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WLN Versus C!' Local Minimizer For a Singular Functional with
Neumann Boundary Condition

K.Saoudi

ABSTRACT: Let Q C RV, be a bounded domain with smooth boundary. Let
g : Rt — Rt be a continuous function on (0, +00) non-increasing and satisfying

c1 = liminf g(£)t® < limsupg(£)t® = ca,
t—=0+F t—0t

N
for some c1,c2 > 0and 0 < § < 1. Let f(x,s) = h(m,s)ebsN*1 , b > 0 is a constant.
Consider the singular functional I : W5V (Q) — R defined as

of 1
I(U)df*IIUIlwl Ny T /QG(U-’_)dzvf/g;F(z,u"')dx

q+1
,ﬁ” HLqul(aQ)

where F(z,u) = [ f(z,s)ds, G(u) = [ g(s)ds. We show that if ug € C1(Q)
satisfying ug > ndist(z, 9Q), for some 0 < 7, is a local minimum of I in the C*(2)N
Co(Q) topology, then it is also a local minimum in W1~ (Q) topology. This result
is useful to prove the multiplicity of positive solutions to critical growth problems
with co-normal boundary conditions.

Key Words: N-Laplace operator, singular equations, Neumann boundary con-
dition, Variational methods, Local minimizers.
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1. Introduction
N

Let Q C RN, N > 2 be a bounded smooth domain. Let f(z,s) = h(z, s)ebsm,
b> 0 is a constant. Let h: Q x RT — [0,00) be a C'! function satisfying:

N
h1) Nonnegative with h(z,0) = 0. Moreover, f(x,t) = h(x,t)e®" " is nonde-
( g Y ) ) )
creasing in respect to ¢ for ¢ large.
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N N
(h2) Ve >0, litminfh(:v,t)eE't‘N*1 = 00, litminfh(:v,t)eif‘”N*1 = 0 uniformly in
—00 —00
reQ.
(h3) Ve>0, litminfh(z, t)teftm = o0,
— 00

Let g : RT — RT continuous on (0, +00) satisfying
(gl) g is nonincreasing on (0, +00),

(g2) 1 = liminf, o+ g(t)t° < limsup,_ o+ g(t)t° = ¢z for some cj,ca > 0 and
0<d<l.

From (g2), g is singular at the origin and lim;_,o+ g(t) = +00. We Consider the
singular functional I : WH¥(Q) — R defined as

def 1
1) Tulve — [ G@)de~ [ Pt

1 +1
7(]—1-—1”””%“1(69) (1-1)

where F(z,u) = [ f(z,s)ds, G(u) = [ g(s)ds. Our aim in this paper is to show
the following

Theorem 1.1. Suppose that the conditions (h1)-(h2) and (g1)-(g2) are satisfied.
Let ug € C1(Q) satisfying

ug > nd(x,00Q) for somen >0 (1.2)
be a local minimizer of I in C*(Q) N Co(Q) topology; that is,
Je > 0such that u € C1(Q)NCo(Q) , |Ju— uoll o1y < €= I(uo) < I(u).

Then, ug is a local minimum of I in WY (Q) also.

This result is useful to prove multiplicity of positive solutions to critical growth
problems with co-normal boundary conditions. From Lemma A.2 in Appendix A,
we remark that the conditions on ug in the above theorem implies that ug satisfies
in the distributions sense the Euler-Lagrange equation associated to I that is

—Anu+[ul¥N2u =g(u) + f(z,u) w>0 inQ,
(P)

[Vu|N—25u = [ul?"tu  on 9.

It means that ug € WHY(Q) is a weak solution to (P), i.e. satisfies essinfgug >
0 over every compact set K C 2 and

/|VU0|N72VUO~V¢d1‘+/ |u0|N72u0¢dz:/g(uo)¢dx
Q Q Q

+/Qf(z,u0)¢d:c+/£m |ugl?¢ da (1.3)
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for all ¢ € C°(9). As usual, C°(Q2) denotes the space of all C* functions ¢: Q —
R with compact support. We highlight that the condition (1.2) is natural. Indeed
from Lemma A.4 in the Appendix A, any weak solution to (P) satisfies (1.2) for
some 77 > 0. In particular, ug > u where u is the unique weak solution to the ”pure
singular” problem (PS):

