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ABSTRACT: In the present work we derive various integral formulas involving N-
function multiplied with algebraic functions and special functions.
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1. Introduction and preliminaries

Throughout this paper, let C, R, R", Z; and N be sets of complex numbers, real

and positive numbers, nonpositive and positive integers, respectively, Ny := NU{0}.
The Aleph (X)-function, which is a very general higher transcendental function and
was introduced by Stidland et al. [22,23], is defined by means of Mellin-Barnes type
integral in the following manner (see, e.g., [14,15] and [18]):

N[ =R ™0 P

T PRk, TR T

(aj7Aj)1’nv[Tj(ajkvAjk)]n+11pk;r L 1 m,n —s
3281 > 73 it Bii )y qpr | 27 J Qe (8) 277 ds,
(1.1)
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where z € C\ {0}, i = /-1, and
H;‘n:1 L' (b; + Bys) . H?:1 (1 —a; — Ajs)

Dokt T T T (L= by — Bjes) - TTE, 1 T (aje + Ajis)
(1.2)

Here I' denotes the familiar Gamma function; The integration path £ = £; .

(v € R) extends from v — ico to v + ioco; The poles of the Gamma functions

I'(l—aj—A4;s) (j,n € N; 1< j<n)do not coincide with those of I' (b; + B;s)

(j, m € N; 1 < j < m); The parameters pg, ¢ € Ny satisfy the conditions 0 <

n<pg, 1<m<gqy 7% >0(1<k<r); The parameters A;, B;, Aji, Bjr >0

and aj, bj, aji, bjr € C; The empty product in (1.2) is (as usual) understood to

be unity. The existence conditions for the defining integral (1.1) are given below:

Qe mr (8) =

©; >0 and |arg(z)| < ggol (lel,r) (1.3)
and -
$r 20, Jarg(2)| < 5 ¢ and R{G}+1<0, (1.4)
where
n m D1 q1
Y = ZAj+ZBj_TZ Z Ajl+ Z le (15)
j=1 j=1 j=n+1 j=m+1
and
m n qi P 1 -
¢ ::ij—zaj-i-ﬂ Z bjl—‘z aj +§(pl—ql) (161,7‘). (1.6)
j=1 j=1 j=m-+1 j=n+1

Remark 1.1. The expression in (1.1) of the Aleph-function does not follow com-
pletely the notational convention of the Fox’s H-function (see Remark 1.2). Namely,
in the W-functions, the kernel Q [0 _ . (s), parameter couples (aj,Aj)Ln,
(bj, Bj), ,, build the Gamma function terms exclusively in the numerator, and
(75 (@i, Aji) )1 pyr (T3 Ojies Bjik)l i1, build the linear combination exclusively

in the denominator, while, for the H}';" [2], both upper (a;, Aj), , and lower cou-

Lp
ples of parameters (bj, Bj), p play roles in forming both numerator and denominator

terms according to m and n.

Remark 1.2. Setting 7, = 1 (j € 1,r := {1,2,...,r}) in (1.1) yields the I-
function (see [19]) whose further special case when r = 1 reduces to the familiar
H -function (see [8,9]).

Definition 1. Gamma Function:
The simplest interpretation of the gamma function is simply the generalization of
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the factorial for all real numbers. The definition of gamma function is given by

I'(z)= /000 e ttFThdt, (VzeR). (1.7)

Definition 2. Beta Function:
Also known as the Euler Integral of the First Kind, the Beta function B(p,q) is
in important relationship in factorial calculus. Its solution not is only defined
through the use of multiple Gamma Functions, but furthermore shares a form
that is characteristically similar to the Fractional Differintegral of many functions,
particularly polynomials of the form t* and the Mittag-Leffler Function. The Beta
Integral and its solution in terms of the Gamma function as given following:

Ba= [ 0-0 et by, paew. 0

2. Integrals involving R-function with Algebraic function

In this section we calculate the N-function with some algebraic functions.

