
Bol. Soc. Paran. Mat. (3s.) v. 36 1 (2018): 177–193.
c©SPM –ISSN-2175-1188 on line ISSN-00378712 in press

SPM: www.spm.uem.br/bspm doi:10.5269/bspm.v36i1.28123

Finite Integral Formulas Involving Aleph Function

Dinesh Kumar, R.K. Saxena and Jeta Ram
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1. Introduction and preliminaries

Throughout this paper, let C, R, R+, Z−
0 and N be sets of complex numbers, real

and positive numbers, nonpositive and positive integers, respectively, N0 := N∪{0}.
The Aleph (ℵ)-function, which is a very general higher transcendental function and
was introduced by Südland et al. [22,23], is defined by means of Mellin-Barnes type
integral in the following manner (see, e.g., [14,15] and [18]):

ℵ [z]=ℵ m,n
pk,qk,τk; r

[

z

∣

∣

∣

∣

(aj ,Aj)1,n, [τj(ajk ,Ajk)]n+1,pk;r

(bj ,Bj)1,m, [τj(bjk ,Bjk)]m+1,qk ;r

]

:=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s ds,

(1.1)
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where z ∈ C \ {0}, i =
√
−1, and

Ω m,n
pk,qk,τk; r (s) =

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)
.

(1.2)
Here Γ denotes the familiar Gamma function; The integration path L = Li γ∞

(γ ∈ R) extends from γ − i∞ to γ + i∞; The poles of the Gamma functions
Γ (1− aj −Ajs) (j, n ∈ N; 1 ≤ j ≤ n) do not coincide with those of Γ (bj +Bjs)
(j, m ∈ N; 1 ≤ j ≤ m); The parameters pk, qk ∈ N0 satisfy the conditions 0 ≤
n ≤ pk, 1 ≤ m ≤ qk, τk > 0 (1 ≤ k ≤ r); The parameters Aj , Bj , Ajk, Bjk > 0
and aj , bj , ajk, bjk ∈ C; The empty product in (1.2) is (as usual) understood to
be unity. The existence conditions for the defining integral (1.1) are given below:

ϕl > 0 and |arg(z)| < π

2
ϕl

(

l ∈ 1, r
)

(1.3)

and
ϕl ≥ 0, |arg(z)| < π

2
ϕl and ℜ{ζl}+ 1 < 0, (1.4)

where

ϕl :=
n
∑

j=1

Aj +
m
∑

j=1

Bj − τ l





pl
∑

j=n+1

Ajl +

ql
∑

j=m+1

Bjl



 (1.5)

and

ζl :=

m
∑

j=1

bj−
n
∑

j=1

aj+τ l





ql
∑

j=m+1

bjl −
pl
∑

j=n+1

ajl



 +
1

2
(pl − ql)

(

l ∈ 1, r
)

. (1.6)

Remark 1.1. The expression in (1.1) of the Aleph-function does not follow com-
pletely the notational convention of the Fox’s H-function (see Remark 1.2). Namely,
in the ℵ-functions, the kernel Ω m,n

pk,qk,τk; r
(s), parameter couples (aj , Aj)1,n ,

(bj , Bj)1,m build the Gamma function terms exclusively in the numerator, and

[τ j (ajk, Ajk)]n+1,pk
, [τ j (bjk, Bjk)]n+1,qk

build the linear combination exclusively

in the denominator, while, for the Hm,n
p,q [z], both upper (aj , Aj)1,p and lower cou-

ples of parameters (bj, Bj)1,q play roles in forming both numerator and denominator
terms according to m and n.

Remark 1.2. Setting τ j = 1 (j ∈ 1, r := {1, 2, . . . , r}) in (1.1) yields the I-
function (see [19]) whose further special case when r = 1 reduces to the familiar
H-function (see [8,9]).

Definition 1. Gamma Function:
The simplest interpretation of the gamma function is simply the generalization of
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the factorial for all real numbers. The definition of gamma function is given by

Γ (z) =

∫ ∞

0

e−t tz−1 dt, (∀ z ∈ ℜ) . (1.7)

Definition 2. Beta Function:
Also known as the Euler Integral of the First Kind, the Beta function B(p, q) is
in important relationship in factorial calculus. Its solution not is only defined
through the use of multiple Gamma Functions, but furthermore shares a form
that is characteristically similar to the Fractional Differintegral of many functions,
particularly polynomials of the form tα and the Mittag-Leffler Function. The Beta
Integral and its solution in terms of the Gamma function as given following:

B (p, q) =

∫ 1

0

(1− t)
p−1

tq−1 dt =
Γ (p) Γ (q)

Γ (p+ q)
= B (q, p) , (p, q ∈ ℜ) . (1.8)

2. Integrals involving ℵ-function with Algebraic function

In this section we calculate the ℵ-function with some algebraic functions.

