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Solutions of Weakened Field Equations in Gödel Space-Time

Aditya Mani Mishra

abstract: We have solved Weakened field equations, collected work of Lovelock
for cylindrically symmetric Gödel type spacetime. A comparative study of these
solutions to solution of Einstein’s field equation have shown. Conformality of Gödel
spacetime has discussed with vanishing and non-vanishing scalar curvature of the
spacetime.
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4 Conclusion 64

1. Introduction

Many theories alternative to Einstein’s theory have been formulated after Ein-
stein and less or strong conditions have been appeared in literature. Lovelock has
collected [1] these equations and called as Weakened Field Equations. These equa-
tions are weaker than the Einstein equations in the sense that spaces which are
interpreted as the gravitational field in vacuum in the orthodox theory form only
a sub-set of such spaces for these field equations. Einstein’s equations for empty
space form a particular subclass of these weakened field equations. The physical
implications of these equations are not well-established. Kilmister and Thomp-
son have shown that weakened field equations are too weak [2,3]. Lovelock has
solved these equations and found a static solution which corresponds to the field of
massless charged particle in rest although this solution has already been used by
Mimura and Takeno (1962) in the theory of the atom based on wave geometry [4].
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. Recently, Weakened Field Equations was studied for developing a generalised
plane gravitational waves [5] and compared with its counterpart in General Rela-
tivity. It opens an opportunity to view gravitational waves in extended form. The
solutions of Weakened Field Equations have been obtained for spherically sym-
metry [6], plane waves in plane symmetric spacetime [7,8] and Peres spacetime
[9,10,11]. Cylindrical wave solutions of Weakened field equation(1.1) have been
studied in [12]. A detailed discussion is given in [13,14].

. Vacuum field equations which have been suggested by Lovelock [1] as alternatives
to the vacuum field equation of Einstein theory of general relativity They are

Jikl ≡ R
j
ikl;j = 0 (1.1)

Ξrs ≡ √−g[(grsgtu − 1

2
grtgsu − 1

2
grugst)R;ut +R(Rsr − 1

4
gsrR)] = 0 (1.2)

H
ij
k ≡ R

ij
;k = 0 (1.3)

Ehk ≡
√
−g[ghjgki(2RjlimRml + gmlRij;lm −R;ij)

− 1

2
ghk(Rl

mRm
l − glmR;lm)]

= 0 (1.4)

Υjk≡(−g)
1/4

[gihRkj;ih − gihRij;kh +
1

6
(R;kj − gjkg

ihR;ih)

−RihCjhik +
R

6
gijCjhik]

= 0 (1.5)

here, gij is fundamental metric tensor, Rij is Ricci curvature tensor which is ob-

tained by contracting Riemannian tensor,Rj
ikl. Cjhik is Weyl conformal tensor.

. All of equation (1.1-1.5) are Weakened Field Equations and abbreviated to WFE.
These equations are weaker than Einstein vacuum field equation in the sense that
they each admit a solution for which Rij = 0.

. Consequently, as equations (1.1-1.5) admit the Schwarzschild metric as a solution
of spherically symmetric case, Gödel type spacetime [15,16] may also be a solu-
tion of these weakened field equations, which when taken together with geodesic
hypothesis, give agreement with the usual experimental tests of general relativity.

. Equation (1.1) was first suggested by Kilmister and Newman [2] and has been
the subject of a detailed investigation by Thompson [3]. He has studied that
equation (1.1) possesses certain unphysical metrics as solutions. Equation (1.2)
was proposed by Eddington but has been studied by Buchdahl [17], Du Plessis
[18] and Pechlaner and Sexl [19] etc. equation (1.2) can be derived by variational
principle. Ξrs shows property Ξrs = Ξsr and Ξrs

;r = 0.
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. Rund [20] arrived a set of third order differential equations (1.3) using a com-
pletely different type of variational principle. He studied this equation in different
aspects but equation (1.3) also works as weakened field equation. Equation (1.3)
actually is a stronger form of equation (1.1). Takeno [4] has investigated it and
admitted that the only spherically symmetric solution of equation (1.3) is also a
solution of equation

Rij = λgij (1.6)

here λ is a constant. Equation (1.4) appeared in Rund’s work [21,22] with
Du Plessis [18]. This equation also has been derived by variational principle but
none of these authors have considered it as a weakened field equation of general
relativity. The relevance of equation (1.4) is based on the fact that whether or not
the solutions of equation (1.4) exist which are not solutions of equation Rij = 0 or
equation (1.6). Equation (1.4) also satisfies Ehk = Ekh and Ehk;h = 0.

. Equation (1.5) was given by Pirani and this equation also has been used in
Schouten [23] with a different thought. However, Υjk shows symmetry and con-
servation property as Υjk = Υkj and Υi

k;j = 0 respectively. In this article, we find
the solutions of weakened field equations(1.1-1.5) in Gödel space-time defined by
equation (2.1).

2. Solutions to Weakened Field Equations

Gödal type spacetime is represented by cylindrically symmetric metric

ds2 = dt2–dr2 − (B2(r) −A2(r))dφ2 − dz2 + 2A(r)dtdφ (2.1)

where A(r) and B(r) are functions of r coordinates. Note that g ≡ |gij | < 0
always. Vacuum solution of Einstein’s field equation for metric (2.1) are A′(r) = 0
and B′′(r) = 0 while for non vanishing density of pressure free matter,

ds2 = dt2 − dr2 +
e2r

2
dφ2 − dz2 + 2erdtdφ (2.2)

Gö del spacetime is a singularity free rotating solution of general relativity with
non expanding universe. Existence of closed time-like curves is a very interesting
property of this universe . The entire content of the Gd̈el universe (on cosmological
scale) is in a state of uniform, rigid rotation. The light rays and free particles exhibit
a kind of boomerang effect. It also allows the possibility of time-travel in a certain
sense.