1
= / P (L= y)" IR Lyl dy
0

1 1
m,n —s —p—s+1-1 —o—1
kaﬂk,Tk;T (S) z {/0 yr (1 - y)p dy} ds

2 ).
1 m,n —S

= TmLQPky,quTk§T (S) z {B (17/)757/)70-)}(15

1 [ D)+ Bjs) - T (1= a; — Ajs)

2mi S 3 her Th ey D (L= b — Bjs) - TI5%5,00 T (ajk + Ajis)
Frl—p—9s)T(p—o0) s

d
Fl-—o-ys) §
. - m,n+1 (pa 1) > (aja Aj)lyn s [Tj (ajkv Ajk)]nJerk;r
=T (p O') Nkaquchrl,'rk;r |: ' (bj, Bj)l,m’ (U, 1) , [Tj (bjk, Bj )]m+17qk;r

(2.1)
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PksQk Tk T

1 m,n —s ! —s—1 o—1
= %/ﬁ%ﬂm’%m;r (s) z {/0 xP (1—2x) dx} ds

1 m,n —S
2_71'1' P ka,qu,rk;r (S) z {B (p -5 O’)}dS
H T (b; JrBs).H?:lF(l—aj—Ajs)
2w £ Dpe1 Tk H] Lna1 T(1 = bjk = Bjis) - H?k;n+1 L (ajk + Ajrs)
I'(p—s)I
Te-9T@)
L(p+o—s)

+1
o) R e |

1
12:/ 2P (1 —z) TR ) da
0

(1 - p’ 1) ) (aj’ Aj)lﬁn ) [TJ (ajk’ Ajk)]nﬁ»l,pk;r
(bja Bj)17m ,(1=p=0,1), [Tj (bjka Bjk)]m+17qk;r

(2.2)
o :/ rP (= D)TTIRIE [ da
1
! m,n —-S > —p—s o—1
- o - Qthka;r (s) = . z (x—1) dz b ds.
Putting =t 4+ 1 = do = dt, and using the following relation:
F(a)r(ﬁ) = F(CY—FB)/ xafl (1 +$)_(04+ﬂ) dr
0
= I'(a+5) / 2P (14 x)_(aJrﬂ) de, (2.3)
0
we get
1 m,n —s > o—1 —(o+ +s—a')
Iy = % /L kavquTkQT (S) z {/0 t (1 +t) P dt S ds
_ [T (0 + Bys) T T~ a — Ay
27TZ Zk 1Tk HJ m-+1 ( bjk — Bjks) . Hgk:n-i-lr(ajk +Ajk5)
y ['(o )F(ersfo) =5 s
L(p+s)
:F( ) Nm+1n |:Z’ (aj’Aj)l,na (pal)a[Tj (ajkaAjk)]n+17pk;T :|
Pt (p -9 1) ? (bj’ Bj)l,m ’ [Tj (bjkv Bjk)]m-l-l#]k;r

(2.4)
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I, = / (@4 B) IR el da
0

1 m,n —spQ—0 > —s—1 (7T -
- 27 /£ kav,%,'rk-;r (8) 2B {/0 xP (E + 1) dl‘} ds.

Putting x = 8 = dx = [dt, then we arrive at

—1 - 00 —s— —(oc—p+s+p—s
L= 2mﬂ / Qg i (8) (28) {/ s (1 4 )~ (omphate )dt} ds
£ 0

_ goto H I (b; + Bjs) . H?ZlF(l—aj—Ajs)
& k=1 Tk H] mi1 D (1 =bji = Bjgs) . TI5%,, 1 T (aje + Ajis)
T'(p—s)I'(c—p+s s
( )F (Ej) ) (28)"" ds
_ ﬂp—a m+1,n+1 Zﬂ (1 - P 1) ) (a’jv Aj)lyn ) [Tj (a’jkv Ajk)]nJerk;r .
r (U) petbaet T (bja Bj)17m ) (U —p 1), [Tj (bjka Bjk)]

m+1,qk;T

(2.5)

15:/ 1-—z) 14z [z(1—2x)"]de

Pkqk>Tk; T
-1

1

1 ! e _
= omi / Qs rr () { / (L—a) 7 (1 a)t™? 1dz}ds.
™ Jr AR

Next, we use the formula [10, p. 261]

1
/ (1—2)"" (1 +2)" P de =22+ B (1 a4n,1+8+n), (2.6)
—1

hence, we arrive at

I = L optott [[Z, T (b + Bys) . [[j=, T (1 —a; — Ajs)
271 Zk 1Tk HJ =m+1 I'(1=bjx — Bjks) - H?inﬂ T (ajk + Ajks)
F(1+p—u8)1“(1+o)
F2+p—pus+o)