I1 =

∫ 1

0

y−ρ (1− y)
ρ−σ−1 ℵ m,n

pk,qk,τk; r [zy]dy

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ 1

0

y−ρ−s+1−1 (1− y)
ρ−σ−1

dy

}

ds

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s {B (1− ρ− s, ρ− σ)} ds

=
1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (1− ρ− s) Γ (ρ− σ)

Γ (1− σ − s)
z−s ds

= Γ (ρ− σ) ℵ m,n+1
pk+1,qk+1,τk; r

[

z

∣

∣

∣

∣

(ρ, 1) , (aj, Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj, Bj)1,m , (σ, 1) , [τ j (bjk, Bjk)]m+1,qk;r

]

.

(2.1)
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I2 =

∫ 1

0

xρ−1 (1− x)σ−1 ℵ m,n
pk,qk,τk; r

[zx] dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s

{∫ 1

0

xρ−s−1 (1− x)
σ−1

dx

}

ds

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s {B (ρ− s, σ)} ds

=
1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (ρ− s) Γ (σ)

Γ (ρ+ σ − s)
z−s ds

= Γ (σ) ℵ m,n+1
pk+1,qk+1,τk; r

[

z

∣

∣

∣

∣

(1− ρ, 1) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj, Bj)1,m , (1− ρ− σ, 1) , [τ j (bjk, Bjk)]m+1,qk;r

]

.

(2.2)

I3 =

∫ ∞

1

x−ρ (x− 1)
σ−1 ℵ m,n

pk,qk,τk; r
[zx] dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ ∞

1

x−ρ−s (x− 1)
σ−1

dx

}

ds.

Putting x = t+ 1 ⇒ dx = dt, and using the following relation:

Γ (α) Γ (β) = Γ (α+ β)

∫ ∞

0

xα−1 (1 + x)
−(α+β)

dx

= Γ (α+ β)

∫ ∞

0

xβ−1 (1 + x)
−(α+β)

dx, (2.3)

we get

I3 =
1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s

{∫ ∞

0

tσ−1 (1 + t)
−(σ+ρ+s−σ)

dt

}

ds

=
1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (σ) Γ (ρ+ s− σ)

Γ (ρ+ s)
z−s ds

= Γ (σ) ℵ m+1,n
pk+1,qk+1,τk; r

[

z

∣

∣

∣

∣

(aj , Aj)1,n , (ρ, 1) , [τ j (ajk, Ajk)]n+1,pk;r

(ρ− σ, 1) , (bj, Bj)1,m , [τ j (bjk, Bjk)]m+1,qk;r

]

.

(2.4)
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I4 =

∫ ∞

0

xρ−1 (x+ β)−σ ℵ m,n
pk,qk,τk; r

[zx] dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−sβ−σ

{

∫ ∞

0

xρ−s−1

(

x

β
+ 1

)−σ

dx

}

ds.

Putting x = tβ ⇒ dx = βdt, then we arrive at

I4 =
1

2πi
βρ−σ

∫

L

Ω m,n
pk,qk,τk;r

(s) (zβ)−s

{∫ ∞

0

tρ−s−1 (1 + t)−(σ−ρ+s+ρ−s)
dt

}

ds

=
1

2πi
β−σ+ρ

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (ρ− s) Γ (σ − ρ+ s)

Γ (σ)
(zβ)

−s
ds

=
βρ−σ

Γ (σ)
ℵ m+1,n+1
pk+1,qk+1,τk; r

[

zβ

∣

∣

∣

∣

(1− ρ, 1) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj, Bj)1,m , (σ − ρ, 1) , [τ j (bjk, Bjk)]m+1,qk;r

]

.

(2.5)

I5 =

∫ 1

−1

(1− x)ρ (1 + x)σ ℵ m,n
pk,qk,τk; r

[z (1− x)µ] dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ 1

−1

(1− x)
1+ρ−µs−1

(1 + x)
1+σ−1

dx

}

ds.