2.1. Solution to Weakened Field Equation (1.1)

Equation (1.1) is a three rank tensor obtained by contracting the Riemannian
curvature tensor with covariant differentiation. We have the relations Rijkl =

hjaR
a
ikl and Rij = Rl

ijl Furthermore,Rj
ikl satisfies the Bianchi identity

R
j
ikl;i +R

j
ikl;k +R

j
ikl;l = 0 (2.3)
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from which it follows that

R
j
ikl;j = Rim;l −Ril;m (2.4)

Using equation (2.4), we can find the solution of equation (1.1) in less effort. Solving
equation (2.4), we get

A′

B
= Constant = µ (2.5)

and
B′′

B
= Constant = ν2 (2.6)

where the constants µ and ν are related to

µ2 − ν2 = 0 (2.7)

We note that the solution of differential equation (2.5) and (2.6) in case of
µ = ν = 0 is one which satisfies Einstein field equation. It reflects the weakness
property of weakened field equation (1.1).

2.2. Solution to Weakened Field Equation (1.2)

In this sub-section, we solve weakened field equation (1.2). This field equation
is identically satisfied by a zero curvature space-time. It leaves the case when
curvature is non-zero. Since A and B defined in the metric (2.1) are functions of r
only, the component that exists in R;ut, is R;rr and for this value of u and t,

grsgtu − 1

2
grtgsu − 1

2
grugst (2.8)

vanishes. So, weakened field equation (1.2) reduces to Einstein field equation
for the metric (2.1) and does not provide any extra solution.

2.3. Solution to Weakened Field Equation (1.3)

Field equation (1.3) has tensorial rank three that provides solutions:

A′

B
= Constant = µ (2.9)

and
B′′

B
= Constant = ν2 (2.10)

where the constants µ and ν are related to

µ2 − 2ν2 = 0 (2.11)

It again lead to solution of Einstein field equation for µ = ν = 0. Weakened field
equation (1.3) can be taken as analogue to the Maxwell’s field equations F

ij
;j = 0

and, therefore, resembles as electromagnetic field tensor Fij = −Fji when charged
current vector Ji is zero.
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2.4. Solution to Weakened Field Equation (1.4)

After some simplification in equation (1.4), we get

[ghjgki(2RjlimRml+gmlRij;lm)− 1

2
ghkRl

mRm
l ]+(

1

2
ghkgij−ghjgki)R;ij = 0 (2.12)

Since R is scalar curvature depends only upon the distance from source, on
contraction of square bracket quantity in equation (2.12), we get

1

4B4
[3A′4 +A′2(B′2 − 9BB′′) +B2A′A′′′ −B4B′2B′′ +B(A′′2 − 10B′′2 − 4B′B′′′)

+2B2B(iv)] = 0 (2.13)
Here superscripts ′,′′ ,′′′ and iv denote first, second, third and fourth order

derivatives of the variables with respect to r coordinates respectively.

. Thus, Gödel space-time (2.1) will be a solution of weakened field equation (1.4)
under the condition (2.4). In particular for zero curvature,

√
3

2
A′2 = BA′′ −A′B′ (2.14)

2.5. Solution to Weakened Field Equation (1.5)

We multiply equation (1.5) to gjk and summing over j and k;

RjkRjk +
R′′

2
+

R

6
gjkgilCjlik = 0 (2.15)

Substituting the values, equation (2.15) becomes

1

24B6
[(1 +A2 + 21B2)A′4 − 2ABA′3B′ − 2BA′2B(24B′2 −AA′′) + 3(1 +A2)B′′

+27 B2B′′ + 4B2A′(18BB′A′′ + 2AB′B′′ − 3B2A′′′) + 8B2B(6B′2 −AA′′)B′′

+(1+A2)B′′2 − 3B2(A′′2 − 2B′′2 + 2B′B′′′) + 3B3Biv] = 0 (2.16)

This is a highly non-linear equation containing fourth order derivatives. Gödel
metric will be a solution of weakened field equation (1.5) under the condition given
by equation (2.5).

For zero space curvature, equation (2.5) reduces to equation (2.14). It is worth-
less to mention that conformally flat space-time with zero scalar curvature trivially
satisfies weakened field equation (1.5) by virtue of Weyl tensor properties.
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3. Conformal Property of Gödel Type spacetime

The Weyl tensor is defined as

Cjlik = Rjlik − 1

2
(glkRji − gjkRli + gijRlk − gliRjk) +

R

6
(gijglk − gligjk) (3.1)

For zero space curvature

Rjlik =
1

2
(glkRji −Rligjk + gijRlk − gliRjk) (3.2)

which after contraction;

R
j
iml;j =

1

2
(Rim;l −Ril;m) (3.3)

This equation reduces to
R

j
iml;j = 0 (3.4)

or
Rim;l = Ril;m (3.5)

using Bianchi identity. Note that equation (3.4) and equation (3.5) are weak-
ened field equation (1.1). Gödel space-time define by metric (2.1) will be confor-
mally flat if Weyl tensor is zero.

4. Conclusion

We introduced Weakened Field Equations which are a set of five different field
equations in vacuum with respective properties and found solutions for Gödel type
spacetime. Solution-space of these field equations vary for different Weakened Field
Equations but each one contains (or equals to) solutions to Einstein’s field equation
and hence, agree with classical result. In the last section, the conformal property
of spacetime has discussed and it is shown that for zero curvature, Gödel spacetime
is conformally flat.
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