_ o+p+1 m,n+1
= 2 F(1+U) Npk-‘rl qr+1,7R; 7

[2“2: ‘ (=ps 1) (@, As)y s 175 (agks Ay prr
(ij Bj)lﬁm ) (71 —0—=p, M) ) [Tj (bjka Bjk)]

(2+2)7° ds

2.7)

m+1,qk;r
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3. Integrals involving X-function with Jacobi Polynomials

The Jacobi polynomial P{*? (z) [10, p. 254] is defined by

1 _ L1 -
ped) (= UF Do o [ —nltatfin 1oz

n! 1+ 2 |’ (3.1)

where o F} is the classical hypergeometric functions; when o = § = 0, then the
polynomial in (3.1) becomes the Legendre polynomial [10, p. 157].
We also have
1+a),

n!
In this section we derive integral formulas involving Aleph function multiplied with
Jacobi polynomials.

p(o«ﬂ) (1) =

1
16:/ (1= 2) (L o) PO @R (2004 2) ] da

-1

1 ! -
=5 Qo (8) 270 {/ 2 (1—2)* (1+2)"" PO () dw} ds.
T PRt

-1
Next we use the following formula:

/1 2 (1—2)* A +2)" PP (2) da

1
— (- p 20T (u+ DT (n+a+ )T (p+ B+ 1)
T (p+B8+n+ )T (n+a+n+2)

2 p+ B4 n+l, ptat+n+2; ’

(3.2)

where @ > —1 and 8 > —1. Also, 3F5 is the special case of generalized hypergeo-
metric series.

Then we have

L - n gatp—ls+1
16:%/£ngﬁv;7w (s) 2~ (—1)" 20w—ls

T(p—Is+ DT (n+a+)T (n—Ils+p+1)
T (p—Ils+B4+n+1)T (n—Is+a+n+2)

< F AN p—=Ils+B+1, p—Is+1;
352 pw—Is+B4+n+1, p—Ils+a+n+2;

(1" 2Dt 1) §5 (), ()F 3

n! k! 27

k=0
[T7Z, T (b + Bys) - TI;= T (1 —a; — Ajs)
£ Dk Th H] mp1 U (L =05 = Bjis) . TI5%, 1 T (age + Ajes)
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Fp—Is+B8+k+1)T(n—1Is+k+1)
F(p—Is+B+n+k+1)T(p—Ils+a+n+k+2

] (21 z)is ds

(—1)" 20T (a4 n 4+ 1) o= (—A),, (1)F
o n! Z
k=0
(=n=B=k0):(=p=F.1),(a5,A5)1 > [T5(a50:A50)] 0 11y o
Pr+2,9k+2,Tk; T (bj,Bj ) (=B—p—n—kl),(-1—p—a—n—kl),[7;(bjk, BJK)]m+1,qk-,r )

(3.3)

% N m,n+2 |:2l

which provided that o > —1,8 > —1, R (A\) > —1 and |argz| < 370

= [ ) PO @) P @8 [0 ] e

Pr:qk Tk T
-1

1 m,n —s ! 6—ls v v o
=5 QPk:‘]k,Tk;T (S) < {/ (1 — ) (1 + ) P'r(z'm ) ('T) P7(zp1 ) (x) d.%'} ds.

21 J . 1
Next we use the (3.1) the we have

1+p 2k k!

1 m,n —s ! 6—ls+k v v
o L 05 e )5 { [ Q=0 ) PO (@) o s (30
Again using (3.1) in (3.4), we get

FA+p+m)T(1+p+n)

I, —

! m'n'I‘(1+u)

y i y L+p+o+m), I+pu+v+n),
P 2% k') FA+p+k)T(Q+pu+k)

1 —ls_—s ! d—Ils+2k v
/L pk qk TksT )2 z {/_1 (1_:6) (1+:L') de' dS (35)

By applying the formula (2.6), equation (3.5) becomes

25+U+1F(1+p+m)1“(1+u+n)

I = m!n!
i )y +p+o+m), 1+p+v+n),
— F(1+p+k) (I+p+k)
1 Hj:l (bj+Bj5)-H?:1F(1*aj*Aj5)

X — T N
27 J . Zk:l Tk H?’;mHF(l — bjk 7Bjk8) . H?’;nﬂf(a]—k +Ajk8)
Fl+06—Is+2k)T(1+v) ,; \—s
2 d
T(2+6—Is+2k+v) (272) ~ds
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2PN (14 p+m)T (14 p+n)

m' n!

i o (I+p+o+m), I+p+v+n), I'(1+v)

(k:!) FA+p+k)T(1+pu+k)
SR mentl ol , (=0 —2k,1), (aja Aj)Ln ) [Tj (ajk’ Ajk)]n+17pk;7‘
PrtLgit LT (ijBj)Lma (71 7571/72]{:71)5[7_]' (bjk;Bjk)]m+17qk;r ’

(3.6)
which provided that § > 0, ® (v) > —1 and |argz| < 37Q.

