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Ricci Almost Solitons And Gradient Ricci Almost Solitons In
(k, u)-Paracontact Geometry

U. C. De and Krishanu Mandal

ABSTRACT: The purpose of this paper is to study Ricci almost soliton and gradient
Ricci almost soliton in (k, u)-paracontact metric manifolds. We prove the non-
existence of Ricci almost soliton in a (k, u)-paracontact metric manifold M with
k < —1 or £ > —1 and whose potential vector field is the Reeb vector field &.
Further, if the metric g of a (k, u)-paracontact metric manifold M2"+1 with k # —1
is a gradient Ricci almost soliton, then we prove that either the manifold is locally
isometric to a product of a flat (n + 1)-dimensional manifold and an n-dimensional
manifold of negative constant curvature equal to —4, or, M?"t! is an Einstein
manifold. Finally, an illustrative example is given.
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A Ricci soliton is a natural generalization of an Einstein metric [2]. In a pseudo-

Riemannian manifold (M, g) a Ricci soliton is defined by

£vg+2S—2\g =0,

(1.1)

where £y¢ is the Lie derivative of g along a vector field V' (called the potential
vector field), S the Ricci tensor of type (0,2) and A a constant. Naturally, a Ricci
soliton with V' zero or Killing is an Einstein metric. A Ricci soliton on a compact
manifold is a gradient Ricci soliton [18]. For details, we refer to Chow and Knopf
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[10], Bejan and Crasmareanu [1] about Ricci solitons and gradient Ricci solitons.
Ricei solitons and gradient Ricei solitons on several types of (almost) contact metric
manifolds were studied by several authors such as Cho [8,9], De and Matsuyama
[11], Deshmukh [12], Hamilton [14], Turan et al [21], Wang [22], Wang et al [23],
Yildiz et al [24] and many others.

Recently, Calvaruso and Perrone [4] studied Ricci solitons in three-dimensional
paracontact geometry. Also in [5], Calvaruso and Perrone proved that a paracon-
tact metric manifold is H-paracontact if and only if the Reeb vector field is a Ricci
eigenvector.

On the other hand, Pigola et al [19] introduced the notion of Ricci almost
soliton in the study of Riemannian manifolds, defined by the same equation (1.1)
in which A is a smooth function. The Ricci almost soliton is said to be shrinking,
steady or expanding according as A is positive, zero or negative, respectively. If
the complete vector field V' is the gradient of a potential function f, then g is said
to be a gradient Ricci almost soliton and equation (1.1) takes the form

Hessf + S = Ag, (1.2)

where Hessf denotes the Hessian of a smooth function f on M and defined by
Hessf = VVf.

Sharma [20] studied Ricci almost solitons in K-contact geometry. Also Ghosh
[13] studied Ricci almost solitons and gradient Ricci almost solitons in (k, u)-contact
geometry.

Motivated by these circumstances in this paper we study Ricci almost solitons
and gradient Ricci almost solitons in (k, u)-paracontact metric manifolds. The
present paper is organized as follows: Section 2 contains some preliminary results
of (k,u)-paracontact metric manifolds. In Section 3, we prove the non-existence
of Ricci almost soliton in a (k, p)-paracontact metric manifold M with k& < —1
or k > —1 and whose potential vector field is the Reeb vector field £. In the
next section, we study gradient Ricci almost soliton in a (k, p)-paracontact metric
manifold M?"*+! with k # —1 and prove that if the metric g of M2"*! is a gradient
Ricci almost soliton, then either the manifold is locally isometric to a product
of a flat (n + 1)-dimensional manifold and an n-dimensional manifold of negative
constant curvature equal to —4, or, M?"*! is an Einstein manifold. Finally, an
illustrative example is given.

