
Again note if pmn = 1 for all m and n then X3, [AC’AML”,P} = X% [AC,\mun} .
We define

X?\J [AC/\mMn’P} =

1/m+n Pmn
() : P — lim 1 Z lM<((m+n)!|xm+r,n+s|) i )] 0\

m,ne€l, s
uniformly in r and s.

Definition 2.7. Let M be an Orlicz function and P = (pmy) be any factorable
double sequence of strictly positive real numbers, we define the following sequence

space:
' 1/m+n Pmn
[M<((m+n)-|xm+r,n+5|) >‘| 0}7
m=1n=1 P
uniformly in r and s.

X?M [P] =
If we take M (z) = @, pmn = 1 for all m and n then X3, [P] = x>

S
NE
M=

{(xmn) : P —limyp 00
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—

Definition 2.8. The double number sequence x is S
then

{(xmn) 1 P —limx 1# max |A] = O}, where

A= {(man) el s: [M <((m—|—n)| |,’L‘m+nn+s|)1/m+n>‘|pmn}
8 " ; |

In this case we write

. | ) 1/m+n Pmn
Sp, — lim [M (((m +n) |$m;T’n+‘s|) )] = 0.

— P— conwvergent to 0

m My,

3. The Backward operator of convergence of double almost (\,,u,,) in
x? Riesz space

Let X,Y be a real vector space of dimension w, where n < m. A real valued
function F (dp(x1,...,25),t) = F (||(di(21,0),...,dn(2n,0))|p.t) on X satistying
the following conditions:

(1) F(||(d1(x1,0),...,dn(zn,0))|p, t) = 0 if and and only if

F (di(21,0),...,dn(zy,0),t) are linearly dependent,

(ii) F (J|(di(2z1,0),...,dn(zn,0))|p,t) is invariant under permutation,

(i) F (|(ady(21,0), .. dn(@n, 0))lps 1) = F (o] | (d1(21,0),.. ., dun, 0))llps )
aeR

iv)

F (dp (('Tay)a t) =F (dx(l'l,l'g, o "Tn)pa t) +F (dY(yla Y2, 'yn)p)l/p’t) 5

where (z,y) = ((21,91), (£2,2) - -+ (Tn, yn)), for 1 <p < o0; (or)

v)
F(d(may)at) = SupF({dX(wla‘TQa'"xn)adY(ylayQa"'yn)}at)’

for (X x X x ---x X, F,«) is called the p product metric of the Cartesian product
of n metric spaces.

Definition 3.1. Let L be a real vector space and let < be a partial order on this
space. L is said to be an ordered vector space if it satisfies the following properties

(i) Ifx,y € L and y < x, then y+ z < x + z for each z € L.

(ii) If x,y € L and y < x, then \y < Az for each X\ > 0.

If in addition L is a lattice with respect to the partial ordering, then L is said to be
Riesz space.

A subset S of a Riesz space X is said to be solid if y € S and |x| < |y| implies
x e S

A linear topology T on a Riesz space X is said to be locally solid if T has a base at
zero consisting of solid sets.
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Definition 3.2. Let v27 [ACAW” P,|[(d(21,0),d (22,0) - ,d (zn_1,0))]| } be a

Riesz space of Musielak-Orlicz function. A double sequence (xmy) of points in x>
said to be S (1) — convergent in (X x X X --- x X, F, ) if for each t >0, 0 € (0,1)
and for non zero z € X such that

5 ({mn EN?: F (([M (<<m+n>!|zm+;,n+s|>1/m+n)}pmn ’Z’t) <1_ 9})) =0

that is ,
Tonn) @ P — lim w,z,t) <1— =0, where
(Zmn) : P —1i Y F(wzt)<1-6 0, wh
I Am by (m,n)el s
1/m+n Pmn
" [M <((m+n)!|xm+r,n+s|) fmt )1 _
p

In this case we write

Z F(w,z,t) =1

(m,n)el, s

Definition 3.3. Let v [ACMM P||(d (21,0),d (22,0),--- ,d(z4-1,0))],| be a

Riesz space of Musielak-Orlicz function. A double sequence () of points in x>
is said to be backward operator of V— convergent in (X x X x --- x X, F, %) if for
each t >0, § € (0,1) there exists an positive integer ng such that

F { {M (((m+n)!\mm+pr,n+s\)l/m+")}pmn .2, t} >1- 8.

whenever m,n > ng and for non zero z € X.