Iy = /1 (1-2) (1+2)° Pé#v”) ()N, [ (1- x)l (1+ ac)h} dx

-1

1
= %/ Qi i (5) z*{/ (1=2)" (1+a)" P (x)(kx)*“(ux)*“dx} ds.
L —

1

1
_ m,n —s
- 2714 - kavqu‘rk;"" (S) z

! _ ns (1 - 1-—
X{/ (1_$)p l5(1+$)a hs( +,U)n2F1|: nl—l—,u—i—u—i—n _ :|d:L'}d

-1 n! 1+M,
I — (1+u)ni<—n>k(1+u+u+n)k
n! 2P K (1 + p),,
1 m,n —s ! —ls+k—1+1 o—hs—1+1
< o [t = { [ ama e g
L —1

(3.7)
By using (2.6) in (3.7), then we arrive at

Iy — gprort (L), i (=) (L+p+v+n),
| |
nl = (1+p), K
[[Z, T (b + Bys) . [[io, T(1—a; — Ajs)
£ 2kt Tk HJ mi1 D (L =bjr = Bjgs) . TI5%,, 1 T (ajk + Ajis)
L(1+p— 140 — -5
" (1+p—1Is+k)T (140 —hs) (2 2) ™" ds
T2+p+o—1Is—hs+k)

n!

_ 2 (4 p), i (=) A+ p+v+mn),
o (L4 p)y, k!
« N m,n+2 21+hz ( P— k l) ( o h) (aij])l n [TJ (a’jkaAjk)]nJerk;r
Pr+2,q+2,7k; T (bJ,B )1 m ,( 1l—p—0o—k l-i—h) [ (bjk’Bjk)]m-i-l,qk;r
(3.8)
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which provided that % (v) > —1, R (1) > —1 and |argz| < 7.

1
b= [ Qo @ PeO @ [ de

-1

1+a), o= (—n),l+a+B8+n
( ) Z( Sk(k' (1+a), ki

1 ! _ _
X o | Y (5) z_{/ (1 — )P Th 1 (1 4 gyt 1“d:c} ds. (3.9)
i [, e

—1

By using (2.6) in (3.9), then we arrive at

Iy = 2rtotl (1+a), i (—n)y(I+a+B+n),

prd (1+a), k!

[0 T 0+ Bys) - Ty T (0= 0 — Ay5)
" o £ D1 Tk HJ ma1 L (1= bk — Bjis) . H?k:n-',-l L (ajk + Ajks)

y F(A+p+k)T(1+0+1s)
F2+p+o+ls+k)

(24 z) 7 ds

2oty 1+04n§: y(I+a+B8+4+n), T(1+p+k)
= (1+a), k!

% Nerln 2712 (aijj)17n7 (1+pal) [7_' (ajkaAjk)]nJerk;r
Prt+1,qe+1,7k; T (2 +p+ o+ k‘,l) (b],B )1 - [ T (bjk;Bjk)]m_,_qu; )

(3.10)

which provided following:
(i) R(a) > =1, R(B) > —1 and |argz| < 37Q;

(ii)%(p—l—lmm(g—i)) >-1 (j=1,m)

Lo = /1 (1—2)” (142)7 BU) (x) X" [ (1—2)' (1+ x)*h} dx

—1

1
_ m,n —s
- 2774 - Qplcvqu‘rk”" (S) z

1
_ p—ls o+hs (1+,U)n —n, 1+‘LL+Z/+TL 1-—
X{/_l(l ) (1+2) 0 2 b1 14 2 dx ¢ ds,
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1+Hn§: y(L+p+v+n),
—~ 2kk' (1+p),
1 m,n —s ! —ls+k o+hs
o [0 @ { [ amar g e @y
L —1

By using (2.6) in (3.11), then we get

Lo _2p+a+1(1+u) i(”)k((1+“+y+”)k

n! pors 14 p), k!