2. Preliminaries on (k, u)-paracontact Metric Manifolds

A (2n+1)-dimensional smooth manifold M is said to be an almost paracontact
manifold if it admits an almost paracontact structure (¢, &, n), where ¢ is a (1,1)-
tensor field, £ a vector field and its dual 1-form 7 and for any vector field X on M
satisfying [15]

(i) 6°X = X — (X)e,

(ii) #(§) =0, nod =0, n(§) =1,

(iil) the tensor field ¢ induces an almost paracomplex structure on each fibre of
D = ker(n), that is, the eigendistributions ng and D of ¢ corresponding to the
eigenvalues 1 and —1, respectively, have same dimension n.
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An almost paracontact structure is said to be normal [25] if and only if the
(1,2)-type torsion tensor Ny = [¢, ¢] — 2dn ® & vanishes identically, where [¢, ¢]
denotes the Nijenhuis tensor of ¢. If an almost paracontact manifold M equipped
with a pseudo-Riemannian metric g of signature (n + 1,n) such that

9(¢X,9Y) = —g(X,Y) +n(X)n(Y), (2.1)

for all X, Y € x(M), where x(M) is the Lie algebra of all smooth vector fields on
the manifold M, then (M, g) is called an almost paracontact metric manifold. An
almost paracontact structure is said to be a paracontact structure if g(X, ¢Y) =
dn(X,Y) with the associated metric g [25]. For any almost paracontact metric man-
ifold (M?"+1 ¢, €, n,g) admits (at least, locally) a ¢-basis [25], that is, a pseudo-
orthonormal basis of vector fields of the form {&, Ey, Ea, ..., En, 0 F1, pFa, ..., 0By},
where &, Fy, Es, ..., E,, are space-like vector fields and then, by (2.1) vector fields
OF1, pFs, ..., 0F, are time-like. In a paracontact metric manifold there exists a
symmetric, trace-free (1, 1)-tensor h = %f ¢¢ satisfying [25]

h+hé =0, he =0, (2.2)

Vx€ = —6X + ¢hX, (2.3)

where V is Levi-Civita connection of the pseudo-Riemannian manifold and for all
X € x(M). Tt is clear that the tensor h satisfies h = 0 if and only if £ is a
Killing vector field and then (¢, £, n, g) is said to be a K-paracontact manifold. An
almost paracontact manifold is said to be para-Sasakian if and only if the following
condition holds [25]

(Vxo)Y = —g(X,Y)§ +n(Y)X, (2.4)

for any X,Y € x(M). A normal paracontact metric manifold is para-Sasakian and
satisfies

R(X,Y)E = —(n(Y)X —n(X)Y), (2.5)

for any X,Y € x(M), but unlike contact metric geometry the relation (2.5) does
not imply that the paracontact manifold is para-Sasakian manifold. Every para-
Sasakian manifold is a K-paracontact manifold, but the converse is not always
true, as it is shown in three dimensional case [3]. Paracontact metric manifolds
have been studied by Cappelletti-Montano et al [6,7], Martin-Molina [16,17] and
many others.

According to Cappelletti-Montano et al [6] we have the following definition.

Definition 2.1. A paracontact metric manifold is said to be (k,u)-paracontact
manifold if the curvature tensor R satisfies

R(X,Y)§ =k(n(Y)X —n(X)Y) + p(n(Y)hX — n(X)RY), (2.6)

for all vector fields X, Y € x(M) and k,u are real constants.
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In a (k, u)-paracontact manifold (M?"+1 ¢, & n,g),n > 1, the following rela-
tions hold [6]:
h? = (k+ 1)¢%, (2.7)

(Vxo)Y = —g(X —hX, Y)E+n(Y)(X —hX), fork#-1, (2.8)

QY = [2(1—=n)+nulY +[2(n—1)+ uhY
+[2(n — 1) + n(2k — p)In(Y)¢, for k # -1, (2.9)
S(X, &) = 2nkn(X), (2.10)
Q€ = 2nk¢, (2.11)
(Vxh)Y = —[(1+k)g(X,¢Y)+ g(X, phY)]¢
+n(Y)ph(hX — X) — un(X)ohY, for k# -1, (2.12)
Qo — ¢Q =2[2(n — 1) + plho, (2.13)

for any vector fields X,Y € x(M), where @ is the Ricci operator defined by
9(QX,Y) = S(X,Y). Making use of (2.3) we have

(Vxn)Y = g(X,¢Y) + g(phX,Y), (2.14)

for all vector fields X,Y € x(M).
First of all we recall some useful results:

Lemma 2.2. ([26], Theorem 3.3) Let M?"*1 ' n > 1, be a paracontact metric
manifold satisfies R(X,Y)¢ = 0, for all X,Y € x(M). Then M?"*! is locally
isometric to a product of a flat (n+1)-dimensional manifold and an n-dimensional
manifold of negative constant curvature equal to —4.