Definition 3.4. Let v27 [ACAW” P||(d (21,0),d (22,0),--- ,d(z41,0))],| be a
Riesz space of Musielak-Orlicz function. A double sequence (mmn) of points in x>
said to be backward operator of V— Cauchy in (X x X x -+ x X, F, %) if for each
t >0, B€(0,1) there exists an positive integer ng = ng (€) such that

P { [ (et ) )P L g,

whenever m,n,r,s > ng and for non zero z € X.

Definition 3.5. Let x37 [ACh, ., P. |(d(21,0),d (22,0), -+ ,d (0-1,0))],] be a

Riesz space of Musielak-Orlicz function. A double sequence () of points in x? is
said to be S (1) — convergent in (X x X x -+ x X, F, %) if for eacht >0, § € (0,1)
and for non zero z € X such that

o (e ([ (s 1)
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that is ,
(@mn) + P lim L {32 e, F (w0, 258) < 1= 8) =0, with

m+n Pmn
wy = [M <((m + ) |Zmgrngs — 0|)1/ - >‘| |
P

In this case we write
S (g = (@nn) : P~ lims L= { S mer, . F (wo, 50} ) = 1.
Definition 3.6. Let v27 [ACMM P,|[(d(21,0),d (22,0), - ,d (zn_1,0))]| } be a

Riesz space of Musielak-Orlicz function. A double sequence (T,n) of points in x>
is said to be backward operator of V— Cauchy in (X x X X -+ x, F, %) if for each
t >0, 8€(0,1) there exists an positive integer ng = ng (€) such that

5o ({m’n eEN2: F (([M (((m+n)!\zmn/,)—sz\)l/m+")}pmn ,Z,t) <1-— 6})) -0

or equivalently,

s ({mon e b ([ (Cmemdomamen/ )10 Y Sy 1)) g

4. Main Results
Proposition 4.1. Let 37 [ACx,u,, P, |(d(21,0),d (23,0) -+ d (1,0 ]

a Riesz space of Musielak-Orlicz function. A double sequence (Tyyn) of X2 in
(X X X x - x X F %) if for each t > 0, 8 € (0,1) and for non zero z € X,
then the following statements are equivalent

(o5 ({mn e N2 P (([ar Qo el 0N 4) g ) =0
R (TS i )
(i#1)S (V)¢ = ((@mn) + P =Tims 250 0 F (w20} ) = 1.

Theorem 4.2. Let \3; [ACh, . P, [(d(21,0),d (22,0), -+ ,d (w1,0))],] €

S(r)g and ¢ € R be a almost (Ap,) Riesz space of Musielak-Orlicz function.
A double sequence () in (X x X x -+ x X, F,*) then

(1)S(T)g — ((mmn) :P—c l}nrfll)\ml#n {Z(myn)elm F (wo, z, t)}) =
C S(T)V — ((-Tmn) P — %IEAT:#” {Z(m,n)GIr,s F (’LUO,Z,t)})
(i

$(7)g = ((@mn) : P~ limyL- {zmmg F(wr,21)})
=S(1)g — ((xmn) : P — hm mu {Z(m n)ELs (wo,z,t)}) +
S(m)g — ((zmn) P — hm mu {Z(m n)EL., (wg,z,t)}) , where

m4n Pmn
Wo = [M <((m +n)! |xm+r,n+s - 0|)1/ - >‘| )
p
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1/m+n Pmn
wy = [M <((m + n)! |zm+r,n+s + Ym+rnts — 0|) [ )] )
p

and

m—+n Pmn
o = [M(<<m+n>!|ym+T,n+s—0|>” ’ )] |
p

Proof. The proof of this theorem is straightforward, and thus will be omitted. O

Theorem 4.3. Let x37 |ACh, 0, P, | (d (21,0),d (22,0) -+ ,d (1, 0))ll | be a

almost (Amp,,) Riesz space of Musielak-Orlicz function. A double sequence (zmn)
analytic in (X x X X -+-x X, F,*) then

