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System of Nonlinear Volterra Integro-Differential Equations of
Arbitrary Order
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ABSTRACT: In this paper, a new approximate method for solving the system of
nonlinear Volterra integro-differential equations of arbitrary (integer and fractional)
order is introduced. For this purpose, the generalized fractional order of the Cheby-
shev orthogonal functions (GFCFs) based on the classical Chebyshev polynomials
of the first kind has been introduced that can be used to obtain the solution of the
integro-differential equations (IDEs). Also, we construct the fractional derivative
operational matrix of order « in the Caputo’s definition for GFCFs. This method
reduces a system of IDEs by collocation method into a system of algebraic equa-
tions. Some examples to illustrate the simplicity and the effectiveness of the propose
method have been presented.
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1. Introduction

Many problems of theoretical physics, epidemic models, Hydrodynamic models
and many disciplines lead to nonlinear Volterra IDEs [1,2,3], thus application of
numerical methods for solving these equations are attractive. There are some
methods to solve system of nonlinear Volterra IDEs, such as, Chebyshev wavelets
[4], block-pulse functions [5], Sumudu decomposition method [6], Taylor series
method [7], radial basis function networks [8], Differential transforms [9], He’s
Homotopy perturbation method [10], and operational Tau method [11].

The main goal of this paper is to present a numerical method (GFCF collocation
method) for approximating the solution of a system of nonlinear Volterra IDEs of
arbitrary (integer and fractional) order as follows:

M Mo et
> By (b)) + 3 [ Kty (b ™ @) do = 10, (1)
j=1 Jj=1

with the boundary conditions:

k
( )(to) = ngv k=0,1,...,s — 1, s.t. [122}31{)\”’7“}] =s, seN, (1.2)

fori,j =1,2,...,M, and

Fy; (t Yir ey ””) Zpl H((” )wr, (1.3)

Dis (L y ™) = qu H( I0) o (1.4)

where t € [0,n], n > 0, [] is the smallest integer greater than or equal to x,
n1, N2, Yijirs Aijir € N {0}, and fi(t), pu(t), a(t) € LQ([Oa ), Kij(t’x) €
L?([0,n)?) are known functions, M € N, and y;(t), j = 1,..., M are the unknown
functions.

In this study, by substituting the GFCFs with the unknown coefficient that
satisfies in the boundary conditions, we convert the nonlinear Volterra IDEs sys-
tem of arbitrary order into nonlinear algebraic system. Because of the fractional
derivatives can be in the IDE, we use the fractional derivative operational matrix of
GFCFs to convert nonlinear Volterra IDEs system into nonlinear algebraic system.
By solving such system, the approximate solution of exact solution is obtained.

The organization of the paper is expressed as follows: in section 2, some basic
definitions and theorems are expressed. In section 3, the GFCFs and their prop-
erties are obtained. In section 4, the operational matrix of fractional derivative to
GFCFs is obtained. In Section 5, application of the method is explained. Illustra-
tive examples of the proposed method are shown in section 6. Finally, a conclusion
is provided.

2. Basical definitions

In this section, some basic definitions and theorems which are useful for our
method have been introduced [12,13].
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Definition 1. For any real function f(t), ¢ > 0, if there exists a real number p > p,
such that f(t) = t?f1(t), where fi(t) € C(0,00), is said to be in space C,,, u € R,
and it is in the space )} if and only if f* € Cy, n € N.

Definition 2. The fractional derivative of f(¢) in the Caputo sense by the Riemann-
Liouville fractional integral operator of order o > 0 is defined as [14]

DOF(t) = %/O (t — )™= LD™ f(5)ds, a > 0,

'im—-a
form—-—1<a<m, meN,t>0and fecC".
Some properties of the operator D® are as follows. For f € Cpu,np> -1, a, >0,
v>-1, No=4{0,1,2,...} and constant C:
(i) D*C =0,
(ii) D*DPf(t) = D**P f (1),
0~ e Nyand v < «,

(iii) DOt = (2.1)
%ﬂ*a, Otherwise.
(iv) DO‘(Z cifi(t)) = ZciDafi(t), where ¢; € R. (2.2)
i=1 i=1

Definition 3. Suppose that f(¢), g(t) € C(0,n] and w(t) is a weight function,
then we define