Lemma 2.3. ([6], p.683, 687) Let (M,$,&,1n,9) be a (k, p)-paracontact metric
manifold. Then for any vector fields X,Y € x(M) we have

(Vxoh)Y = g(h*X —hX, V)¢ +n(Y)(h2X — hX)
—un(X)hY, for k> —1 (2.15)
(Vxoh)Y = (1+k)g(X,Y)E —g(hX,Y)E+n(Y)(h*X — hX)
—un(X)hY, for k< —1. (2.16)

3. Ricci Almost Solitons in (k, pu)-paracontact Metric Manifolds

In this section we discuss about Ricci almost solitons in (k, 1)-paracontact man-
ifolds. We prove the following;:

Theorem 3.1. There does not exist Ricci almost soliton in a (k, u)-paracontact
metric manifold M*" ' (n > 1) whose potential vector field is the Reeb vector field
Ewithk < —1ork>-—1.
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Proof: Suppose a (k, p)-paracontact metric manifold admits a Ricci almost soliton
(9,€). Then we have from (1.1)

(£eg) Y, Z)+25(Y,Z) —2Xg(X,Y) = 0. (3.1)
This is equivalent to
9(Vy & 2)+g(VzE,Y)+25(Y,Z) —2Xg(Y, Z) = 0. (3.2)
Using (2.3) in the above equation implies
9(6hY, Z) + S(Y, Z) — Ag(Y, Z) =0, (3.3)

that is,
ohY + QY — \Y = 0. (3.4)

Taking covariant differentiation of (3.4) with respect to an arbitrary vector field
X, we have

(Vxoh)Y + (VxQ)Y — (XA)Y =0. (3.5)

Now we split our discussions into two cases:
Case 1. Let k> —1. Applying (2.9) and (2.15) in (3.5) we have

(1+k)g(X,Y)E = g(hX,Y)E+ (k+ Dn(Y)X — (k+ 1)n(X)n(Y)¢
—n(Y)hX — pn(X)hY +{2(n — 1) + p}(Vxh)Y
+{2(n = 1) + 02k — ) HVxn)(Y)E +n(Y)VxE} — (XA)Y = 0. (3.6)

With the help of (2.3), (2.12) and (2.14) we obtain from the above equation
(1 +k)g(X,Y)E = g(hX, Y)E + (k + 1)n(Y)X — (k + 1)n(X)n(Y)E
—n(Y)hX = pn(X)RY = {2(n = 1) + pH{(k + 1)g(X, 9Y)€ + g(X, phY)¢
—(k+Dn(Y)oX +n(Y)ohX + pn(X)ohY '} +{2(n — 1) + n(2k — )}
{9(X, 8Y)E + g(ohX,Y)E = n(Y)pX +n(Y)phX} — (XN)Y =0.  (3.7)
Contracting X in (3.7) we get

2n+1)(k+1n(Y) =Y. (3.8)

Also putting Y = Z = ¢ in (3.3) yields A = 2nk, which is a constant. Applying
this in (3.8) we have k = —1, which is a contradiction as we consider k > —1.
Case 2. Let k < —1. Making use of (2.9) and (2.16) in (3.5) we have

g((k +1)¢°X,Y)E — g(hX,Y)E + (k+ Dn(Y)$*X
—n(Y)hX — pm(X)hY + {2(n — 1) + p}(Vxh)Y
+{2(n = 1) + n2k — W H(Vxn)(Y)E+n(Y)VxE} — (XA)Y =0. (3.9)
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Using (2.3), (2.12) and (2.14) in the above equation gives
9((k +1)¢° X, Y)E = g(hX, V)¢ + (k + 1n(Y)d* X
—n(Y)hX — pun(X)hY —{2(n = 1) + pH{(k + 1)g(X, 6Y)€ + g(X, 9hY )¢
—(k+Dn(Y)oX +n(Y)ohX + pn(X)ohY} +{2(n — 1) + n(2k — p)}
{9(X, 0Y)¢ + g(ohX,Y)E = n(Y)pX +n(Y)phX} — (XN)Y =0.  (3.10)
Contracting X in (3.10) we have

