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On g;;-closed Bi-Generalized topological spaces
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ABSTRACT: In this paper, generalizations of adherence and convergence of nets
and filters on a bi-GTS are introduced and studied. Several properties and inter-
relations among such adherence and convergence of nets and filters on a bi-GTS
are discussed and characterized using graphs of functions. Finally, these results are
applied to investigate the behaviour of a generalization of compactness, known as
gij-closedness of a bi-GTS.
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1. Introduction and Preliminaries

In continuation of our work on bi-generalized topological spaces (in short, bi-
GTS) [2,1], we introduce and study certain generalizations of adherence and con-
vergence of nets and filters on a bi-GTS. Discussing several properties and interre-
lations among such adherence and convergence of nets and filters on a bi-GTS, we
have characterized them using graphs of functions. Finally, the results obtained in
the first part of the paper are applied to investigate the behaviour of a generaliza-
tion of compactness, called g;j-closedness [2| of a bi-GTS.

We list a few known definitions and existing results here, which we require in
the following sections.

Let X be a nonempty set and p be a collection of subsets of X (i.e. pu C P(X)).
u is called a generalized topology (briefly GT) [3] on X iff ) € p and G € p for
A € A(# D) implies UyeaGy € p. The pair (X, p) is called a generalized topological
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space (briefly GTS). The elements of u are called pu-open sets and their comple-
ments are called p-closed sets. The generalized closure of a subset S of X, denoted
by ¢, is the intersection of all u-closed sets containing S. The generalized interior
of a subset S of X, denoted by 4,5, is the union of all u-open sets included in S.
The set of all y-open sets containing an element = € X is denoted by p(z). A GT
w is called a strong GT if X € p.

Let ¢ : X — exp(expX) satisfy V' € ¢(x) for each € V. Then ¢(x) is called
a generalized neighbourhood of x € X and v a generalized neighbourhood system
(briefly GNS) on X. On a GTS (X, u), ¢, defined by ¢,(z) ={AC X:z € M C
A for some M € pu}, for each 2 € X also forms a GNS on X which is called GNS
generated by the GT p (briefly y-GNS). Each member of ¢, () is called a p-nbd
of z. [3]

Let fiq, 15 be two GTs on a nonempty set X. Then (X, pq,p,) is called a bi-
generalized topological space (briefly bi-GTS) [6]. On a bi-GTS (X, 11y, i15)
P(X) = P(X), 4,5 =1,2(i # j), is defined by

7%%(14) ={zeX:icy, MNA#¢ forall M € p;(z)}. [4]

Let (X, p11, pp) be a bi-GTS. Then 0(p;, p;) [4] € P(X)(i # j), defined by
O(pisp;) ={AC X : for each x € X3IM € p;(x), with ¢, M C A} also forms a
GT on X. The elements of 0(y;, u1;) are called 6(y;, p1;)-open and the complements
are called 0(p;, p1;)-closed.

’ ’y)u'iwu‘j :

Theorem 1.1. [4] Let (X, j1y, py) be a bi-GTS and A C X. Then A is 0(p;, j1;)-
closed iff A = Visooisy (4).

Let gy, f15 be two GTs on a nonempty set X and A C X. Ais said to be 7(p;, p1;)-

open (resp. r(;, pi;)-closed) if A =iy, (cu (A)) (vesp. A = ¢, (in,(A))) [4]. Let
(X, pq, o) and (Y, n;,1m5) be two bi-GTS. If v;(i = 1,2) on the cartesian product
X xY isgiven by v; = p; xn; fori,j = 1,2(i # j) then (X x Y, v1,v2) is a bi-GTS.
Similarly, for a bi-GTS (X, py, o), (X x X,v1,v2) is a bi-GTS where v; = p1; X pu;
for i,j = 1,2(i # 7).
It is well known that a filterbase F induces a net [7] P : (A,>) — X defined
by P((x,F)) = « where A = {(z,F) : x € F € F} and the binary relation
> is given by (x1,F1) > (22, F») if and only if F; C Fy. Similarly, a net (z,)
with the directed set (A,>) induces a filterbase [7] {7, : o € A}, where each
To ={z3 : peANand B> a}.