Next, we use the formula [10, p. 261]

∫ 1

−1

(1− x)
n+α

(1 + x)
n+β

dx = 22n+α+β+1B (1 + α+ n, 1 + β + n) , (2.6)

hence, we arrive at

I5 =
1

2πi
2ρ+σ+1

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (1 + ρ− µs) Γ (1 + σ)

Γ (2 + ρ− µs+ σ)
(2µz)

−s
ds

= 2σ+ρ+1 Γ (1 + σ)ℵ m,n+1
pk+1,qk+1,τk; r

[

2µz

∣

∣

∣

∣

(−ρ, µ) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj , Bj)1,m , (−1− σ − ρ, µ) , [τ j (bjk, Bjk)]m+1,qk;r

]

. (2.7)
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3. Integrals involving ℵ-function with Jacobi Polynomials

The Jacobi polynomial P
(α,β)
n (x) [10, p. 254] is defined by

P (α,β)
n (x) =

(1 + α)n
n!

2F1

[

−n, 1 + α+ β + n;
1 + α;

1− x

2

]

, (3.1)

where 2F1 is the classical hypergeometric functions; when α = β = 0, then the
polynomial in (3.1) becomes the Legendre polynomial [10, p. 157].
We also have

P (α,β)
n (1) =

(1 + α)n
n!

.

In this section we derive integral formulas involving Aleph function multiplied with
Jacobi polynomials.

I6 =

∫ 1

−1

xλ (1− x)
α
(1 + x)

µ
P (α,β)
n (x)ℵ m,n

pk,qk,τk; r

[

z (1 + x)
l
]

dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ 1

−1

xλ (1− x)
α
(1 + x)

µ−ls
P (α,β)
n (x) dx

}

ds.

Next we use the following formula:

∫ 1

−1

xλ (1− x)
α
(1 + x)

µ
P (α,β)
n (x) dx

= (−1)
n 2α+µ+1Γ (µ+ 1)Γ (n+ α+ 1)Γ (µ+ β + 1)

n! Γ (µ+ β + n+ 1)Γ (µ+ α+ n+ 2)

× 3F2

[

−λ, µ+ β + 1, µ+ 1;
µ+ β + n+ 1, µ+ α+ n+ 2;

1

]

, (3.2)

where α > −1 and β > −1. Also, 3F2 is the special case of generalized hypergeo-
metric series.
Then we have

I6 =
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s (−1)

n
2α+µ−ls+1

× Γ (µ− ls+ 1)Γ (n+ α+ 1)Γ (µ− ls+ β + 1)

n!Γ (µ− ls+ β + n+ 1)Γ (µ− ls+ α+ n+ 2)

× 3F2

[

−λ, µ− ls+ β + 1, µ− ls+ 1;
µ− ls+ β + n+ 1, µ− ls+ α+ n+ 2;

1

]

=
(−1)

n
2α+µ+1Γ (n+ α+ 1)

n!

∞
∑

k=0

(−λ)k (1)k

k!

1

2πi

×
∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)
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× Γ (µ− ls+ β + k + 1)Γ (µ− ls+ k + 1)

Γ (µ− ls+ β + n+ k + 1)Γ (µ− ls+ α+ n+ k + 2)

(

2l z
)−s

ds

=
(−1)

n
2α+µ+1Γ (α+ n+ 1)

n!

∞
∑

k=0

(−λ)k (1)
k

k!

× ℵ m,n+2
pk+2,qk+2,τk; r

[

2lz

∣

∣

∣

∣

(−µ−β−k,l),(−µ−k,l),(aj ,Aj)1,n, [τ j(ajk ,Ajk)]n+1,pk;r

(bj ,Bj)1,m, (−β−µ−n−k,l),(−1−µ−α−n−k,l),[τj(bjk ,Bjk)]m+1,qk ;r

]

,

(3.3)

which provided that α > −1, β > −1, ℜ (λ) > −1 and |argz| < 1
2πΩ.

I7 =

∫ 1

−1

(1− x)
δ
(1 + x)

ν
P (µ,ν)
n (x)P (ρ,σ)

m (x)ℵ m,n
pk,qk,τk; r

[

z (1− x)
l
]

dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ 1

−1

(1− x)
δ−ls

(1 + x)
ν
P (µ,ν)
n (x)P (ρ,σ)

n (x) dx

}

ds.

Next we use the (3.1), the we have

=
(1 + ρ)m

m!

∞
∑

k=0

(−m)k (1 + ρ+ σ +m)k
(1 + ρ)k 2k k!