—Anu+[uN 20 =g(u) u>0 inQ,
(PS)

|VU|N’2% = [ul?"tu  on 9.

given by Lemma A.3.
For proving Theorem 1.1, we will need uniform L>°-estimates for a family of
solutions to (P.). More precisely, we have the following result:

Theorem 1.2. Let {uc}ec(o,1) be a family of solutions to (P.), where ug satisfies
(1.2) and solves (P). Let 6 > 1 be such that

sup (|1f (@, ue)llLe + uellw.v ) < oo
e€(0,1)

Then,

sup ||uel oo (o) < oo
€€(0,1)

An important ingredient in our proof is the following Trudinger-Moser type
inequality (see [5] and [6]):

N
sup /expo‘NMN*1 dz < oo, (1.4)
[lull1,n<1 /0
1
where ay = Nwy ™', wy = volume of SN-1 Tt follows immediately from

(1.4) that the embedding W1 N(Q) 3 v — expltl” € L'(2) is compact for all

B = (0, %) and is continuous for § = % The fact that this imbedding is not
N
N-1
suitable truncations and dilations of the fundamental solution of —Ax on W1V ().

compact for f = can be shown using a sequence of Moser functions that are

_N
Thus the growth given by the map t — expl!! " represents the critical growth for
functions u € WHV(Q).

Theorem 1.1 was proved first in [1] for the case of critical growth functionals
I: H}(Q) - R, QcC RN, N > 3, and later for critical growth functionals I :
WiP() - R, 1<p<N,QcC RN, N>3in [2] and for critical and singular
functionals in [9]. The sub-critical case of p(x)—Laplacian is studied in [7]. In
contrast, in our approach we use the equations involving only one p-Laplacian.

Using constraints based on LP- norms rather than Sobolev norms as in [2], the
equations for which uniform estimates are required can be simplified to a standard
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type involving only one p-Laplace operator. This approach was followed in [3]
in the subcitical case, in [4] in the critical case, adopted [8,10,11,12,13,14] and
also adopted in this work to deal with the singular case and co-normal boundary
conditions.

2. Proof of Theorem 1.1

We adapt the arguments in [8]. Assume that the conclusion of Theorem 1.1 is

_N
not true. Let & : R — R be defined as k(s) = sPT1e®" ™" for p > 1 and for some
constant ¢ > b. We define the following constraint for each € > 0 :

def def a def
8¢ = {ue WHN(Q) : p(u) = [[k(w)llzi(e) + [lullf3 (092) < e}, o= maX{P,(q}-)
2.1
We consider the following constraint minimization problem:
I. = inf I(u).
7 s, ()

N

Firstly, we have that I. > —oo. Indeed, since F(z,s) = O(s¥-1) as s — 0 (by
(h1)) and from (1.4), we get for some constant C, K

1
N

1
>l =g ([ sonT ) ([ a
N Q Q

1 N
Ll - KOS

1
> 5 llull™ = KCl[ul™, (2.2)

1 N
[ul|Y */ F(z,u)dz > —||u||Y fK/ T P(HOuTT
Q N o

1
7

Q

>

where ¢, ¢’ are conjugate. Therefore, from (2.2) and since WV (Q) «— L1=9(Q),
and the trace imbedding W1V (Q) — LN (0Q) we get the result. Moreover, we
note that 8. is a convex set. Using Trudinger-Moser and trace embeddings we see
that 8. is also a closed set in W (Q) which implies that 8. is weakly closed in
WLN(Q), the facts that, I is weakly lows semicontinuous in WHV(Q), it follows
that for e € (0,1) I. is achieved on some u, € S, that is

I(ue) = I, and I(ue) < I(ug) Vee(0,1). (2.3)

Moreover, since I(ul) < I(u.) and ul € 8., we may assume that u. > 0.
We now consider the following two cases:

1. Let p(u.) < e.
Then u, is also a local minimizer of I in W% (). We now show that I admits
a Gateaux-derivatives on u. to derive that u. satisfies the Euler-Lagrange
equation associated with I. For this, according to Lemma A.2, in Appendix
A, we need to prove that 3 7 > 0 such that u. > 7 dist(z, Q) or equivalently

31 >0 such that ue > npy; (2.4)
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[p, is the eigenfunction corresponding to the principal eigenvalue of the
problem

—Ayu4+uNt =0, u>0 inQ,

|Vu|N72% =N~ on 90

To prove (2.4), we argue by contradiction: ¥ n > 0 let Q, = Supp{(ny, —
ue)t} and suppose that €2, has a non zero measure.