2. (p;, pj)-adherence and (y;, 1;)-convergence of Nets and Filterbases

Definition 2.1. [2] A filterbase F on a bi-GTS (X, py, po) is said to

(@) (i, pj)-adhere (i,j = 1,2 and i # j) at v € X if for each U € p,;(x) and each
FeF, Fne,U#0.

(i4) (p4, ptj)-converge (i,j = 1,2 and i # j) to x € X if for each U € p,;(x) there
exists F € F, such that F C ¢, U.
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Definition 2.2. A net (z4) on a bi-GTS (X, uq, o) with the directed set (A, >)
as a domain s said to

(i) (k;, pj)-adhere (i,j = 1,2 and i # j) at x € X if for each U € p,;(x) and each
a € A, there exists f € A such that > o and x5 € e, U.

(@) (k;, pr;)-converge to x € X (i,j = 1,2 and i # j) if for each U € () there
exists g € A such that x,, € chU for all a € A with a > «.

Theorem 2.3. Let (X, py,ps) be a bi-GTS and x9 € X. Then a filterbase F
on X (p;, ptj)-converges to xo iff the net P based on F (ju;, p;)-converges to xo;

i,J =1,2(i # j).

Proof: Let a filterbase I be (u;, j1;)-convergent to xo and P : A — X be the net
based on F. If U € p;(xo) then by the convergence of F there exists F' € F such
that ' C ¢, U. Choose p € I so that (p,F) € A. So if (z1,F1) > (p, F) then
Pl(z1, 1)l =21 € Fi. As Iy CF,z1 € ¢, U. e, Pis (u;, p;)-convergent to zo.
Conversely, let P be (u;, j1;)-convergent to xo and U € p,;(z9). Then there exists
(z1,F1) € A such that (y,F) > (z1, F1) implies P[(y, F)] = y € ¢,,U. Now for
each z € Fy we have (z, F1) > (21, F1), l.e., z € chU and hence F; C chU. Thus
F is (1, pj)-convergent to xo. O

Theorem 2.4. Let (X, py, j15) be a bi-GTS and vg € X. Then g is a (p;, j1;)-
adherent point of a filterbase J iff the net P based on F has xo as a (p;, j1;)-adherent

point; i,j = 1,2(i # j).

Proof: Let xo be a (u;, j1;)-adherent point of a filterbase ¥ and P : A — X be
the net based on F. Let (p, F') € A and U € p;(xo). Then by the adherence of F,
Fe,U#0. If o1 € FNeyUthen (21, F) > (p, F) and P[(z1, F)] = 21 € ¢, U.
Hence zq is a (y;, f1;)-adherent point of P.

Conversely, let P have xg as a (i;, 1;)-adherent point. Let U € ;(xo) and F' € J.
Choose p € F so that (p,F) € A and so by the adherence of the net P there
exists (b, K) € A with (b, K) > (p, F), P[(b,K)] =b € ¢, ,U. As K C F, we have
Fe,U#0,ie., xois a (k;, p;)-adherent point of J. O

Theorem 2.5. Let (X, uq,1y) be a bi-GTS and 9 € X. Then a net (Zo)aca
(15 pj)-converges to xo iff the filterbase generated by the net is (5 f)-convergent
to xo; 1,] = 172(Z 7& .])

Proof: Let a net (vq)aca (1, p;)-converge to zo and U € p,;(z9). Then there
exists some o € A such that x5 € e, U, VB > «ap. The filterbase generated by the
net (o)aen is {To : o € A} where T, = {5 : 8 € A and § > «}. It is clear that
To, C ¢u,U and hence {To : o € A} (p;, p;)-converges to zo.

Conversely, let {T,, : @ € A} (p;, p1j)-converge to zg and U € p,;(w0). Then there
exists some o € A such that T,, C ey, U, le, g €c, U, VB > a and hence (24)aea
(1445 p1j)-converges to . O
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Theorem 2.6. Let (X, f15) be a bi-GTS and vo € X. Then o is a (p;, j1;)-
adherent point of a net (xa)aeca iff To is a (u;, j1;)-adherent point of the filterbase
generated by (xo)aea; 4, = 1,2(i # j).