× 1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s

{∫ 1

−1

(1− x)
δ−ls+k

(1 + x)
ν
P (µ,ν)
n (x) dx

}

ds. (3.4)

Again using (3.1) in (3.4), we get

I7 =
Γ (1 + ρ+m) Γ (1 + µ+ n)

m!n! Γ (1 + µ)

×
∞
∑

k=0

(−m)k (−n)k (1 + ρ+ σ +m)k (1 + µ+ ν + n)k
22k (k!)

2
Γ (1 + ρ+ k) Γ (1 + µ+ k)

1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) 2−lsz−s

{∫ 1

−1

(1− x)
δ−ls+2k

(1 + x)
ν
dx

}

ds. (3.5)

By applying the formula (2.6), equation (3.5) becomes

I7 = 2δ+ν+1Γ (1 + ρ+m) Γ (1 + µ+ n)

m!n!
∞
∑

k=0

(−m)k (−n)k (1 + ρ+ σ +m)k (1 + µ+ ν + n)k
(k!)

2
Γ (1 + ρ+ k) Γ (1 + µ+ k)

× 1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (1 + δ − ls+ 2k) Γ (1 + ν)

Γ (2 + δ − ls+ 2k + ν)

(

2l z
)−s

ds
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=
2ν+δ+1Γ (1 + ρ+m) Γ (1 + µ+ n)

m!n!

×
∞
∑

k=0

(−m)k (−n)k (1 + ρ+ σ +m)k (1 + µ+ ν + n)k Γ (1 + ν)

(k!)
2
Γ (1 + ρ+ k) Γ (1 + µ+ k)

×ℵ m,n+1
pk+1,qk+1,τk; r

[

2lz

∣

∣

∣

∣

(−δ − 2k, l) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj , Bj)1,m , (−1− δ − ν − 2k, l) , [τ j (bjk, Bjk)]m+1,qk;r

]

,

(3.6)

which provided that δ > 0, ℜ (ν) > −1 and |argz| < 1
2πΩ.

I8 =

∫ 1

−1

(1− x)
ρ
(1 + x)

σ
P (µ,ν)
n (x)ℵ m,n

pk,qk,τk; r

[

z (1− x)
l
(1 + x)

h
]

dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s

{∫ 1

−1

(1−x)ρ (1+x)σ P
(µ,ν)
n (x) (1−x)−ls (1+x)−hs

dx

}

ds.

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

×
{∫ 1

−1

(1− x)
ρ−ls

(1 + x)
σ−hs (1 + µ)n

n!
2F1

[

−n, 1 + µ+ ν + n;
1 + µ;

1− x

2

]

dx

}

ds.

I8 =
(1 + µ)n

n!

∞
∑

k=0

(−n)k (1 + µ+ ν + n)k
2k k! (1 + µ)k

× 1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s

{∫ 1

−1

(1− x)
ρ−ls+k−1+1

(1 + x)
σ−hs−1+1

dx

}

ds.

(3.7)

By using (2.6) in (3.7), then we arrive at

I8 = 2ρ+σ+1 (1 + µ)n
n!

∞
∑

k=0

(−n)k (1 + µ+ ν + n)k
(1 + µ)k k!

× 1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (1 + ρ− ls+ k) Γ (1 + σ − hs)

Γ (2 + ρ+ σ − ls− hs+ k)

(

2l+h z
)−s

ds

=
2ρ+σ+1 (1 + µ)n

n!

∞
∑

k=0

(−n)k (1 + µ+ ν + n)k
(1 + µ)k k!

×ℵ m,n+2
pk+2,qk+2,τk; r

[

2l+hz

∣

∣

∣

∣

(−ρ−k, l),(−σ, h),(aj, Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj, Bj)1,m ,(−1−ρ−σ−k, l+h),[τ j (bjk, Bjk)]m+1,qk;r

]

,

(3.8)
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which provided that ℜ (ν) > −1, ℜ (µ) > −1 and |argz| < 1
2πΩ.

I9 =

∫ 1

−1

(1− x)ρ (1 + x)σ P (α,β)
n (x)ℵ m,n

pk,qk,τk; r

[

z (1 + x)−l
]

dx

=
(1 + α)n

n!

∞
∑

k=0

(−n)k (1 + α+ β + n)k
2k k! (1 + α)k

× 1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ 1

−1

(1− x)
ρ+k−1+1

(1 + x)
σ+ls−1+1

dx

}

ds. (3.9)

By using (2.6) in (3.9), then we arrive at

I9 = 2ρ+σ+1 (1 + α)n
n!

∞
∑

k=0

(−n)k (1 + α+ β + n)k
(1 + α)k k!