Let uy, = (n¢; —ue)™ and for 0 < ¢ <1 set &(t) = I(ue + tuy). Then, there
exists ¢(t) satisfying c(t) > nt such that inf = +f"" > ¢(t) for t > 0. Then,
from Lemma A.3 ¢ is differentiable for 0 < ¢ < 1 and &'(¢) = (I’ (ue+tuy,), u,).
Thus,

’t):/ |V(u6+tun)|N_2V(uE+tun)Vun+/ e + by [N
Q Q

—/ 9(ue + tuy)uy /fxue—i—tun)
Q
- /Q |ue + t“n|q71(“e + tuy)uy

From (h1) and (g2), we see that

€(1) = / V1| V2V (mpy) Vi + / PERLEI

/ g(ney)u /f T, P )u /Insollq Yy )uy < 0.

for n > 0 small enough.

Now, since g(s) + f(z,s) is non increasing for 0 < s small enough uniformly
to z € Q (by (hl1), (g1)-(g2)) and from the monotonicity of the operator
—Anu + |u|N~tu, we have that for 0 < 7 small enough 0 < &'(1) — ¢'(2).
Therefore, from Taylor’s expansion and since p(u.) < ¢, there exists 0 < § < 1
such that

0 < I(ue +uy) = I(u) = (I'(ue + Ouy)u) =€'0). (25)

Letting t = 6 we have £'(0) < &'(1) < 0. We obtain a contradiction with
(2.5) and then u. > np; for some 1 > 0 (which depends a priori on €). Since
u is a local minimizer of I, and I is Gateaux differentiable in u., we get
I'(u.) is defined and I'(u¢) = 0. Recalling that u is the solution to (PS)
given by Lemma A.4 and from the weak comparison principle, we have that
Ny, < u < ue for some n > 0 (independent of €). Since u. € S, and from
the fact that u. satisfies (P), we get that {uc}e>o is uniformly bounded in
WEN(Q). Now, using Theorem 1.2 and Theorem B.1 in [13], we get

[uel .oy < € for some a € (0,1) (2.6)
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and as e = 07T B
ue — up in C1(Q)

which contradicts the fact that ug is a local minimizer in C*(Q) N Cp(Q).
Now, we deal with the second case:

2. plue) =€

We again show that ue > n¢; in Q for some 1 > 0. Taking u, = (np —u)t, £(t) =
I(ue + tu,), we obtain as above that &'(t) < &'(1) <0for 0 <t <1land0<n
small enough.
Then £(t) = I(ue + tuy) is decreasing. This implies that I(u.) > I(u. + tu,) for
t > 0 and using (1.2)

plue + tuy) < p(ue) = €.

This yields a contradiction with the fact that u. is a global minimizer of I on S..
In this case, using Lemma A.3 and from the Lagrange multiplier rule we have

I'(ue) = pp' (ue), for some p, € R. (2.7)

We first show that p, < 0. We argue by contradiction. Suppose that p, > 0,
then there exists ¢ € WHN(Q) such that

(I'(ue), ) < 0and (p'(ue), ) <0

and then for ¢ small we have

(2.8)

I(ue + tp) < I(ue),
plue +tp) < plue) < e.

This contradicts the fact that wu, is a global minimizer of I in S..
We deal now with two following cases:

case (i): i{lf )Me 7 > — 0. In this case, we write (2.7) in its P.D.E form as
ec(0,1

(with K(s) = p'(s)).

*ANU’E‘FU?{_l :g(u€)+f(zau€)+M€K(u€)a u€>0 in Qv
(Pe)

Vue|N=22= = w2y + pfuc|*ue on 09Q.

it is easy from the weak comparison principle to show that ny; < wu. with some
1 > 0, independent of € > . (Note that for  small enough and for all I < p, <0,
we have that ny, is a strict subsolution to (P.).)