ToIe / " Py,
) 9w = / " f(t)a(tyw(tydr,

Theorem 1. (Generalized Taylor’s formula) Suppose that f(t) € C[0,n] and
Dk f(t) € C[0,n], where k = 0,1,...,m, 0 < a < 1, and > 0. Then we have

m—1 tioz i e e
ft) = ; mD F07) + mD f(6), (2.3)
with 0 < & <t, Vt € [0,n]. And thus for M, > |D™ f(£)]:
m—1 tia i tma
|f(t) — 2 ml) FO0)] < Mam- (2.4)

Proof: See Ref. [15].
In case of a = 1, the generalized Taylor’s formula (2.3) reduces to the classical
Taylor’s formula.

Theorem 2. Suppose that {P;(t)} be a sequence of orthogonal polynomials, w(t)
is weight function for {P;(¢)}, and ¢(t) is a polynomial of degree at most n — 1,
then for p,(t) € {P;(t)} we have: (p,(t),q(t))w = 0.

Proof: See the section 2.3 in Ref. [16].
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3. Generalized Fractional order of the Chebyshev Functions

In this section, the generalized fractional order of the Chebyshev functions of
the first kind have been defined, and then some properties and convergence of them
for our method have been introduced.

3.1. The Chebyshev functions

The Chebyshev polynomials have been used in numerical analysis, frequently,
including polynomial approximation, Gauss-quadrature integration, integral and
differential equations and spectral methods. Some of Chebyshev polynomials prop-
erties are: orthogonality, recursive, real zeros, complete for the space of polynomi-
als, etc. For these reasons, many researchers have employed these polynomials in
their research [17,18,19,20,21,22,23].

The number of researchers by using some transformations extended Chebyshev
polynomials to semi-infinite or infinite domain for example by using x = i +£ ,L>0
the rational Chebyshev functions are introduced [24,25,26,27,28,29,30].

In this study, by transformation x = 1 — 2(%)0‘; a,n > 0 on the Chebyshev
polynomials of the first kind, the generalized fractional order of the Chebyshev
orthogonal functions (GFCF) in interval [0, n] have been introduced, that we can
use them to solve nonlinear Volterra IDEs.

3.2. The GFCF's definition

The efficient methods have been used by many researchers to solve the differ-
ential equations (DE) is based on series expansion of the form Y, ¢;t*, such as
Adomian’s decomposition method [31] and Homotopy perturbation method [32].
But the exact solution of many DEs can’t be estimated by polynomials basis, for a
simple example: the ODE of 4yy” = 3t, y(0) = 3/(0) = 0, that the exact solution
is y(t) = t%, therefore we have defined a new basis for Spectral methods to solve

them as follows: .
t)=> ct™.
i=0

Now by transformation z = 1 — 2(%)0‘; a, n > 0 on classical Chebyshev poly-
nomials of the first kind, we defined the GFCF's in interval [0, 7], that be denoted
by W FT(6) = Tu(l - 2(4)).

The , FT}(t) can be obtained using recursive relation as follows (n = 1,2,---):

PFPTE0 =1,y FTE() =1-2(0)"
FTEA0) = 2= 4(5)%) (FTE0) = (FT (1),

The analytical form of , FT,¥(t) of degree na is given by

S FTO(t Zﬁn kot € (0,1, (3.1)
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where
L 2%k (n +k—1)!

Brkma = (-1) W and By g p o = 1.
Note that ,FT2(0) = 1 and ,FT.}(n) = (—1)".
The GFCFs are orthogonal with respect to the weight function w(t) = %
in the interval [0, n]:
K T
/O DFTE(E) fF TS (0w(t)dt = Jcodn. (3.2)

where §,,, is Kronecker delta, ¢g = 2, and ¢, = 1 for n > 1. The Eq. (3.2) is
provable using the properties of orthogonality in the Chebyshev polynomials.
Figs. 1 show the graphs of GFCFs for various values of n and a and n = 5.
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(a) Graph of the GFCFs with ae = 0.25 and (b) Graph of the GFCFs with n = 5 and

various values of n various values of «

Figure 1: Graphs of the GFCF's for various values of n and a.