(o0 [AC 1, PN (24,0),22,0) (s, >>||p} ()v implics
337 [ACh 0, P (A (21,0)d (22,0) -+, d (wn-1,0)),| > S

(b)A?\} [ACAmun P[(d(21,0),d(22,0),- - d(Zn-1, ))Hp ( T)y imply

A7 [ACK, s P (A (21,0),d (w2,0) -+ d (20 1,0))], | —

(¢)8 (T)g MA3F [ACh, .y PN (21,0) d (2,0), (o1, >||,,}

W (T)g NAZ [AChp0,. PoII(d (21,0),d (@2,0), - d (w1, 0)), ] -

Proof. Let € > 0 and 37 [ACh,.p, P [[(d (21,0) ,d (22,0) -+ ,d (21,0, | =

W (1)g for all r,s € N, we have

I o (7 (R | D BT
o, Am oy, P

{Zen et o ) >

{Z(m Ryl F (wo, z;t) > e})‘ -min (eh,eH) )

hm
mn WLHTL

Hence x27 [ACAMTL P,||(d (a1, ),d(xg,O),~~~,d(zn,l,O))Hp} 8 (7)o
Proof (b):Suppose that x27 [AC’,\W” P,|[(d(21,0),d (22,0), - ,d (zn_1, ))H
€ S (1) NA3 [AChu,, P1I(d(21,0),d (22,0), -+ d (w1, 0))]],| - Since

W37 [ACh s PN (@1,0),d (22,0), -+ d(wn-1,0)]],] €

A7 [AC, ., P (a1, >,d<w2,o>,--- d(@n-1,0), ], we write

1/m+n Pmn
{Stmmen,, P ([ (Lrsmtlomenss AT 2 ) < 7 for all 7,5 € N2,

let

Grs = ‘( L {Z(m e F ({M (((m+n>!\zm,+r;,+s—0|)1/m+n)}Pmn ’Z’t) . 6})‘

and

1/m+n Pmn
oo = | (5l { Smamenr,  F ([ (et ) 70 ) < o} ).
Then we have
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(mun Z(m,n)ehs ({ (((m+n)'\wm+rn+s—0|)1/M+n)}Pmn’Z’t)})

{
(5 {Sommpec,, 7 ([ (Lmsmiomsasacon 20y )b

mA) T gy s—0)) /T Pmn
(55 e, ¥ (] e A G0))

max (Th TH) Grs + mazx (eh ) Takmg the limit as ¢ — 0 and r, s — o0, it
follows that x37 [ACA,.p, P, (d (21,0 ,d (22,0) -+ ,d (zn1,0))],,| € W (7)g
(¢) Follows from (a) and (b). O

+
<

Theorem 4.4. If 1im inf,s (A;g) >0, then S (1) C S (7)g

Proof. Let 37 [ACx,.u,, P, (d (21,0) ,d (22,0) -+ . (w1,0)),]| € (7). For
given € > 0, we get

W(h/\er: G{TS 1; in )tille theo(r[em gf 4.3.(b). Thus )} ) 6}) -

’( i {Z<m n)eITSF({M (((m+n>wzm+rn+s—o|>1/m+”)rm ) > 6})’ e

= )‘;“S Taking limit as r,s — oo and using 1im inf, ( ) > 0, we get
XF [ACh, 0, P (A (21,0)d (22,0), -+ d (-1, 0))], ] € 8 0