In this case, we show that (up to a subsequence) u. — ug in WHN(Q). To see
this, we define a new functional J. : WLV (Q) — R by

Jo(u) = I(u) — pop(u), weWhN(Q), e € (0,1). (2.9)
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Then, we see that using (2.7), Jl(us) = 0, € € (0,1). Since {J(uc)}ee(o,1) is a
bounded sequence (thanks to (2.2) and (2.3)) in R, we may choose a subsequence
such that J.(u.) — 7 as € — 0. Now, using (h2) and Moser-Trudinger embedding,
we get that

/QF(:C,ue)d:C—>/QF(x,u0)dx. (2.10)

Indeed, for ¢* and g conjugate for some C1, Cy > 0 independent of u € W1V (),

N

/ F(2,ue) — Flo,uo)| do < / T (e ue) — Bz, uo)|de
Q Q
N

N N
+/ |eb“€N71 —ebuo | (z, ue)d
Q
1

<o(1) + (/Q q) (/Q C’ebE“SNqudx)%. (2.11)

The last quantity in (2.11) is bounded from the Moser-Trudinger inequality (1.4)
and e small enough whereas
bu. bug

v
N—-1
Q u<A
N N
bq*uN71 bq*uN71
+K e < dx+ e o dz
uc>A ue>A

=I+11 (2.12)

N N

N-1
bu. bug

€ — €

N N

€ — €

I in (2.12) goes to 0 when ¢ — 0 by dominated convergence. I can be estimated
as

N

- . = . T
II < Ke bA™ T / @+ gy 4 K v g (2.13)
Ue>A Ue>A

N

From (2.11), (2.12), (2.13) and taking ¢* such that (¢* + 1)ry " < 1 and letting
A — 00, (2.10) follows.

On the other hand, using the uniform estimate n¢; < ue < k¢;, we have

/Qg(ug)dx—>/ﬂg(uo)dx when e - 0, (2.14)

Then, since u. — ug in WY (Q), by Fatou?s Lemma I(ug) < 7. Since 7 =
Hn%Je(ug) < I(up) (from (2.3)), we obtain that 7 = I(ug). From (2.10)-(2.14),
e—

and the fact that [y, luc|9T" — [o, [uo|?™! we obtain that ||uc|[w1x ) — 0 as
claimed before.
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Hence, using the Trudinger-Moser type inequality in (1.4) we can apply Theo-
rem 1.2 to conclude that sup ¢ g 1 ||[vel|p~ (@) < C. Using Lemma A.6 in [13], we
deduce that v < k¢, for some k > 0 independent of e. From the uniform estimate
Ny < ve < kéy, we can apply Theorem B.1 in [13] and get |ve[grag) < C for
some constant C' > 0 independent of e. Then we conclude as above.

Let us consider the case (ii): i(nf ),u€ = —o0. From above, we can assume that
ec(0,1

e < —1 for 0 < € small enough. As above, we have that v. > ny, for n > 0 small
enough and independent of e. Furthermore, since k is odd, we can find a num-
ber M > 0 independent of € > 0 and x € Q, such that (g(s) + f(x,s) + p.)s and
(15|97 s+ p.|s|*~Ls)s are negative for all |s| > M. Then, from the weak comparison
principle we have that v < M for ¢ > 0 small enough. From Lemma A.2, since
up € WHN(Q) satisfies (1.2) and is a O local minimizer, ug is a weak solution to
(P), i.e. satisfies essinfxug > 0 over every compact set K C £ and

/Q|Vu0|N72Vu0V¢d:c + /Q|u0|N72¢)dx—/Qg(uo)(bd:c—/gf(:c,uo)gbdz
—/ [uo |7 ugp da.
Q

for all ¢ € C2°(Q). From Lemma A.3, for every function w € WM (Q), ug satisfies

/|VU0|N72VUOV’LU(1£C + /|u0|N72wdx—/g(u0)wdx— flx,up)wdx
Q Q Q

Q
— / [uo |7 uow de.
Q

/|Vu€|N72Vu€de:E + /|u€|N72wdx—/g(u€)wdx— f(zyuo)wde
Q Q Q Q
.

