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On Nilpotency Of The Right Singular Ideal Of Semiring

Nabanita Goswami and Helen K. Saikia

ABSTRACT: We introduce the concept of nilpotency of the right singular ideal of
a semiring. We discuss some properties of such nilpotency and singular ideals. We
show that the right singular ideal of a semiring with a.c.c. for right annihilators, is
nilpotent.
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1. Introduction

In 1934, H. S. Vandiver first introduced the notion of semiring [8]. Semiring
has got many applications in diverse areas of mathematics and other branches of
science and thus it has achieved an importance in recent development of theory.
As semiring is still a necessary branch in the study of many different areas of
information sciences and applied mathematics, it is always useful to generalize the
results of ring theory to semiring.

The right singular ideal Z(R) of a ring R is defined as Z (R) = {r € R |rK =0
for some essential right ideal K of R}. In ring and module theory, the concept
of singularity plays an important role while studying various algebraic structures.
It becomes easier to study the various properties of rings if the rings under con-
sideration are either singular or non singular. Also, the notion of singularity is
essential for the study of various properties of Goldie Rings. Likewise, in the study
of structure theory of semirings, ideals play a central role. In [6] and [7], the con-
cepts of essential ideal of semiring and essential subsemimodule of a semimodule
are discussed. Dutta and Das [2] generalized the notion of singular ideal for a
semiring using the concept of essentiality. In this paper, we extend some useful
results related to nilpotency of the singular ideal. Motivation of this work is thus
to extend the concept of Goldie Ring to a more general semiring case. In section 2
we give some basic definitions that are available in [3,4,5]. In the last section, we
discuss some results of right singular ideal of a semiring.
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2. Preliminaries

In this section we give some basic definitions, notations and results which are
needed in the subsequent section.

Definition 2.1. A semiring is a nonempty set S on which operations of addition
and multiplication have been defined such that the following conditions are satisfied:

(i) (S,+) is a commutative monoid with identity element 0;
(ii) (S,-) is a monoid with identity element 1g;
(iii) Multiplication distributes over addition from either side;
(iv) 0s =0 =350 for all s € S.

Definition 2.2. A right ideal I of a semiring S is a nonempty subset of S satisfying
the following conditions:

(i) If a,b € I thena+be I;
(ii)) Ifa €1 and s € S then as € I;
(iii) I+ S.
A left ideal of S is defined in the analogous manner and an ideal of S is a subset

which is both a left ideal and a right ideal of S. The ideals of a semiring are proper,
namely S is not an ideal of itself.

Definition 2.3. An ideal I of a semiring S is said to be an essential ideal of S if
INK #0 for every nonzero ideal K of S. We shall denote an essential ideal I of
a semaring S by I <. S.

Definition 2.4. Let A be a nonempty subset of a semiring S. Right annihilator of
A in S, denoted by r(A), is defined as r(A) = {s € S| as=0 for alla € A}. For
any element a € S, right annihilator of a is defined as r(a) = {s € S | as = 0}.

Definition 2.5. An element a of a semiring S is nilpotent if and only if there
exists a positive integer n satisfying a™ = 0. The smallest such positive integer n
is called the index of nilpotency of a.

Definition 2.6. An ideal I in a semiring S is said to be nilpotent if there exists a
positive integer n (depending on I), such that I"™ = 0.

Definition 2.7. An ideal I in a semiring S is said to be a nil ideal if each of its
elements is nilpotent.

Definition 2.8. The ideal consisting of all nilpotent elements of a semiring S is
called the nilradical of S. It is denoted by Nil(S).

Definition 2.9. A nilpotent element x of a semiring S is said to be a central
nilpotent element if vy = yx Yy € S.



ON NILPOTENCY OF THE RIGHT SINGULAR IDEAL OF SEMIRING 125

Definition 2.10. A semiring S is said to satisfy the ascending chain condition
(a.c.c.) for left (right) ideals if for each sequence of left (right) ideals I, Iz, I3, - - -
of S with Iy C I C Is C --- there exists a positive integer n (depending on the
sequence) such that I, = Iny1 = Ingo = -+ -.

Definition 2.11. The intersection of all prime ideals of a semiring S is called the
lower nil radical of the semiring and it is denoted by Nil,S.

Definition 2.12. An ideal I of a semiring S is semiprime if and only if, for any
ideal K of S, K2 C I only when K C I.

Definition 2.13. A semiring S is semiprime if 0 is a semiprime ideal.

Lemma 2.14. For any two non-empty subsets T1,T> of a semiring S, Ty C Tb
implies r(Ty) 2 r(Tz).

Lemma 2.15. Let S be a semiring and Nil,S be the lower nilradical of S, then
S/ (Nil,S) is semiprime.