Theorem 4.5. Let 0 < Upmpn < Umn and (umnv;}l) be double analytic. Then
W(r,v)g Cw(T,u)g

Proof. Let x37 [ACx,.p, P, [[(d (21,0),d (23,0) -+ ,d (w0 1,0)),]| € W (7, 0)g .
Let W (1)g = (ﬁ {Z(m,n)e[mF(UJOaZat)}) for all r,s € N2 and A\,u, =

Umn Uy, for all myn € N2 Then 0 < Appu, < 1 for all m,n € N2. Let b be a
constant such that 0 < b < A, p,, <1 forall m,n € N2,
Define the double sequences (k) and (¢,,,,) as follows:

For W (r)g > 1, let (kyn) = (W (7)g) and Ly, = 0 and for W (7)g < 1, let

Emn = 0 and £, = W (7)g. Then it is clear that for all m,n € N, we have

W(T)g = kmn+lmn and W (1)g dmbn ko m“” +€;\7{?’1“". Now it follows that k{}{%“" <

kmn < W (7)g and fm%“" < )\ . Therefore
M((m-{-n)!‘W(‘r)ém”"‘—O)I/m+n pmn,z,t

/\nLlﬂn Z(m7n)el7‘,s F [ p }

( Xon tt,, {E(mn)elrsF< P

|:M((m+’n)!‘w(7—)gmun ‘70) 1/m+n] -

[M((ern)!|(kmn+€mn)>‘m””|70)1/m+n]pmn,z,t >
A fb, Z(mvn)GIr,sF p +
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(m+n)'|(5mn))‘m“"| 0 1/m+n] Pmn7z7t> }>
g .

m+n)!|(emﬂ)xu 70)1/m+nj| pmnyz7t) > -
P =
e e

1
Py {Z(m,n)GIT,S F P

1
(Amlln {Z(ma”)elns F (
Now for each r, s,

1
(Amun {Zm,n)en,s F

1/m+n’|Pmn AN
N
/\mlﬂn Z(m,n)GIT,S F _
Theorem 4.6
A?\; [ACAm'Hn’P7|‘(d(x1’0)7d(1'2;0)5"' (xn 1, ))H :| (T;AQ)V
where

W (7',/\2)v = sup( v {Z(m n)El, ., F (wyg, z,t) < oo})

Proof. Let = (Xmn) € W (T,A2)v. Then there exists a constant 77 > 0 such
that

—— (mA) T rompa—0)Y/ ™7\ P
I (1 (P E

m+n Pmn
sup Amlun, {Z(m,n)elr,sF ({M (((m+n)!\mm,+rf,)n+s—0|)1/ + )} ,z,t)}) < T\ for
all r;s € N. Therefore we have
T = (Tmn) € A3} [Ackmun P, ||(d(z1,0),d(22,0),- - ,d(xn-1,0)) } Converse-
Iy, let & = (2mn) € A2} [ACMM P,|[(d(21,0),d (x2,0) - ,d (zn_1,0))]| } Then

there exists a constant 15 > 0 such that
_ 1/m+n Pmn
(—)\mlu {Z(m’n)elm F ({M <((m+")”z’"“}f” opr/mt )} ,z,t)}) < Ty for all

m,n and 7, s. So

)

( P {Z(m — F ({M (((m+n)!\ﬂﬂm+rf,)n+s—0|)1/m+" )}pm" > t) })

<
Ty /\mlun Z(m,n)elm 1 < Ty, for all m,n and r,s. Thus = (2,,,) € W (7,1\2)v

Theorem 4.7. \27 [ACAML” P,||(d(21,0),d (22,0, - ,d (zn_1, ))H be a al-

most (Ampt,,) Riesz space of Musielak-Orlicz function. A double sequence () in
(X x X x -+ x X, F,*) is backward operator of V— statistically convergent if and
only if it is backwards operator of V—statistically Cauchy

Proof. Let @ = (xmy) be a backwards operator of V—statistically convergent se-
quence in
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X2 [ACMM” P,[(d(21,0),d(22,0), - ,d (20-1,0))[|,| . Let e > 0 be given.