3.3. Approximation of functions

Any function y(t), t € [0,7], can be expanded as the follows [16]:

y(t) =Y an o FT3 (1),
n=0

where the coefficients a,, are obtained by inner product:

W(t), o FT(0)w = (Y an o FT (), oF T3 (1)) w,
n=0

and using the property of orthogonality in the GFCF's:

200 [ o
an = 22 [ FTE @yt n =012,
TCn Jo

In practice, we have to use first m-terms GFCFs and approximate y(t):

y(t) ~ ym(t) = z_: an o FTE(t) = AT®(1), (3.3)
n=0
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with

A = [ao,al,...,am,l]T, (34)
O(t) = [LFIGE), gFTL (), nFT5 1 (D) (3.5)

3.4. Convergence of method

The following theorem shows that by increasing m, the approximation solution
fm(t) is convergent to f(t) exponentially.
Theorem 3. Suppose that D*® f(t) € C[0,7] for k = 0,1,...,m, and ,F2 is the
subspace generated by {,FT§(t),y FTY(t),.ccon FTS 1 (8)}. If fr, = AT® (in Eq.
(3.3)) is the best approximation to f(¢) from , F%, then the error bound is presented
as follows
nmaMa T
Tima+ 1)V am!’

£ @) = fm(®) lo=

where M, > |[D™f(t)|, t € [0,7].
tia

Proof. By theorem 1, y(t) = 37! mD“‘f(O*) and

tmoz

|f(t) —y(t)] < Mam-

Since AT®(t) is the best approximation to f(¢) from ,F2, and y € ,F2, one has

I F() = fm®) 12 < L) —w(@) 1%,
M2 n t%Jerafl
< a dt
P(ma+1)2 J, Vn®—1t
Mé 7727710471.

T(ma + 1)2 a22mm!’

Now by taking the square roots, the theorem can be proved. *
Theorem 4. The generalized fractional order of the Chebyshev function , FT;¥(t),
has precisely n real zeros on interval (0,7) in the form

1
1 — cos (2k—1)m «
tk=n<M L k=1,2,...n.

2

a
Moreover, ;

points:

FT2(t) has precisely n—1 real zeros on interval (0,7) in the following

, 1—cos(kx)\ ®
th=n|—F—""] k=121

Proof. The Chebyshev polynomial 7;,(x) has n real zeros [33,34]:

2k —1)m

k=1,2,...n.
m )a P y TV

x = cos(
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Therefore T, (x) can be written as
To(x) = (& —x1)(x — 22)...(x — zp).

Using transformation x = 1 — 2(%)0‘ yields to

JFTO (1) = (1 - 2(%)“) — (1 - 2(%)“) ) (1 - 2(%)&) ),

s0, the real zeros of , FT)3(t) are t = =

2
Also, we know that, the real zeros of 4T, (t) occurs in the following points [34]:

k
Ty = cos(—ﬂ-), k=1,2,...,n—1.
n

11—/
)

Q=

Same as in the previous, the absolute extremes of , F'T)3(t) are t}, = n( .k

4. The fractional derivative operational matrix of GFCF's

In the next theorem, the operational matrix of the Caputo fractional derivative
of order a > 0 for GFCF's is generalized, which can be expressed by:

De®(t) = D@ d(t). (4.1)

Theorem 5. Let ®(t) be GFCFs vector in Eq. (3.5), and D(® is an m x m
operational matrix of the Caputo fractional derivatives of order o > 0, then:

2 i j D(ak+1)D(s+k—L)pFrea—D .
Ve 2 k=1 2s=0 Bikm,alsma T(ak—atDl(stk) s >

D) —

i,J
0 otherwise

fori,j=0,1,....m—1.
Proof. Using Eq. (4.1)

Doo - Do,; - Dom—1 0% De®
Dio -+ Dij -+ Dim- D, = De®; |,
Dp1o -+ Dm—1j -+ Dm_im—1 Dy De®,, 4

and orthogonally property of GFCFs, the Egs.(2.1) and (3.1), for i,5 =0,1,...,m—
1:

pl — 2@ / ! DO ETE (1) () FTE (8)w(t)dt.
0

v e
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Since D*FT§(t) = 0, therefore Dy a) fn DYFTg (t)FTy (t)w(t)dt = 0.
And if ¢ < j then deg(DO‘( FTO‘( ))) < deg(,FT§(t)), therefore by theorem 2,