× 1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (1 + ρ+ k) Γ (1 + σ + ls)

Γ (2 + ρ+ σ + ls+ k)

(

2−l z
)−s

ds

=
2ρ+σ+1 (1 + α)n

n!

∞
∑

k=0

(−n)k (1 + α+ β + n)k Γ (1 + ρ+ k)

(1 + α)k k!

× ℵ m+1,n
pk+1,qk+1,τk; r

[

2−lz

∣

∣

∣

∣

(aj , Aj)1,n , (1 + ρ, l) , [τ j (ajk, Ajk)]n+1,pk;r

(2 + ρ+ σ + k, l) , (bj, Bj)1,m , [τ j (bjk, Bjk)]m+1,qk;r

]

,

(3.10)

which provided following:
(i) ℜ (α) > −1, ℜ (β) > −1 and |argz| < 1

2πΩ;

(ii) ℜ
(

ρ+ l min
(

bj
βj

))

> −1
(

j = 1,m
)

I10 =

∫ 1

−1

(1− x)
ρ
(1 + x)

σ
P (µ,ν)
n (x)ℵ m,n

pk,qk,τk; r

[

z (1− x)
l
(1 + x)

−h
]

dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

×
{∫ 1

−1

(1− x)
ρ−ls

(1 + x)
σ+hs (1 + µ)n

n!
2F1

[

−n, 1 + µ+ ν + n;
1 + µ;

1− x

2

]

dx

}

ds,
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=
(1 + µ)n

n!

∞
∑

k=0

(−n)k (1 + µ+ ν + n)k
2k k! (1 + µ)k

× 1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s

{∫ 1

−1

(1− x)ρ−ls+k (1 + x)σ+hs
dx

}

ds. (3.11)

By using (2.6) in (3.11), then we get

I10 = 2ρ+σ+1 (1 + µ)n
n!

∞
∑

k=0

(−n)k (1 + µ+ ν + n)k
(1 + µ)k k!

× 1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (1 + ρ− ls+ k) Γ (1 + σ + hs)

Γ (2 + ρ+ σ − ls+ hs+ k)

(

2l−h z
)−s

ds,

=
2ρ+σ+1 (1 + µ)

n

n!

∞
∑

k=0

(−n)
k
(1 + µ+ ν + n)

k

(1 + µ)k k!

×ℵ
m+1,n+1
pk+1,qk+2,τk ; r

[

2l−h
z

∣

∣

∣

∣

(−ρ−k, l),(aj , Aj)1,n,[τ j(ajk, Ajk)]n+1,pk;r

(bj , Bj)1,m ,(−1−ρ−σ−k, l−h),(1+σ, h),[τ j(bjk,Bjk)]m+1,qk ;r

]

,

(3.12)

which provided that

(i) ℜ
[

ρ+ l min
(

bj
βj

)]

> −1, ℜ
[

σ + h min
(

bj
βj

)]

> −1,
(

j = 1,m
)

; and

(ii) |argz| < 1
2πΩ.

4. Integrals involving ℵ-function with Legendre function

The Legendre functions are the solution of Legendre’s differential equation [1,
sec. 3.1]

(

1− z2
) d2f

dz2
− 2z

df

dz
+
[

ν (ν + 1)− µ2
(

1− z2
)−1

]

f = 0, (4.1)

where z, µ, ν are unrestricted.

If we substitute f =
(

z2 − 1
)

1
2µ ν, then (4.1) becomes

(

1− z2
) d2ν

dz2
− 2 (µ+ 1) z

dν

dz
+ [ν (µ− ν) (µ+ ν + 1)] = 0, (4.2)

and with δ = 1
2 − 1

2z as the independent variable the above differential equation
becomes as following:

δ (1− δ)
d2ν

dδ2
+ (µ+ 1) (1− 2δ)

dν

dδ
+ [ν (ν − µ) (µ+ ν + 1)] = 0. (4.3)
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The solution of (4.1) in the form of Gauss hypergeometric type equation with
a = µ− ν, b = µ+ ν + 1 and c = µ+ 1, as follows.

f = Pµ
ν (z) =

1

Γ (1− µ)

(

z + 1

z − 1

)
1
2µ

F

[

−ν, ν + 1; 1− µ;
1

2
− 1

2
z

]

, |1− z| < 2,

(4.4)
where Pµ

ν (z) is known as the Legendre function of the first kind [1].
Next, we derive the integrals with Legendre function.