Choose s > 0 such that
(1—s)x(1—s)>1—c¢ (4.1)

is satisfied. For ¢ > 0 and non-zero
2 €37 [AC 0, P1I(d(21,0),d(22,0) -+ d (w1, 0))l] |

Define
Al(s,t) = (ﬁ {Z(m wer,., F (wo,z, %) <1-— s}) and

A (s,t) = ( pvr {Z(m wet,., F (wo, 2, %) >1— s}) . It follows that dv (A (s,t))
= 0 and consequently dv (A (s,t)) = 1. Let n € A°(s,t). Then

F( M <((m+n)!|xm+r,n+s _Ol)l/m+n>

p
B (e,t) = ( m {Z(m wer,., I (wo, z,t) <1— e}) . It is enough to prove that
B (e, t) C A(s,t). Let a,b € B (e, t), then for non-zero

Pmn
t
,Z,§> < 1—s (42)

2 €37 [AC 0, P1I(d(21,0),d(22,0) -+ d (-1, 0))l] |-

1 ! o ) 1/m+n Pmn
Z Fllv ((m+n) |xa+r,b+s xc+r,d+s|) ot <l-—e
(a,b)€l, s ( )
43

If

—x 1/m+n Pmn
Amlun Z(thb)ejrys F <|:M (((m+n)!‘1a+nb+5p C+T,d+8‘) * ):| ,Z,t) S 1 — €.

then we have

1 ((m"l'n)"za - S_Ol)l/m+n Pmn
wom Staer, ([ (Hmtemgetim ) [y ) < 1

and therefore a,b € A (s, As otherw1se that is if

(e Py (o (2B
A by a,b)el, s (R
then by (4.1),(4.2) and (4.3) we get

1 Pmn
(m + n |33a+7‘ b+s — xc+7‘ d+s|) fmtn >:| > t>
p ) )

1/a+b\ 7Pab
(e )
P 2
) 2ot gie—0 1/ctd\ 7 Ped
M< et )|m+’d+ |) ,z,% >1-s
p

1—€e> M

Am fhr, (a, b)eIT s <

m M (
2
()\ n {(a b)Elrs
mf <

A n (c, d)EITS

>(1—s)+(1—s)
>1 —e,
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which is not possible. Thus B (e,t) C A(s,t). Since dy (A (s,t)) = 0, it follows

that dy (B (e,t)) = 0. This shows that (z,,,) is V—statistically Cauchy.
Conversely, suppose (., ) is backward operator of V—statistically Cauchy not

in V—statistically convergent. Then there exists positive integer 7 and for non-zero

z € X3 [AC’)\ML” P, ||(d(x1,0),d(2z2,0), - ,d(xn-1,0))] ] such that if we take
Alet) = ( — {Z(a e ({M (‘Ia+r,b+s*1;+7‘,d+s‘1/a+b)i|pab ,z,t) <1- e})
and

B (e,t) = (ﬁ {Z(m,n)elr,s F (wo,z, %) >1-— e}) )

then

v (A (e 1)) = 0=0v (B(e1))

consequently

Sy (A (,8)) = 1 = by (B (¢,1)). (4.4)

{Z F ({M (‘$a+hb+s—$c+r,d+s\l/a+b)}pab z t)}) >
(a,b)e P ) =

AN | Totor g s — 1/m+n Pmn
2 ( — {Z(mn)elrsF([M((( s | P 1 P T
i

((m+n)”$m r,n s—Ol)l/m+n Pmn 1—e

(o e, £ ([ (et ) [0 4) ) > 5
then we have

x —z 1/a Pa
5 (ot { Stamen,., 7 ([M (Pmesmzpenan ) P22 ) 51— ef ) =0
that is dv (A°(e,t)) = 0, which contradicts (4.4) as v (A° (¢, t)) = 1. Hence z =
(mn) is V—statistically convergent. O

Since

N+
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