2n(k+1)n(Y)=YA. (3.11)
Again substituting Y = Z = £ in (3.3) gives A = 2nk, which is a constant. Using
this in (3.11) we obtain k = —1, which is a contradiction as we consider k < —1.
Combining the two cases our theorem follows. O

Next, we prove the following:

Theorem 3.2. If a (k, u)-paracontact metric manifold M** 1 (n > 1) admits a
Ricci almost soliton for k = —1 whose potential vector field is the Reeb vector field
&, then the Ricci almost soliton is expanding with Q& = —2né.

Proof: Replacing Y by £ in (3.4) we get Q¢ = A{. On the other hand from (2.11)
and k = —1 we have Q¢ = —2n&. Thus we obtain A\ = —2n. This shows that the
Ricci almost soliton is expanding. O

Remark 3.3. Since A= constant, the Ricci almost soliton in a (k, u)-paracontact
metric manifold reduces to a Ricci soliton.

4. Gradient Ricci Almost Solitons in (k, u)-paracontact Metric
Manifolds

This section is devoted to study gradient Ricci almost soliton in (k, p1)-paracontact
manifolds. We prove the following:

Theorem 4.1. Let (M,g) be a (2n + 1)-dimensional (n > 1) (k, u)-paracontact
metric manifold with k # —1. If g is a gradient Ricci almost soliton, then either the
manifold is locally isometric to a product of a flat (n+1)-dimensional manifold and
an n-dimensional manifold of negative constant curvature equal to —4, or, M?"+1
is an Finstein manifold.

Proof: Let (M,g) be a (2n + 1)-dimensional (k, u)-paracontact metric manifold
and ¢ a gradient Ricci almost soliton. Then (1.2) reduces to

VyDf = —QY + )Y, (4.1)

for any Y € x(M), where D denotes the gradient operator of ¢g. From (4.1) it
follows that

R(X,Y)Df = (VyQ)X — (VxQ)Y — (YA X + (X)\)Y. (4.2)
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Taking covariant differentiation of (2.9) along arbitrary vector field X and using
(2.14) we have

(VxQ)Y = {2(n—1)+n2k—p)}g(X, ¢Y)E + g(ohX,Y)E
—n(Y)¢X +n(Y)ohX]+{2(n —1) + u}(Vxh)Y.  (4.3)

Applying (2.12) in (4.3) gives

(VxQ)Y — (VyQ)X = {2(n— 1)+ p}[—(k+ 1){29(X, ¢Y )¢ + n(X)oY
—n(Y)opX} + (1 — p){n(X)phY —n(Y)phX}]
+{2(n — 1) + n(2k — p)}[29(X, ¢Y)E + n(X)oY
—n(Y)pX +n(Y)phX — n(X)phY]. (4.4)

Making use of (4.4) we have from (4.2)

RX,Y)Df = {2(n=1) + p}{(k + 1){29(X, Y )& + n(X)oY
—n(Y)¢X} + (u = D{n(X)phY —n(Y)phX}]
—{2(n = 1) +n(2k — )}29(X, 6Y)E + n(X)pY
(V)X +n(Y)phX —n(X)phY] — (YA)X + (XA)Y(4.5)

Taking inner product of (4.5) with & we obtain

g(R(X,Y)Df,§) = 2(p—2k+ pk+nu)g(X,¢Y)
—(Y)n(X) + (X\)n(Y). (4.6)

Substituting X = ¢ in (4.6) yields
9(R(§,Y)Df,§) = (ENn(Y) — (YA). (4.7)
Also from (2.6) it follows that
R Y)X = k{g(X,Y)E = n(X)Y} + pfg(hX,Y)E —n(X)RY}.  (4.8)

Taking inner product of (4.8) with & gives

g(R(EY)Df,&) =kg(Y,Df — (£)€) + ng(hY, D). (4.9)
In view of (4.7) and (4.9) we have
kg(Y,Df — (££)€) + ng(hY. Df) — (ENn(Y) + (YA) =0, (4.10)
from which we obtain
kDf — k(Ef)E + phDf + DX — (EN)E = 0. (4.11)