Lemma 2.16. Let S be a semiring that satisfies the a.c.c. for right annihilators
of elements. Then any nil one sided ideal A of S is contained in Nil.S.

Proof: We consider a nil right ideal A of S. If possible we suppose A ¢ Nil,.S.
We take a € A\ Nil,.S such that r(a) is maximal. Now we claim that for any
x € 8, ava € Nil,S. It can be assumed that ax # 0. As A is a nil right ideal,
ar € A and thus there exists an integer k > 0 such that (az)® = 0 # (az)k~1.
Now it is very easy to show that z(ax)*~2 € r(aza) but z(az)*~2 ¢ r(a). Thus
r(a) € r(axza). The maximality of r(a) implies that axa € Nil,S. By lemma
2.15. we have S/ (Nil.S) is semiprime. This implies that Nil,.S is a semiprime
ideal and hence a € Nil,S, which is a contradiction. So we can conclude that A
is contained in Nil,S. Next, if A is a nil left ideal, then for any b € A, bS is a nil
right ideal. So, by the above bS C Nil,S. Therefore we also have A C Nil,.S.

a

3. Nilpotency of the Right Singular Ideal

We start this section with an important definition.

Definition 3.1. Let S be a semiring. As defined in [2], the right singular ideal
Z(S) of S is given by Z(S) = {s € S| sK =0 for some essential right ideal K of
S}. In other words, if x € S then x € Z(S) if and only if r(x) is an essential right
ideal of S.Also, S is called right non-singular if Z(S) = 0.

Lemma 3.2. If x is a central nilpotent element in a semiring S, then x € Z(S).

Proof: In order to show x € Z(S) we need to show that r(z) <. S. We consider
any y(# 0) € S. As z is a nilpotent element, there exists a smallest n > 0 such that
2" = 0, which implies that 2"y = 0. Then 2"y € r(x) \ 0, as 2"y # 0. Since x
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is a central nilpotent element, so "y = yz™. Now, if we consider any nonzero left
or right ideal I of S, then clearly I Nr(z) # 0. Thus r(z) <. S.
O

Theorem 3.3. Let S be a semiring with the a.c.c. on right annihilators of ele-
ments, then Z(S) is a nil ideal and Z(S) C Nil..S.

Proof: Let z € Z(S). To show that x is a nilpotent element. We know that r(x) C
r(z?) C r(z3) C ---. So the assumption on S implies that r(z™) = r(z"*!) =
for somen > 1. - -+ (1)

We claim that 2™ = 0. If 2™ # 0, then r(z"™) N 2™S would contain a nonzero
element 2"y(y € S), with 22"y = 0. This implies y € r(2?")

=y € r(2™) (Using (7))

— 2"y = 0, a contradiction.

This shows that Z(S) is a nil ideal.

Using lemma 2.16. we get Z(S) C Nil,.S.

O

The following theorem is a generalization of a result of Mewborn and Winton

.

Theorem 3.4. Let S be a semiring with the a.c.c. for right annihilators, then the
right singular ideal of S is nilpotent.

Proof: Let J = Z(S), where Z(S) is the right singular ideal of S. We have
JD2J?DJ2D - and so r(J) C r(J?) C r(J?) C ---. Therefore by the given
hypothesis there is a positive integer n such that r(J") = r(J?H) -oooons (i1).

We suppose that J"+! = 0; this will give us a contradiction.

Since J" T £ 0, there is an element a of J such that J"a # 0.Let a € J be such
an element with r(a) as large as possible. Let b € J then by the definition of J,
r(b) is an essential right ideal of S. This implies r(b) NaS # 0 as aS is a non-zero
right ideal of S. So we have s € S such that as # 0 and as € r(b).

Since J is an ideal of S, ba € J. Also we have r(a) C r(ba).

But by the above as # 0 and bas = 0. Therefore r(a) C r(ba).

It follows from the choice of a that J"ba = 0.

But b is an arbitrary element of J. Hence J""'a = 0, which implies a € r(J"*1).

Using (i2), we have a € r(J") so that J"a = 0.

But this contradicts our supposition and hence J*+! = 0.

So the right singular ideal of S is nilpotent.

We now provide some consequences of Theorem 3.3 and Theorem 3.4.

Corollary 3.5. Let S be a semiprime semiring that satisfies a.c.c. on right anni-
hilators of elements. Then S is right nonsingular.
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Proof: We know that if S is semiprime, Nil,S = 0. So the result follows from
theorem 3.3. O

The following corollary can be obtained from theorem 3.4 using lemma 3.2.

Corollary 3.6. Let S be a commutative semiring that satisfies a.c.c. on right
annihilators of elements. Then Z(S) = Nil(S).
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