Proof: Let g be a (p;, p1;)-adherent point of a net (z4)aca and U € p,; (o). Then
for each a € A there exists some 8 € A with > « and z3 € chU. The filterbase
generated by (¥4 )aen is {To : @ € A} where T, = {zg: B € Aand 8 > a}. Tt
can be easily shown that Ty Nc,, U # 0 for each o € A and hence xo is a (u;, p1;)-
adherent point of {T,, : a € A}.

Conversely, let zg be a (i, 11;)-adherent point of {7, : a € A} and U € p;(wo).
Then for each o € A, T, N chU £ (), i.e., for each o € A there exists some 8 € A
with 8 > o and 2 € ¢, U and hence o is a (u;, 1;)-adherent point of (za)aea. O

Theorem 2.7. Let (X, py, py) be a bi-GTS, where p, is a strong GT and xg € X.
Then xq is a (p;, p;)-adherent point of a net (vo)aen in X iff there exists a subnet
(Tayr) of (Ta)aen, which (p;, p;)-converge to xo; 4,5 = 1,2(i # j).

Proof: Let zo be a (y;, j1;)-adherent point of a net (za)aen. Let M = {(a, ¢, U)
o € U € p; and xq € c#jU}. Define (al,c#le) > (OéQ,C#jUQ) iff @1 > a9 and
¢u,Ur € ¢y, Us. Let ¢ : M — A be defined by ¢[(a, ¢, U)] = a. So ¢ defines
a subnet of (z4)aea. Now if U € p,(xg) then for some o € A, z,, € cu,U, and
so (B,¢u,V) = (a,¢,,U) implies x5 € ¢,V C ¢, U. Hence the subnet (u;, u;)-
converges to xg.

Conversely, let (z4)aca be a net with the directed set (A,>) as a domain. Let
(Tay) asubnet of (z4)aea With the domain M, which (u;, y1;)-converges to zg. Let
U € p;(x9) and ap € A. Then there exists \g € M such that for each A > A,
Toy € chU. Take A\; € M such that a)y, > ag. Let Ay be such that Ao > A\g and
A2 > A1, then ay, > ay, > ap and z,,, € e, U. Hence zq is a (ui,uj)—adherent
point of (x4 )aen- O

3. Adherence and Convergence of nets and filters in terms of graph of
a function

Definition 3.1. [2] Let (X, pq, o) and (Y,ny,m5) be two bi-GTS. Then f :
(X, 1y, pg) = (Yymy,m5) is said to be (pi;p1;,my)-continuous at x € X if for each
Ve (f(x)), there exists U € p;(z) such that f(c, ,U) C Vi, j,k=1,2(i # j).
If f is (,ui,uj,nk)-contmuous at each x € X then f is called (,uz-,uj,nk)-contmuous
on X or simply (p;f1;, M) -continuous.

Definition 3.2. Let p be a GT on a nonempty set X. Then a filterbase F on X
is said to p-converge to x € X if for each U € p(x) there exists F € F, such that
FCU.

Theorem 3.3. Let (X, pq,py) and (Y,ny,n5) be two bi-GTS. If f : X = Y
is a (p;fi;, My )-continuous function then for every filterbase I on X, F (u;, p;)-

converges to some x € X implies f(F) n,-converges to f(x), where f(F) = {f(F):
F € F} is a filterbase on Y ; 4,5,k = 1,2 (i # 7).
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Proof: Let V be any 7n,-open set containing f(x). Then there exists a p,-open
set U containing = such that f(c, U) C V. Again since I (y;, j1;)-converges to
z, there is F' € ¥ such that F C ¢, U, ie., f(F) C f(c#jU) C V. Hence, f(F)
n-converges to f(x). O

The converse of Theorem 3.3 is also true if we take p; as a topology on X.

Theorem 3.4. Let f: (X, pq, f1g) = (Y,11,15) be a function between two bi-GTS.
If for every filterbase I on X, F (u;, ju;)-converges to x whenever f(F) ny,-converges
to f(x), where p; is a topology on X and f(F)={f(F): F €T} then f: X =Y
is (p; e, My, )-continuous; i, j, k = 1,2 (i # 7).