Contracting X in (4.2) and noticing that the scalar curvature of the manifold is
constant, we have QD f = —2nDA. Applying this in (4.11) gives

kD f + 2nphDf = QDf + 2n(k(Ef) + (EN))E. (4.12)
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Taking inner product of (4.12) with ¢ and since Q& = 2nk¢ it follows that k(£ f) +
(€X) = 0. Using this in the above equation one gets

2nkDf + 2nuhDf = QDJ. (4.13)
Putting X = ¢ in (4.1) we obtain
VeDf = (A —2nk)E. (4.14)

Replacing X by ¢X and Y by ¢Y in (4.6) and (2.6), respectively, then comparing
the right hand sides we have

(b — 2k + pk + np)g(¢X,Y) = 0. (4.15)
Since dn # 0, it follows from the above equation

_ pn+1)
k= (4.16)

Differentiating (4.13) along & implies
2nkNVeDf +2nu(Veh)Df + 2nph(VeDf) = (VeQ)Df + Q(VeDf). (4.17)

Making use of (2.12), (4.3) and (4.14) in (4.17) we obtain

w{p2n —1) = 2(n— 1)}h¢Df = 0. (4.18)
Operating h on (4.18) and since k # —1 one obtains
w{pn2n—1)—=2(n—1)}¢Df =0. (4.19)

Thus we consider the following cases:

Casel. If y = 0, then from (4.16) it follows that k& = 0. Consequently (2.6) gives
R(X,Y)& = 0. Therefore, using Lemma 2.2 we can state M2"*1 is locally isometric
to a product of a flat (n + 1)-dimensional manifold and an n-dimensional manifold
of negative constant curvature equal to —4.

Case2. If ¢Df = 0. Applying ¢ on both sides we obtain

Df = (£f)E. (4.20)

Taking differentiation of (4.20) along any arbitrary vector field X, we have Vx D f =
X(ENHE+ (Ef)(—dX + phX). Replacing X by ¢X and taking inner product with
oY we have

9(Vox Df,¢Y) = (€S ){9(X, 9Y) + g(hX, Y)}. (4.21)

Interchanging X and Y in the above equation yields

9(Vey Df, 0 X) = =(f){9(Y, 0X) + g(hY, 9 X)}. (4.22)
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Applying Poincaré’s lemma: On a contractible manifold, all closed forms are exact.
Therefore d? f(X,Y) = 0, for all X,Y € y(M). From which we have

XY(f) -YX(f) - [X,Y]f =0,

that is,
Xg(gradf,Y) — Yg(gradf, X) — g(gradf, [X,Y]) = 0.

This is equivalent to
Vxg(gradf,Y) — g(gradf, VxY) — Vyg(gradf, X) + g(gradf, Vy X) = 0.
Since Vg = 0, the above equation yields
9(Vxgradf,Y) — g(Vygradf, X) =0,

that is, g(VxDf,Y) = g(VyDf,X). Replacing X by ¢X and Y by ¢Y in the
foregoing equation we obtain g(VgxDf,dY) = g(Vey Df, $X). Applying this in
(4.21) and (4.22) we have (£f)g(X,¢Y) = 0, that is, ({f)dn(X,Y) = 0. Since
dn # 0, it follows that £f = 0. Consequently from (4.20) we obtain Df = 0, this
implies f is constant. Therefore from (4.1) we have

S(X,Y) = Ag(X,Y).

This shows the manifold is an Einstein manifold.
Case3. If u(2n — 1) — 2(n — 1) = 0, that is, p = Z"=2. Using (4.16) we get
k=mn— L. From (2.9) and (4.13) we obtain

(21— )+ np — 20k)(Df — (€£)€) + (2(n — 1) + 1 — mp)hDf = 0. (4.23)

Making use of pu = % and k =n— % in the above equation and noticing n > 1
we have Df = (£f)€. Proceeding in the same way as in Case 2 we obtain the

manifold is an Einstein manifold. This completes the proof of our theorem. O

5. Example of a 5-dimensional (k, u)-paracontact Metric Manifold

In this section we give an example of a 5-dimensional (k, u)-paracontact metric
manifold such that k = —2 and p = 2. In [6], the authors construct an example of
a b-dimensional (k, u)-paracontact metric manifold. With the help of that example
we construct a new example as follows:

Let g be the Lie algebra of a Lie group G admits a basis {e1, 2, €3, e4, 5} such
that [6]

[e1,e5] = €1 + ea, [e2,e5] = €1 + €2, [es,e5] = —e3 + e,
[ea,e5] = €3 — eq, [e1,e2] = €1 + e, [e1,e3] = €2 + €4 — 2e5,
le1,e4] = ez +e3, [ea,e3] = €1 — ey, [e2,e4] = €1 — €3 + 2es,
les, €4]
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We consider the metric such that

9(61, 61) = 9(645 64) = 9(657 65) = 17
gle2,e2) = g(es,e3) = —1 and g(e;,e;) = 0, for i # j.
Setting £ = e5 and denote by 7 its dual 1-form. We define a tensor ¢ by ¢e; =
e3, des = ey, deg = e1, pes = ea, pes = 0. Therefore we have ¢>°X = X — n(X)E
and g(¢X,9Y) = —g(X,Y) + n(X)n(Y). Thus (¢,&,n,g) makes G a paracontact
metric manifold.
Using the well known Koszul’s folmula we have the following:
Ve €5 =e1 —e3,Ve,5 = €2 — €4, Vg5 = —€1 — €3, Ve, 05 = —€2 — €4,
Ve,e1 = —ex —e3,Veea = —€1 — €4, V€3 = —€1 — €4, Ve, €4 = —€3 — €3,

Vee1 =ex —e5, Ve ea =e1,Ve €3 =e4 —e5, Ve, €4 = €3,

v62€1 = —ea2, ve2€2 = —e1 + €5, v62€3 = —eéy4, V62€4 = —e3 +ée5,
Vese1 = —ea +e5,Ve,ea = —e1,Ve,e3 = —ey4 — €5, Ve e4 = —e3,
Ve,e1 = —e2,Ve,e0 = —e1 —e5,Ve,e3 = —€4, Ve, 4 = —€3 + €5, Veses = 0.

Comparing the above relations with (2.3) we get
h€1 = €3, h€2 = €4, h€3 = —€1, h€4 = —€9, h€5 =0.

Using the formula R(X,Y)Z = VxVyZ — VyVxZ — V(x y|Z, we may calculate
the following:

R(e1,e2)er = ex —eq, R(er,ea)ea = e — e3, R(ey, ea)es = ea — ey,
R(e1,e2)es = e1 —e3, R(e1,e3)e; = —4des, R(e1,e3)ea = —2ey,
R(ey,es)es = —4deq, R(e1,e3)eqs = —2ea, R(e1,e4)e1 = ea — ey,
R(e1,eq)es = e1 + e3, R(er,eq)es = eq — ea, R(e1,e4)eq = €1 + €3,

R(e1,e5)er = 2es5, R(e1, e5)es = 2es, R(e1, e5)es = 2es3 — 2eq,
R(ea,e3)er = —ea — ey, R(ea, e3)ea = e3 — e1, R(ea, e3)es = —eq — ey,
R(ea,e3)eq = e1 — e3, R(ea, eq)er = 2es, R(ea, eq4)ea = dey,
R(ea,eq)es = 2e1, R(ea, e4)eq = dea, R(ea, e5)ea = —2es,

R(ea, e5)es = —2e5, R(ea, e5)es = 2e4 — 2ea, R(es, eq)e1 = ea + ey,
R(es,eq)ea = e1 +e3, R(es, eq)es = —ea — ey, R(es, eq)eqs = —eq1 — €3,
R(es, es5)er = 2e5, R(es, e5)es = —2es, R(es, e5)es = —2e1 — 2es,
R(eq, e5)ea = —2e5, R(eq, e5)eq = 2e5, R(eq, e5)es = —2ea — 2e4.

With the help of the expressions of the curvature tensor we conclude that the
manifold is a (k, p)-paracontact metric manifold with ¥ = —2 and p = 2. Also
from the above expressions we obtain the following:

S(elael) - S(€4,€4) = 74; S(62762) = S(e3763) = S(€5,65) =0.

Using the above results it can be easily verified that such a manifold does not
satisfy the Equation (3.1). Thus Theorem 3.1 is verified.
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