- / lue| T ucw d
Q

Now, substracting the above relations with w = (u. — ug)|uc — ug|*~1, with 8 > 1,
as a test function in (P:), integrate by parts and use the fact that u — —Ayu +
|u|N~1u is a monotone operator to obtain,

Similarly,

- {/Q E(ue — uo)|ue — uol® ™ (ue — ug) da + /6Q lue — uo|**F da
< / (9(ue) — g(uo)) (e — uo)|ue — uol*dx
Q
4 / (F(rue) — (s u0)) (ute — o) e — upl?da
Q

+/ (Jue| "™ e = fuo| 9™ ug) (ue — uo)ue — uol” ' da.
00
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Using the bounds of u., ug we get

— I {/ E(ue — uo)|ue — uol®~H(ue — ug) dz —|—/
Q

[o19)
§C{/ |u6—u0|’6dz+/ |u6u0|de]
Q o0

where C' does not depend on 3 and e. Now, using the inequality k(s)s > c[s[PT! Vs €
R, o > p and the Holder inequality we obtain

—lig [/ lue — uo|PTP da —|—/ |ue — uo|PH? d:z:]
Q ro)
B

p+B
< c(9) [/ e — uolPPda +/ e — u0|P+ﬂdx] .
Q (o9}

lue — ug|*H? d:z:]

Therefore, for any 5 > 1

= e [l = woll3 gy + ltte = 0] sy oy | < CULD. (2.15)

Passing to the limit in (2.15) f — 400 we get

pe | llve = w0l e ) + I1ve = wollf oy | < C- (2.16)

Thus, using (2.16), the uniform L bounds for {u.}.c(o,1) in Q2 as well as 9Q and
the fact that k(s)|s|~? is function bounded below in R, we get that the right-hand
side terms in (P;) are uniformly bounded in L>°(Q2) and in L>°(9Q) from which as in
the first case, we obtain that u., (0 < € < 1) is bounded in C1*(€2) independently
of € and we conclude as above. O

3. Uniform estimates

Consider the problems

—Anu: + U?{il = g(ue) + f(w,ue) + pk(us), ue>0 inQ,
(Pe)

|vu€|N72% = ug*H’f& + ‘u8|u€|o‘71u5 on 9€.

where v is the unit normal on 0f). In this section, we obtain the uniform L°°-
estimates for a family of solutions to (P.). More precisely, we prove Theorem 1.2.

Proof: For k > 0 we consider the test function

def
Ti(s) = (s + k)X (—o0,—k) T (8 = E)X[k,00) (3.1)

and define the two following set

Qe ={z € U \|ue| >k}, 0% ={x € 00 \ Ju| > k}.
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Using T (uc) as test function in (P.), and the fact that u, <0 we get

/ (|VUG|N72VU€) V(T (uc)) +/ (|“6|N72“6) T (ue)
Q

Q

< [ sttt + [ FwTbud + [ ™ uTiw).

The term on the right-hand side of (3.2) may be estimated using the Holder in-
equality

(3.2)

[ otwind + [ e Titud + [ v utitund
([ ([ mwar o=+

[ G0 [T+
+(/m(|“€|q ’) %(/ | Tk (ue)[") 7 [0 =77
o[ il + | imn?

IN

IN

(3.3)

where, n = Z&L and r = 0n, here, |C| denotes the Lebesgue measure of the

measurable set C. Now, using Sobolev and trace imbeddings we can estimate from
below the term on the left-hand side of (3.2) as follows:

/|Vu€|N72Vu€V(Tk(uE))+/ lue| N "2 u Ty (ue)

>C/|VTku€ NN + /|Tku€
>C’/|Tk u)|” +/ T (ue) )" (3.4)
Substituting (3.3) and (3.4) in (3.2), we get
[ o+ [ ol < s + oau)) ¥
Q o0

Notice that for 0 < k < h, Q(h) C Q(k) since Ty (s) = (|s|—k)(1=x[_px(s)) Vs € R
and then

|Qh|<h—k>’“=/m<h—k>rg/ﬂhw—k)’“g/ (=17 = [ [l (3.9)

In the same way we have

|09 |(h — k)" < /6(2 |Th: (we)|" (3.7)

(3.5)
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Substituting (3.6) and (3.7) in (3.5), we obtain

N

B(h) < C(h—k)"(@®(K)VT  0<k<h (3.8)

where ®(k) % || + (09 k > 0.