H I (b, —I—Bs).H?:ll"(l—aj—Ajs)
£ Dkt Th H] me1 L (1= bje = Bjis) . [175, 11 T (aju + Ajrs)

Frl+p—Is+k)T(1+ 0+ hs) (217,1’2)75
F2+p+oc—Ils+hs+k)

ds,

2 (4 ), () L+ p v+ n)
B Z k(1+u) k! -

n!
k=0

; p—k, D) (a5, Ai)y [T (sks Aji)] i1 pyr
(b, Bj)y sl =p=0 =k, 1=h),(+0,h),[7; (b, Bji))ypi1,gr )
(3.12)

m+1,n+1 l—h
Nﬂk+1 Ak +2,7k; T|:2

which provided that
(i) R {p—l—lmm (g—])} > -1, R [U—l—hmm (Z—J)} > -1, (j=T1,m);and
(i) |argz| < 270 ] J

4. Integrals involving N-function with Legendre function

The Legendre functions are the solution of Legendre’s differential equation [1,
sec. 3.1]

d? d, _
(1- Z)d—'£722d—“£+|:l/(l/+1)7u2(1722) 1}1‘:0, (4.1)
where z, i, v are unrestricted.

If we substitute f = (2% — 1) % v, then (4.1) becomes

(1—,22)%—2(u+1)zj—z+[V(,u—V)(M-i-V—i-l)]:0, (4.2)

and with § = % — %z as the independent variable the above differential equation
becomes as following;:

5(175)%+(M+1)(1725)%+[l/(l/7,u)(,u+l/+1)]:0. (4.3)
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The solution of (4.1) in the form of Gauss hypergeometric type equation with
a=pu—v,b=p+v+1and c=pu—+1, as follows.

1
1 z+ 1\ 1 1
= Pr(z) = Fl- Ll == 1— 2 <2
PPt = (7)ot g g, sl
(4.4)

where P# (z) is known as the Legendre function of the first kind [1].
Next, we derive the integrals with Legendre function.

©

1
I = / 271 (1 — x2)5 P! (x) N ir [z2f] dx
0

1 —s ' o—ps—
= %/ Qe (s) z {/ 0Pl (1 — ,7:2) (2 )dw} ds. (4.5)
£ 0

Next, using the formula [1, sec. 3.12] for R () >0, p € N.

- 22V E PH () d — (—D)* 27 172 T ()T (1 + p+ v)
/O:c (1—-2*)2 P! (z) do= TA—p+) T (A+2+4 -5 (1+5+4

+5)
4 6
Then the integral (4.5) becomes
o 1T (14 p+v)
T =279 H (1" 2 _ . 7 "7/
1 V0" ) Fa— )
[[5, T (b + Bys) . [Ij_, T (1 —a; — Ajs)
" o £ D1 Tk HJ ma1 L (1= bjk = Bjis) . H?k:n-',-l L (ajk + Ajks)
F - —Ss
X 1 g—ps 14 (S- pS) g—ps © v (2*;7 Z) dSv
F(§+ 2 T3 *§)F(1+ 2 +2+§)
o 1 TAQ+p+v)
_ o H m,n+1
= 2797 P(=1)* (n)> e pr+lap 2,757
|:2pz (11 72—5 pZa ((Z’Tja?j)lﬁn :7 [Tjﬂ(ajfa lek)]nJerk;T ,
(bjs Bi)rms (3-5+5-5.8) . (=5—5-5.8) [75 (birs Bik)ni1,g0:r
(4.7)

which provided |arg (z)| < 7€, o > 0 and p € NU {0}.

K
2

PH

v

1
112 :/ .’L'Uil (1 — .’L'Q)
0

(@R 7y 207] o

1 L —u
= — ; Qo o (8) 27° {/0 R 2 P! (x) dx} ds. (4.8)

211
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Next, using the formula [1, sec. 3.12] for R (o) >0, p € N.