Diaj) =0 for any i < j. Now for i > j we have:

ak—a _J g71
(a) _ 2c (ak + 1)t gt
Dj; m]/zﬂzm—aﬂ > et e
n ta(kJrst)fl

2c F(ak + 1)
- = E E . ) dt.
e ﬂz,k,nyaﬂj,sm,a F(ak —a+ 1) /0 /7na —

k=1 s=0

Now, by integration of above equation, the theorem can be proved.x

Remark: The fractional derivative operational matrix of GFCFs is an lower-
triangular matrix and for v = 1 is same as shifted Chebyshev polynomials [35].

5. Application of the GFCF collocation method

In this section, we apply the GFCF's collocation method to solve the system of
nonlinear Volterra IDEs of arbitrary order.

For satisfying the boundary conditions the Eq. (1.2), we satisfy the boundary
conditions as follows, for j =1,2,..., M:

s—1
Uim (8) =Dyl 7+ yjm (1), (5.1)
k=0

where ., (t) is defined in Eq. (3.3).

To apply the collocation method, we construct the residual functions by sub-
stituting y;m, (t) in Eq. (5.1) for y;(¢) in the system of nonlinear Volterra IDEs of
arbitrary order the Eq. (1.1), for ¢ = 1,2, ..., M:

Res;( ZFU (t Tims ooos Yy i) )

+ Z/O Kij(t,2)®;; (t,yjAm,...,yjAmW))dz—fi(t) (5.2)
=1

M,m—1

The equations for obtaining the coefficient {a;n};21", =

to zero on m collocation points:

o arise from equalizing Res;(t)

Resi(tp) =0, k=0,1,...,m— 1. (5.3)

In this study, the roots of the GFCF's in the interval [0, 7] (Theorem 4) are used as
collocation points. By solving the obtained set of 2m x 2m equations, we have the
approximating functions y;,(t), j =1,2,..., M.
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Note that if we have a fractional derivative in system, we can not use the Eq.
(5.1) for the unknown function, instead, we use Eqgs. (3.3) and (4.1), and then the
boundary conditions will applied.

And also consider that all of the computations have been done by Maple 2015
on a laptop with CPU Core i7, Windows 8.1 64bit, and 8GB of RAM.

6. Illustrative examples

In this section, by using the present method we solve some well-known examples
to show efficiently and applicability GFCFs method based on Spectral method.
These examples have been studied by other researchers. We apply the present
method to solve the system of nonlinear Volterra IDEs of arbitrary order, and
their outputs are compared with the corresponding analytical solution.

6.1. Nonlinear system of Volterra IDEs of integer order

We applied the present method to solve some system of Volterra IDEs of integer
order.

Example 1. Consider nonlinear system of Volterra IDEs with boundary con-
ditions u(0) = 0, «/(0) = 1, «”(0) = 0, v(0) =1, v/(0) = 0 and v"(0) = —1, as
follows [4]

u”(t) +u'(t) + fot(u”2(z) + 0" (x))dz =t
(6.1)
" (t) — fot(u”(z)v(z))dz = sin(t) + 3 sin®(¢)

The exact solutions of this problem are u(t) = sin(¢) and v(t) = cos(t).
By applying the technique described in last section, we satisfy the boundary con-
ditions as follows:

Uim(t) = t+1° yin(t),
_ t2
y2m(t) = 1- 9 + 3 y2m(t)-

We construct the residual functions as follows:

t
Res1(t) = §im”" (t) + Jrm' (t) + / (G (@) + Fam ™ (x))dz — t
0

Resa(t) = g (t) — /0 (T (2)F2m (x))dz — sin(t) — %sinQ(t)

Therefore, to obtain the coeffcient {a]—n}?ﬂfnlzo; Res;(t), i = 1,2 is equalized to
zero at m collocation point. By solving this set of nonlinear algebraic equations,
we can find the approximating function ¥, (¢).

Figure 2 shows the logarithmic graph of the absolute and the residual errors of

the approximate solutions and the analytic solutions for m = 20, and « = 0.50.
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Figure 2: Log graphs of the absolute and the residual errors for example 1.