I11 =

∫ 1

0

xσ−1
(

1− x2
)

µ
2 Pµ

ν (x)ℵ m,n
pk,qk,τk; r [zx

ρ] dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r

(s) z−s

{∫ 1

0

xσ−ρs−1
(

1− x2
)

µ
2 Pµ

ν (x) dx

}

ds. (4.5)

Next, using the formula [1, sec. 3.12] for ℜ (σ) > 0, µ ∈ N.

∫ 1

0

xσ−1
(

1−x2
)

µ
2 Pµ

ν (x) dx=
(−1)

µ
2−σ−µ π

1
2 Γ (σ) Γ (1 + µ+ ν)

Γ (1− µ+ ν) Γ
(

1
2 + σ

2 + µ
2 − ν

2

)

Γ
(

1 + σ
2 + µ

2 + ν
2

) .

(4.6)
Then the integral (4.5) becomes

I11 = 2−σ−µ (−1)
µ
(π)

1
2
Γ (1 + µ+ ν)

Γ (1− µ+ ν)

× 1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (σ − ρs)

Γ
(

1
2 + σ−ρs

2 + µ
2 − ν

2

)

Γ
(

1 + σ−ρs
2 + µ

2 + ν
2

)

(

2−ρ z
)−s

ds,

= 2−σ−ρ (−1)µ (π)
1
2

Γ (1 + µ+ ν)

Γ (1− µ+ ν)
× ℵ m,n+1

pk+1,qk+2,τk; r

[

2−ρz

∣

∣

∣

∣

(1− σ, ρ) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj, Bj)1,m ,
(

1
2−

µ
2 +

ν
2− σ

2 ,
ρ
2

)

,
(

−σ
2 −

µ
2 − ν

2 ,
ρ
2

)

[τ j (bjk, Bjk)]m+1,qk;r

]

,

(4.7)

which provided |arg (z)| < 1
2πΩ, σ > 0 and µ ∈ N ∪ {0}.

I12 =

∫ 1

0

xσ−1
(

1− x2
)

−µ
2 Pµ

ν (x)ℵ m,n
pk,qk,τk; r [zx

ρ] dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ 1

0

xσ−ρs−1
(

1− x2
)

−µ
2 Pµ

ν (x) dx

}

ds. (4.8)
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Next, using the formula [1, sec. 3.12] for ℜ (σ) > 0, µ ∈ N.

∫ 1

0

xσ−1
(

1− x2
)

−µ
2 Pµ

ν (x) dx =
2−σ+µ π

1
2 Γ (σ)

Γ
(

1
2 + σ

2 − µ
2 − ν

2

)

Γ
(

1 + σ
2 − µ

2 − ν
2

) . (4.9)

Then the integral (4.8) becomes

I12 =
1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× 2−σ−µ π
1
2 Γ (σ − ρs)

Γ
(

1
2 + σ−ρs

2 − µ
2 − ν

2

)

Γ
(

1 + σ−ρs
2 − µ

2 − ν
2

)

(

2−ρ z
)−s

ds,

= 2−σ−ρ (π)
1
2 × ℵ m,n+1

pk+1,qk+2,τk; r
[

2−ρz

∣

∣

∣

∣

(1− σ, ρ) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj , Bj)1,m ,
(

1
2+

µ
2 +

ν
2− σ

2 ,
ρ
2

)

,
(

−σ
2 +

µ
2 +

ν
2 ,

ρ
2

)

, [τ j (bjk, Bjk)]m+1,qk;r

]

,

(4.10)

which provided |arg (z)| < 1
2πΩ, ℜ(σ) > 0 and ℜ(µ) ∈ N ∪ {0}.

5. Integrals involving ℵ-function and Hypergeometric function

The hypergeometric function defined for c > 0 as [10].

F (a, b; c; z) = 1 +

∞
∑

n=0

(a)n (b)n
(c)n

zn

n!
, (5.1)

where (a)n , (b)n and (c)n are the Pochhammer symbols which are defined as follows:

(γ)n =
Γ (γ + n)

Γ (γ)
=

{

1, (n = 0, γ 6= 0)
γ (γ + 1) ... (γ + n− 1) , (n ∈ N, γ ∈ C)

. (5.2)

I13 =

∫ ∞

1

x−ρ (x− 1)σ−1
2F1

[

σ + ν − ρ, λ+ σ − ρ;
σ;

(1− x)

]

ℵ m,n
pk,qk,τk; r

(zx) dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ ∞

1

x−ρ−s (x− 1)
σ−1

2F1

[

σ + ν − ρ, λ+ σ − ρ;
σ;

(1− x)

]

dx

}

ds.

by putting x = t+ 1 ⇒ dx = dt, then we get

I13 =
∞
∑

k=0

(−1)
k
(ν + σ − ρ)k (λ+ σ − ρ)k

(σ)k k!
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× 1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (σ + k) Γ (ρ+ s− σ − k)

Γ (ρ+ s)
z−s ds

= Γ (σ + k)

∞
∑

k=0

(−1)
k
(ν + σ − ρ)k (λ+ σ − ρ)k

(σ)k k!