1 —n —otH 3 o
/0 2?7t (1—2%)? Pl (x)de = 2 ['() . (4.9)

Then the integral (4.8) becomes

_ 1 [IL T (b + Bjs) - T T (1 —a; — Ajs)
2mi Jo Dy T I T (U= by — Bjs) - [I5%,, 41 T (aje + Ajes)

Io

(277 z)_s ds,

X Py P o—ps v
F(+52 -5 -5)r(1+%52-5-%)

1
— 9=9—P (7)3 mntl
=2 (ﬂ-) X NPkJrlyqchrQ,Tk;T
[2"2

(1 -0, p) ) (aja Aj)lﬁn ) [Tj (a’jka Ajk)]nJerk;r
b5y Bi)y s (3+5+5-5.5) (=5+5+5.5) . 175 (0js Bit) o1 e |
(4.10)
which provided |arg (2)| < 17, R(o) > 0 and R(u) € NU {0}.

5. Integrals involving N-function and Hypergeometric function

The hypergeometric function defined for ¢ > 0 as [10].
1N (@ (), 2"
F(a,b,c,z)—leZTH, (5.1)
n=0 n
where (a),, , (b),, and (c),, are the Pochhammer symbols which are defined as follows:

(V)HZF(V—i_n):{ 1, (n=0,7#0) (5.2)

I'(v) Y(y+1)..(y+n—-1), (neN,yeC)

113:/ 2P (z—1)7"" 4R { otv=p Ato—p; (1 x)] N e (22) d
1

a3
L Q mn (S) P
2711 - Pksqk,Tk;T

{/ 2P (2 - 1) Ry [ UJFV*p’.)”LUip; (1—3@)] dx}ds.
1

a;

by putting x =t + 1 = dx = dt, then we get

%) k
s — Z (-D)" (v+ U(U)Z)];;! A+o—p)
k=0
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H I (b, —I—Bs).H?:ll"(l—aj—Ajs)
£ Dkt Th H] mi1 L (1= bje = Bjws) . TI75, 11 T (aju + Ajrs)

F(c+k)T(p+s—o—k)

—s g
L(p+s) -
= (1)} o p) (o —p),
=T (c+k)
,;) (@), k!
« pmtln |: ‘ (aj7 Aj)1,n , (p,1), [Tj (ajka Ajk)]n.g_ka;r
Pe+1,qu+1,7r;5T (pfafk,l), (bj,Bj)Lm, [Tj (bjk’Bjk)]erqu;T s

(5.3)
which provided |arg z| < 37Q.

6. Integrals involving Aleph function and Bessel Maitland function

The Bessel Maitland function (also known as Wright generalized Bessel func-
tion) defined as following [2]:

1 (—2)"
+v+1) n!

J,ﬁ‘(z):qb(u,u—l—l:z)zzr(ﬂn (6.1)
n=0

ha= [ o I ) Wy (20 da
0

1 m,n —S > —0Ss
= Tméﬂpkv,kaTk?T (s) z {/0 x5 TE (x) dx} ds.

Now using the following formula [19]

= e g - Lp+1) _
/0 xJ”(x)dx_F(lJrz/fufup) R(p)>-1,0<pu<1), (6.2)

then we arrive at

H T (b; +Bs).H?:1F(1faijjs)

I, =
14 i Zk 1Tk HJ mal (1 —bjr — Bjks) . Hg’inﬂf(a]—k JrAij)
Ptp-os)
z
D(1+v—p—pp+ pos)
o m,n—+1
B Npk+2 Q> Tk T (6.3)

(=pso), L+v—p—pp,puo), (aj,A;); s (75 @5k, Aji)]l i1y
(bJ’ B; )1 mo [Tj (bjk’ Bjk)]m+1,qk;r

E

which provided |arg z| < 37Q, 0 —po > 0,0 >0,0< p<1land R(p+1) > 0.
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7. Integrals involving Aleph function and general class of polynomials

The general class of polynomials ;1" [z] introduced by Srivastava is de-
fined and represented as follows [20, p. 185, Eqn. (7)]:

[n1/ma]  [ne/me]
St l= Y > ([ At (7.1)
ll 0 T—O 1=1
where ny,...,n, = 0,1,2,...; mq,...,m, is an arbitrary positive integers, the co-

efficients A, ;, (ni,l; > 0) are arbitrary constants, real or complex. On suitably
specializing the coefficients A, ;,, S} " [x] yields a number of known poly-
nomials as its special cases. These includes, among other, the Bessel Polynomi-
als, the Laguerre Polynomials, the Hermite Polynomials, the Jacobi Polynomials,
the Gould-Hopper Polynomials, the Brafman Polynomials and several others [21,
p.158-161].