Example 2. Counsider the following linear system of Fredholm IDEs with
boundary conditions u(0) =1, «/(0) =0, v(0) = —1 and v/(0) = 2, as follows [4]

' (t) +0'(t) + fol 2tx(u(z) — 3v(z))de = 3% + 5t + 8
(6.2)

o (t) +u'(t) + fol (6t + 322)(u(z) — 2v(x))dx = 21t + 7

The exact solutions of this problem are u(t) = 3t + 1 and v(t) = 3 + 2t — 1.
We satisfy the boundary conditions:

Yim (t) L+t yim(t),
Yom (1) —1 42t + 12 yo (1),

and construct the residual functions as follows:

1
_ _ _ _ 3
Resi(t) = ylm”(t) + mel(t) + / 2tz (yim (x) — 3yam(x))dx — 32 — Et -8
0

1

_ _ _ _ 4

Ress(t) = ygm"(t) + ylm/(t) + / (6t + 3x2)(y1m($) — 2y (z))dx — 21t — R
0

Figure 3 shows the logarithmic graph of the absolute and the residual errors of
the approximate solutions and the analytic solutions for m = 15, and « = 0.50.
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Example 3. Consider the nonlinear Volterra IDEs problem with boundary
conditions «(0) = 0 and v(0) = 1, as follows [5]

u'(t) + %’U/Q(t) — fg((t —z)v(x) +v(z)u(z))de =1
V' (t) — fot((t — z)u(z) — v?(x) + u?(z))dr = 2t

The exact solutions of this problem are u(t) = sinh(¢) and v(t) = cosh().
We satisfy the boundary conditions:

Jim(t) =t yim(t),
Pom(t) = 1+t yam(),

and construct the residual functions as follows:

Resy(t) = gm' (1) + %372?@'2(15) - /O ((t = 2)F2m () + Y2m (2)y1m (7)) dz — 1

t

Ress(t) = Jam (t) — /0 ((t = 2)gim(2) = Gom (x) + Jrm " (x))dz — 2t

Figure 4 shows the logarithmic graph of the absolute and the residual errors of
the approximate solutions and the analytic solutions for m = 15, and o = 0.25.
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Figure 4: Log graphs of the absolute and the residual errors for example 3.

Example 4. Consider the nonlinear Volterra IDEs problem with boundary
conditions 4(0) = 1, «/(0) =2, v(0) = —1 and v'(0) = 0, as follows [5]

() + 202 (1) = § [y (P () + 0P (@)de =1 - &
(6.4)
v (t) + tu(t) — %fot(uQ(x) —v2(z))dz = —1 + 2

The exact solutions of this problem are u(t) =t + e and v(t) =t — €.
We satisfy the boundary conditions:

Tim(t) = 1426+t yi(t),
Pom(t) = =1+t yon(t),

and construct the residual functions as follows:

. 1 A . 3
Resi(t) = yim (1) + §y2m/2(t) -3 / (y1m2($) + y2m2($))d$ -1+ 3
0

. . 1t _
Resy(t) = iam” () + thim (1) — / (Gim” () = G (2))da + 1 — 1>
0

Figure 5 shows the logarithmic graph of the absolute and the residual errors of
the approximate solutions and the analytic solutions for m = 20, and o = 0.50.
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Figure 5: Log graphs of the absolute and the residual errors for example 4.

Example 5. Consider the nonlinear Volterra IDEs problem with boundary
conditions u(0) = 1, «/(0) =1, v(0) = 1 and ¢'(0) = 2, as follows [6]

u'(t) — fot e~ (u?(z) + v3(z))dx = %et — et — %6475

v (t) — fg et_c”(u2(x) - U2(x))dx _ 2,04 302 i1 1t

The exact solutions of this problem are u(t) = e’ and v(t) = 2.