× ℵ m+1,n
pk+1,qk+1,τk; r

[

z

∣

∣

∣

∣

(aj, Aj)1,n , (ρ, 1) , [τ j (ajk, Ajk)]n+1,pk;r

(ρ− σ − k, 1) , (bj , Bj)1,m , [τ j (bjk, Bjk)]m+1,qk;r

]

,

(5.3)

which provided |arg z| < 1
2πΩ.

6. Integrals involving Aleph function and Bessel Maitland function

The Bessel Maitland function (also known as Wright generalized Bessel func-
tion) defined as following [2]:

Jµ
ν (z) = φ (µ, ν + 1 : z) =

∞
∑

n=0

1

Γ (µn+ ν + 1)

(−z)n
n!

. (6.1)

I14 =

∫ ∞

0

xρ Jµ
ν (x) ℵ m,n

pk,qk,τk; r (zx
σ) dx

=
1

2πi

∫

L

Ω m,n
pk,qk,τk;r (s) z−s

{∫ ∞

0

xρ−σsJµ
ν (x) dx

}

ds.

Now using the following formula [19]

∫ ∞

0

xρ Jµ
ν (x) dx =

Γ (ρ+ 1)

Γ (1 + ν − µ− µρ)
(ℜ (ρ) > −1, 0 < µ < 1) , (6.2)

then we arrive at

I14 =
1

2πi

∫

L

∏m
j=1 Γ (bj +Bjs) .

∏n
j=1 Γ (1− aj −Ajs)

∑r
k=1 τk

∏qk
j=m+1 Γ (1− bjk −Bjks) .

∏pk

j=n+1 Γ (ajk +Ajks)

× Γ (1 + ρ− σs)

Γ (1 + ν − µ− µρ+ µσs)
z−s ds

= ℵ m,n+1
pk+2,qk,τk; r

(6.3)
[

z

∣

∣

∣

∣

(−ρ, σ) , (1 + ν − µ− µρ, µσ) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj , Bj)1,m , [τ j (bjk, Bjk)]m+1,qk;r

]

,

which provided |arg z| < 1
2πΩ, σ − µσ > 0, σ > 0, 0 < µ < 1 and ℜ (ρ+ 1) > 0.
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7. Integrals involving Aleph function and general class of polynomials

The general class of polynomials Sm1,...,mr
n1,...,nr

[x] introduced by Srivastava is de-
fined and represented as follows [20, p. 185, Eqn. (7)]:

Sm1,...,mr
n1,...,nr

[x] =

[n1/m1]
∑

l1=0

...

[nr/mr]
∑

lr=0

r
∏

i=1

(−ni)mili

li!
Ani,li x

li , (7.1)

where n1, ..., nr = 0, 1, 2, ...; m1, ...,mr is an arbitrary positive integers, the co-
efficients Ani,li (ni, li ≥ 0) are arbitrary constants, real or complex. On suitably
specializing the coefficients Ani,li , S

m1,...,mr
n1,...,nr

[x] yields a number of known poly-
nomials as its special cases. These includes, among other, the Bessel Polynomi-
als, the Laguerre Polynomials, the Hermite Polynomials, the Jacobi Polynomials,
the Gould-Hopper Polynomials, the Brafman Polynomials and several others [21,
p.158-161].

Next, we establish the following integral:

I15 =

∫ 1

−1

(1− x)
ρ−1

(1 + x)
σ−1

Sm1,...,mr′

n1,...,nr′
[y (1− x)

µ
(1 + x)

ν
]

× ℵ m,n
pk,qk,τk; r

[

z (1− x)
h
(1 + x)

k

∣

∣

∣

∣

(aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj , Bj)1,m , [τ j (bjk, Bjk)]m+1,qk;r

]

dx,

by using (1.1) and (7.1), and the interchange the order of summations and integra-
tion we easily arrive at the following integral after a little simplification:

I15 = 2ρ+σ−1

[n1/m1]
∑

l1=0

...