Now we have the following

Claim: Assume ® : [0, +00) — [0,4+00) is a non-increasing function such that if
h >k > ko

N

B(h) < Clh—k) (k) T  0<k<h

Then ®(d + ko) = 0 where d %

2N CF O (ko) 7
By the Claim we get that ®(d) = |Qq| + |0Q4| = 0 namely

sup ||uel||pe < d.
€€(0,1)

To finish we need to prove the Claim.

Proof of the claim: Given d as above, define the sequence {k,} by ko = 0 and

kn =kn_1+ 2% forn=1,2,..... By recurrence we have that
®(ko)
Then
0<®(d+ ko) < lim ®(k,) =0.
n—oo
This gives the proof of the Claim and the proof of Theorem 1.2. O

4. appendix

We start with an important technical tool which enables us to estimate the
singularity in the Géateaux derivative of the energy functional I: WHN(Q) — R
defined in (1.1).

Lemma 4.1. Let 0 < § < 1. Then there exists a constant Cs > 0 such that the
inequality

1 -5
/ la+ sb| % ds < Cj < max |a -+ sb|) (4.1)
0 0<s<1
holds true for all a,b € RN with |a| + |b| > 0.

An elementary proof of this lemma can be found in Taka¢ [15, Lemma A.1,
p. 233].

We continue by showing the Gateaux-differentiability of the energy functional
I at a point u € Wol’N(Q) satisfying u > ep; in Q with a constant € > 0.
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Lemma 4.2. Let the assumptions (h1)-(h2) and (gl)-(g2) be satisfied. Assume
that u,v € WHN(Q) and u satisfies u > ey in Q with a constant € > 0. Then we
have

t—0 t

1
fi (10 +10) — 1) = [ [Vu¥>Vuvode — [ ¥ ods
Q O

— w)vde — z,u)vdxr — | tyv de 4.2
[ stwods = [ sawpde— [ (4.2)

o0

Proof: We show the result only for the singular term [, g(u)vdx; the other two
terms are treated in a standard way. So let

H(u) = /QG(u(:c)Jr)d:c for u € WHY(Q).

For ¢ € R\ {0} we define

(0= e ={ 5§D
Consequently,
1 1
;(H(u—i—tv) — H(u)) :/Q (/0 z(u—i—stv)ds) vdzx. (4.3)

Notice that for almost every x €  we have u(xz) > 0 and
1
/ z(u(z) + stv(z))ds — z(u(z)) = g(u(z)) ast—0.
0

Moreover, the integral on the left-hand side (with nonnegative integrand) is domi-
nated by

/ z(u(z) + stv(x)) ds < C’/ lu(z) + sto(x)|~° ds
0 0

< Cy ( max [u(z) + stv(m)|) -

0<s<

< Csu(x) ™" < Cs (61 () ™" = Coe 01 () ™°

with constants C, Cs . > 0 independent of x € 2. Here, we have used the estimate
(4.1) from Lemma 4.1 above. Finally, we have vp;® € L'(Q), by v € WHN () and
Hardy’s inequality. That’s

(/01 z(u(z) + stv(z))ds) v < Cs.epy(x) 00 < 00

Hence, we are allowed to invoke the Lebesgue dominated convergence theorem in
(4.3) from which the lemma follows by letting ¢t — 0. a
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Corollary 4.3. Let the assumptions (h1)-(h2) and (gl)-(g2) be satisfied. Then
the energy functional 1: WHN(Q) — R is Gateauz-differentiable at every point
u € WHN(Q) that satisfies u > ep; in Q with a constant € > 0. Its Gateauz
derivative I'(u) at u is given by

(I'(u) /|VU|N QVUV’UCLT—/ |u| N 1vdx—/g(u)vdx
Q
f(x,u)vdac—/ |u|9™  uw dae (4.4)

Q o0

forve WHN(Q).