Next, we establish the following integral:

1
Iis = / (=) (L )7 S [y (1= 2) (1 +2)"]

-1

(ag, Aj)y s (T3 (@G, Aje) ]y i1 o

dx
(035 Bj)1 yn s 175 (bjk, Bji)]

PrsQk;TE; T 9

x N {z(lz)h(qux)k

m+1,qk;r

by using (1.1) and (7.1), and the interchange the order of summations and integra-
tion we easily arrive at the following integral after a little simplification:

[n1/ma] [, /m]
__ 9pto-—1 mzw Ui o(ptv)l; m,n+2
Ls =2 > 2 H Ants g 20T ORI i
11=0 l,,=0 =1

(1 — P /Lllv h) ) (1 — 0 — Vli; k) ) (a’jv Aj)lm ) [Tj (a’jkv Ajk)]nJerk;r
(bJ’ B; )1 m (1 —pP—0—= (:u + V) liyh + k) ) [Tj (bjk’ Bjk)]m+1,qk;r ,
(7.2)

|:Z 2(h+k)

which converge under the following conditions:

(i) larg z| < $7Q,

(i) p>1,0>1,0>0,v>0,h >0,k >0 (h and k are not both zero simultane-
ously),

(iii) R (p) + h min [§R (Z—j)} >0 and R (o) + k min [8‘% (g—i)} > 0.
8. Some Special Cases

(i). If we replace 6 by n — 1 and put p = v = p = 0 = 0, then the integral
formula (3.6) transform to the following integral involving product of Legendre
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polynomial and Aleph function:

. —m);, (—=n),, (1 +m), (1 +n),
fio =2 Z (B2 T(1+k)T(1+k)
(L=n—=2k1),(a;,45), ,,» [75 (ajr, Aji)]
(ijBj) n— 2kvl) ’ [Tj (bjk;Bjk)]

m,n+1 l n+1,pg;r
x Npk-i-l,%-i-l Tk T [2 <

1,m?> (7 m+1,qp;r

(8.1)
provided |arg z| < 70

(ii). If we replace p by p — 1 and o by o — 1, and put u = v = 0, then
the integral formula (3.8) transform to the following integral involving product of
Legendre polynomial and Aleph function:

_ 2p+o’ 1 1+TL) % Nmn+2
z : Pr+2,qk+1,Tk5T

|:2l+hz ‘ ( — P ka l) 3 (1 -0, h) ) (a’jv Aj)lﬁn ) [TJ (a’]ka A )]nJrl,pk;r (82)

(bJ’B )1ma (1_p_0_kal+h)’[7-](]k’ )]m+1,Qk;T
provided |argz| < 17

(iii). By replacing p by p — 1 and o by o — 1, and putting u = v = 0, then the
integral (3.12) takes the following form:

_ 2p+0 1 1 + n) m—+1,n+1
2 : Prt1,qe+2,7k5 T
{Ql_hz

which provided that
(i) |argz| < 37Q, and

(i) R [p—l—lmin (g—i)} > -1, R {U—l—hmin (g—]])} >-1, (j=T,m).

(1 —pP— kv l) ) (aja Aj)lyn ) [Tj (ajkv Ajk>]n+17pk;r
(bj’ Bj)1,m ,(L=p—0—kl—h),(o,h), [Tj (bjk’ Bjk)]m+1,qk;r ,
(8.3)

Remark 8.1. Ifweset7; =1(j € I,r) andputr =1,m=1,n=pp =p,q = q+
1,00 =0,B1 =1,a; = 1—a;,bjk = 1-b;, Bjk = Bj, then Aleph function reduces to
Wright’s generalized hypergeometric function pvb, and we can easily obtain derived
integrals in the form of Wright’s generalized hypergeometric function.

Remark 8.2. If we set 7; = 1(j € 1,r) and put r = 1,m = 1,n = p1 = p,qp =
q,bl = O,Bl = 1,aj =1 —aj,bjk =1 —bj,Aj = Bj = Ajk = Bjk? = 1, then
Aleph function reduces to generalized hypergeometric function ,Fy, and we can easily
obtain derived integrals in the form of generalized hypergeometric function.
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9. Concluding Remarks

The results obtained here are basic in nature and are likely to find useful ap-

plications in the study of simple and multiple variable hypergeometric series which
in turn are useful in statistical mechanics, electrical networks and probability the-
ory. If we follow Remark 1.2 then all given results can be written in the form of
I-function and H-function.
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