[nr′/mr′ ]
∑

lr′=0

r′
∏

i=1

(−ni)mili

li!
Ani,li y

li 2(µ+ν)li × ℵ m,n+2
pk+2,qk+1,τk; r

[

z 2(h+k)

∣

∣

∣

∣

(1− ρ− µli, h) , (1− σ − νli, k) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj , Bj)1,m , (1− ρ− σ − (µ+ ν) li, h+ k) , [τ j (bjk, Bjk)]m+1,qk;r

]

,

(7.2)

which converge under the following conditions:
(i) |arg z| < 1

2πΩ,
(ii) ρ ≥ 1, σ ≥ 1, µ ≥ 0, ν ≥ 0, h ≥ 0, k ≥ 0 (h and k are not both zero simultane-
ously),

(iii) ℜ (ρ) + h min
[

ℜ
(

bj
βj

)]

> 0 and ℜ (σ) + k min
[

ℜ
(

bj
βj

)]

> 0.

8. Some Special Cases

(i). If we replace δ by η − 1 and put µ = ν = ρ = σ = 0, then the integral
formula (3.6) transform to the following integral involving product of Legendre
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polynomial and Aleph function:

I16 = 2η
∞
∑

k=0

(−m)k (−n)k (1 +m)k (1 + n)k
(k!)2 Γ (1 + k) Γ (1 + k)

× ℵ m,n+1
pk+1,qk+1,τk; r

[

2lz

∣

∣

∣

∣

(1− η − 2k, l) , (aj, Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj, Bj)1,m , (−η − 2k, l) , [τ j (bjk, Bjk)]m+1,qk;r

]

,

(8.1)

provided |arg z| < 1
2πΩ

(ii). If we replace ρ by ρ − 1 and σ by σ − 1, and put µ = ν = 0, then
the integral formula (3.8) transform to the following integral involving product of
Legendre polynomial and Aleph function:

I17 = 2ρ+σ−1
∞
∑

k=0

(−n)k (1 + n)k
k!

× ℵ m,n+2
pk+2,qk+1,τk; r

[

2l+hz

∣

∣

∣

∣

(1− ρ− k, l) , (1− σ, h) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj, Bj)1,m , (1− ρ− σ − k, l + h) , [τ j (bjk, Bjk)]m+1,qk;r

]

, (8.2)

provided |argz| < 1
2πΩ.

(iii). By replacing ρ by ρ− 1 and σ by σ − 1, and putting µ = ν = 0, then the
integral (3.12) takes the following form:

I18 = 2ρ+σ−1
∞
∑

k=0

(−n)k (1 + n)k
(k!)

2 × ℵ m+1,n+1
pk+1,qk+2,τk; r

[

2l−hz

∣

∣

∣

∣

(1− ρ− k, l) , (aj , Aj)1,n , [τ j (ajk, Ajk)]n+1,pk;r

(bj , Bj)1,m , (1− ρ− σ − k, l − h) , (σ, h) , [τ j (bjk, Bjk)]m+1,qk;r

]

,

(8.3)

which provided that
(i) |argz| < 1

2πΩ, and

(ii) ℜ
[

ρ+ l min
(

bj
βj

)]

> −1, ℜ
[

σ + h min
(

bj
βj

)]

> −1,
(

j = 1,m
)

.

Remark 8.1. If we set τ j = 1
(

j ∈ 1, r
)

and put r = 1,m = 1, n = pk = p, qk = q+
1, b1 = 0, B1 = 1, aj = 1−aj , bjk = 1−bj, Bjk = Bj, then Aleph function reduces to
Wright’s generalized hypergeometric function pψq and we can easily obtain derived
integrals in the form of Wright’s generalized hypergeometric function.

Remark 8.2. If we set τ j = 1
(

j ∈ 1, r
)

and put r = 1,m = 1, n = p1 = p, qk =
q, b1 = 0, B1 = 1, aj = 1 − aj , bjk = 1 − bj, Aj = Bj = Ajk = Bjk = 1, then
Aleph function reduces to generalized hypergeometric function pFq and we can easily
obtain derived integrals in the form of generalized hypergeometric function.
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9. Concluding Remarks

The results obtained here are basic in nature and are likely to find useful ap-
plications in the study of simple and multiple variable hypergeometric series which
in turn are useful in statistical mechanics, electrical networks and probability the-
ory. If we follow Remark 1.2 then all given results can be written in the form of
I-function and H-function.
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