_ We continue by proving the C!-differentiability of the cut off energy functional
I defined below:

Lemma 4.4. Let the assumptions (h1)-(h2) and (g1)-(g2) be satisfied, and w €
WEN(Q) such that w > ep, with some € > 0.
Define gy : 2 — R by

H:OxR =R by

and hy : 90 x R — R by

Let GA fo t)dt, F (z,s) fo x,t)dt and ( s) = fo‘s fz(z,t)dt. Consider
the functwnal I: VV1 N(Q) = R defined by

N/ (IVul™Y + |ulN) /G dw—/ F(z,u)dr — Hy(z,u)dx. (4.5)
o0
We have that I belongs to C*(WN(Q),R).
Proof:

As in Lemma 4.2, we concentrate on the singular term, the others being stan-
dard. Let
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= [, 9(t)dt, and S(u) = [, G(u)dz. Proceeding as in Lemma 4.2, we obtain
that for all u 6 W1 N (Q), S(u) has a Gateaux derivative S’(u) given by

(8" (), v) = / o((max{u(z), w(z)}o(z) dz.
Let up € WHN(Q), u, — up. Then

(5" (ur) — 5" (uo),v)| =

/Q (g(maxc{ug (z), w(z)})o(z)
~ g(max{u(z), w(z)})o(z)) da]
QC/ lv|dx

< 206_6/@1_6|v|dx
Q

IN

for all v € WHN(Q). Again, as in Lemma 4.2, we use Hardy’s inequality to deduce
that gofav € LY(9Q), so that by Lesbegue’s dominated convergence theorem we
conclude that the Gateaux derivative of S is continuous which implies that S €
CHWLN(Q),R). |

We give now the existence of a subsolution to (P):

Lemma 4.5. Assume assumptions (g1)?(g2). Then problem (PS) possesses a
weak solution in WHN(Q) in the sense of distributions. This solution, denoted by
u, s the unique global minimizer to the energy functional E given by

et 1
E = (/ |Vu|Nda f/ |u|Nd:c) — / Gut)dr — —— Ju| 7t da
Q Q Q q+1 Jo

Vu € WHN(Q). In addition, u is the unique solution to (PS) in def

such that u > nyp, for some n > 0}.

{ue WhN(Q)

Proof: First, by Holder’s inequality and Sobolev embedding and trace embedding
WEN(Q) < L1(09Q) we get for some Cy > 0,

1
/a [0l < Collul 9 gy < Callu]?*. (4.6)

Thus, from (4.6) and owing to the Poincaré inequality, assumption (g2) and 0 <
1-8 <1< N < oo, the functional E is coercive.
Now, we prove that Eis weakly lower semicontinuous. To do this it is sufficient to
show that for u; — u weakly in W1V (Q) we have

/ g(uj)de — / u) dz when j — +o0. (4.7)
Q
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and
/ Juj |7ty doe — / |u|9"'u dz when j — 4-o00. (4.8)
a0 o

(4.7) follows from the definition of weak convergence and using assumption (g2).
Finally, (4.8) follows from the trace embedding. It follows that E possesses a global
minimizer & € WY (Q). We have 4 # 0 owing to E(0) = 0 > E(egp,) for € > 0
small enough.

Second, the polar decomposition u = ut — u~ of any function u € W1V ()
gives Vu = Vut — Vu~. Thus, if @ is a global minimizer for E, then so is its
absolute value ||, by E(|@|) < E(a) holds if and only if @~ = 0 a.e. in £, that is,
if and only if « > 0 a.e. in €. Thus, any global minimizer u for E, must satisfy
@ >0 a.e. in Q. Equivalently, 2 € WHV(Q), where

WV (Q) et {ue WHN(Q) 1 u > 0 ae. in Q}
stands for the positive cone in WV ((Q).

From the fact —Anwu — |u|¥~!u is a monotone operator in the cone e {ue
WLEN(Q) such that u > 1y, for some 7 > 0} and the weak comparison principle,
we conclude that £ has a unique global minimizer denoted by u in WV (Q) with
the property essinf g u > 0 for any compact set K C €. u is then the unique weak
solution to (PS) in  and satisfies (1.2). O
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