We satisfy the boundary conditions:

Tim(t) = 14+t+t% yin(t),
Tom(t) = 142t +t% yo(t),

and construct the residual functions as follows:

t
Resq(t) = ylm”(t) — / et z(ylmQ(x) + y2m2($))d$ - (get — et — §e4t)
0

. ! . . 2 1
Resy(t) = Gom’ (t) — / e (Gim (@) — Yo (x))da — (get + 3¢t + §e4t)
0

Figure 6 shows the logarithmic graph of the absolute and the residual errors of
the approximate solutions and the analytic solutions for m = 17, and « = 0.50.
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Figure 6: Log graphs of the absolute and the residual errors for example 5.

Example 6. Consider the nonlinear Volterra IDEs problem with boundary
conditions u(0) = «”(0) =0, «/(0) =1, v(0) = 1, v'(0) = 0 and v”(0) = —1, as
follows [7]

" (t) +u'(t) + fot e (" (z) + 0" (x))dx = el(e! — 1)
" (t) — fot u"(z)v(z)dz = sin(t) (1 + 3 sin(t))

The exact solutions of this problem are u(t) = sin(¢) and v(t) = cos(t).
We satisfy the boundary conditions:

Tim(t) = t+£2 yin(t),
. 12
y2m(t) = 1- E + t3 y2m(t)a

and construct the residual functions as follows:

t
Res1(t) = g (t) + J1m (1) + / ¢ (g (@) + Jam (@) da — e (e — 1)
0

Res(t) = gan" () — /0 e () (2)de — sin(t) (1 + %sin(t))

Figure 7 shows the logarithmic graph of the absolute and the residual errors of
the approximate solutions and the analytic solutions for m = 20, and « = 0.50.
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Figure 7: Log graphs of the absolute and the residual errors for example 6.

Example 7. Consider the nonlinear Volterra IDEs problem with boundary
conditions u(0) =0, «/(0) =1, v(0) = 0 and v'(0) = 0, as follows [7]

u’(t) + %U’ fo ((t — 2)v(z) + u(z)v(z)) dz = f1(t)
u” (t) fo ( (t —x)u )—v2(x)+u2(x)) dr = fo(t)

(6.7)

where
fi(t) = 16 — 3265 + 514 + 34° — 12 — 2
fot) = 247 — 310 + 5t — 54 + 12 4 6t — 2

The exact solutions of this problem are u(t) =t —t*> and v(t) = > — 2.
We satisfy the boundary conditions:

Pim(t) = t+1 yim(t),

—

Yom(t) = t* Yom (),

and construct the residual functions as follows:

Resi(t) = g1 (t) + %@/(t) + 9/2;12(75)
_ / ((t — )7 (@) + T (2)Fam (2)) da — f1(1)
Resy(t) = gum”(t) + 712 (%)

[ (t = 2)9im (2) — Gom (&) + G () ) dz — fa(t)
0
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Figure 8 shows the logarithmic graph of the absolute and the residual errors of
the approximate solutions and the analytic solutions for m = 10, and a = 0.50.
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Figure 8: Log graphs of the absolute and the residual errors for example 7.

6.2. Nonlinear system of Volterra IDEs of fractional order

We applied the present method to solve some system of Volterra IDEs of frac-
tional order.

Example 8. Consider the nonlinear Volterra IDEs problem with initial condi-
tions u(0) = 1, v(0) =1 and v'(0) = 1, as follows

Dzu +f0 (x))dx = f1(t) 63

Diu(t) + 20" (¢ —|—f x)dx = fo(t)
where

A1) = rtay (BE+2F) + G+ 5 4141

F2(t) = v (1281fg + %t%) +2e! + g6 — 5

The exact solutions of this problem are u(t) = t> + ¢+ 1 and v(t) = e’.
By applying the technique described in last section, we satisfy some boundary
conditions as follows:

Jim(t) = yim(t) = A7 D(t),

Pam(t) = L14+t+1* you(t),
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and construct the residual functions as follows:

Resi(t) = AT DR o(t) — g (8) + /0 (U1m () + G1m (x))dz — f1(t)

1

Resa(t) = ATD() ()+2ﬁ,\n”()+/@2(x)dx—f2(t)
0

where D(2) = D(i)D(%), D) are the operational matrix of fractional derivative
defined in Eq. (4.1) and AT is defined in Eq. (3.3).

Therefore, to obtain the coeffcient {ajn}f i nl o; Res;(t), i = 1,2 is equalized
to zero at m collocation point and replace the one collocation with the boundary
condition y1,,(0) — 1 = 0.

By solving this set of nonlinear algebraic equations, we can find the approximating
function ¥, ().

Figure 9 shows the logarithmic graph of the absolute and the residual errors of
the approximate solutions and the analytic solutions for m = 20, and a = 0.25.
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Figure 9: Log graphs of the absolute and the residual errors for example 8.

Example 9. Consider the nonlinear Volterra IDEs problem with boundary
conditions u(0) = 1, v(0) = 2 and v(1) = 1, as follows

Dzu(t) + D3o(t) + [ (u (x))dz = fi(t)
(6.9)
u'(t) + D2v )+ fo (x))dx = fa(t)

where

F1(t) = sy (1667 — 1084 ) + 42 — 2

fa(t) = (0150) (12%2 — 813 +2tz) + %4 + % +t+1
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The exact solutions of this problem are u(t) = t3+t+1 and v(t) = t* — 312+t + 2.
By applying the technique described in last section, we define:

Jim(t) = yim(t) = ATO(1),
Pem(t) = yam(t) = AF2(1),

and construct the residual functions as follows:
t
Resi(t) = ATD@ @)+ ATDE) (1) +/ (Tim () — Tam (x))dz — f1(t)
0
t
Resat) = g (t) + ATDBd(t) + / (T (@) + T (@))dz — Fo(t)
0

where D(2) = D(%)D(%)D(%), D(3) are the operational matrix of fractional deriva-
tive defined in Eq. (4.1) and AT, AT are deﬁned in Eq. (3.3).

Therefore, to obtain the coeffcient {a]n}J L m=0i Resi(t), i = 1,2 is equalized
to zero at m collocation point and replace the three collocations with the boundary
conditions ¥1,,(0) — 1 =10, ¥2»(0) —2 =0 and y2,,(1) — 1 = 0.

By solving this set of nonlinear algebraic equations, we can find the approximating
function ¥, (t).

Figure 10 shows the logarithmic graph of the absolute and the residual errors

of the approximate solutions and the analytic solutions for m = 10, and a = 0.50.
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Figure 10: Log graphs of the absolute and the residual errors for example 9.

Example 10. Consider the nonlinear Volterra IDEs problem with boundary
conditions Dz u(0) = 0, v(0) = 1 and v/(0) = —1, as follows

DZ’U, +f0 dz*fl()
(6.10)
Du(t) +(8) + [ (u() — v(2))dz = o(t)
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where

ft) =t -+ 300 raptt

— ot —t oo 1 k—3
() =€ +2e7" =24 307, Frrnyt 2
The exact solutions of this problem are u(t) = e* and v(t) = e~ .
By applying the technique described in last section, we satisfy some boundary
conditions as follows:

Uim(t) = yim(t) = AT ®(1),
Pom() = 1 —t+1% yon(t).

We construct the residual functions as follows:
t
Res: (t) = ATDB®(t) + 7o (1) + / T (2)am @)z — £1(0)
0
t
Resa(t) = ATDDS(t) + g (1) + / (T (@) — T (@))dz — folt)
0

where D(2) is the operational matrix of fractional derivative defined in Eq. (4.1)
and AT is defined in Eq. (3.3).

Therefore, to obtain the coeffcient {ajn}? o nl o; Res;(t), i = 1,2 is equalized
to zero at m collocation point and replace the one collocation with the boundary
condition AT D(2)&(0) = 0.

By solving this set of nonlinear algebraic equations, we can find the approximating
function g, (t).

Figure 11 shows the logarithmic graph of the absolute and the residual errors

of the approximate solutions and the analytic solutions for m = 25, and a = 0.50.
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7. Conclusion

In this paper, the generalized fractional order of the Chebyshev functions (GFCFs)
of the first kind have been introduced as a new basis for Spectral methods and this
basis can be used to develop a framework or theory in Spectral methods. Next
an operational matrix of fractional derivative for these orthogonal functions is ob-
tained. These functions and matrix can be used to solve the system of nonlinear
Volterra integro-differential equations of arbitrary order. The comparison of the
approximate solutions and the exact solutions shows that the proposed method is
more efficient tool and more practical for solving linear and non-linear systems of
integro-differential equations and plots confirm.
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