Proof: Suppose f : X — Y is not (,uz,uj Ik continuous at some point z € X.
Then there exists some V' € 1, (f(x)) such that f(c, U) € V for every U € p;(z).
Now F = {c,,U : U € p,;(z)} is a filterbase on X such that (t4;5 p1§)-converges to
x but f(F) does not n;,-converge to f(x). O

In what follows, by G(f) we denote the graph of a function f : X — Y ie.,
G(f) ={(z,y) € X xY :y € f(x)}. Clearly, for any f: X - Y, if A C X and
BCY, f(AnB={yeY :(z,y) € (AxB)NG(f)), for some z € X}.

Theorem 3.5. Let (X, j1q, i15) and (Y,n1,15) be two bi-GTS. If f : X =Y has a
0(v4,v;)-closed graph then for every filterbase F on X, F (u;, ;) converges to some
r € X dmplies (n;,n;)-ad (f(F))U{f(2)} = {f(2)}, where (n;,1,)-adQ denotes the
collection of all (n;,n;)-adherent points of a filterbase Q; i,j = 1,2(i # j).

Proof: Let y € (;,n;)-ad f(F) such that y # f(x). Then (z,y) € X x Y\G(f).
Since y € (n;,n;)-ad f(F), for any W € n,(y) and for any f(F') € f(F) we have,
J(F) Ney, W # 0. Again since, I (u;, p1;)-converges to z, for any V' € yu,(x) there
exists F' € F such that F' C ¢, V. Then f(F) C f(c,,V) and hence f(c, V)N
cn,W # 0. Tt then follows that for every V € pi(x) and W€ n;(y), (e, V x ey, W)N
G(f) # 0, ie., c,(VxW)NG(f) # 0. ie., (z,y) € v,,,,G(f). So by Theorem
1.1 f can not have 0(v,,v;)-closed graph. O

The converse of Theorem 3.5 is also true if we take p; as a topology on X.

Theorem 3.6. Let f: (X, iy, fig) = (Y,11,12) be a function between two bi-GTS.
If for a filterbase F on X, (n;,m;)-ad (f(F)) U{f(z)} = {f(x)} for somez € X
implies I (,uz-,uj)-converges to x, where p,; s a topology, then f : X — Y has
a O(vi,vj)-closed graph. Here (n;,n;)-adS) denotes the collection of all (n;,1;)-
adherent points of a filterbase Q; i,5 =1,2 (i # j).

Proof: Suppose graph of f is not 6(v;,v;)-closed. Then by Theorem 1.1 there
exists (z,y) € X x Y\G(f) such that (z,y) € v,, , G(f). le,y # f(z) and for
each V € p;(z), W € n,(y), CVJ(VXW)HG(f) £ 0. So (cu, V><c,7 W)NG(f) #0
and hence f(c, V) Nec, W # 0. Now F = {c, V : V € p,;(2)} is a filterbase
on X such that F (;, p;)-converges to x but f(J) is a filterbase on Y such that
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there exists some y € (n;,n;)-ad (f(J)) other than f(z), a contradiction to the
hypothesis. Hence f has 6(v;, v;)-closed graph. O

Theorem 3.7. Let (X, uq, o) and (Y,n1,15) be two bi-GTS. Suppose f:(X, py, pis)
— (Y, n1,n9) has a 0(v;,v;)-closed graph G(f). If F is a filterbase on X such that
F (i, p1j)-converges to some point p and f(F) (n;,n;)-converges to some q in'Y,

Proof: If possible let f(p) # ¢, then (p,q) ¢ G(f). Since G(f) is 0(v;,v;)-closed,
by Theorem 1.1 (p,q) ¢ 7,, ,,G(f). Thus there exist U € y,;(p) and V' € n;(g) such
that c,, (UxV)NG(f) = 0, i.e., (cu,Uxcy, VING(f) = 0. Since F (y;, p;)-converges
to p and f(F) (n;,n;)-converges to g, there exists A, € J such that A, C e, U
and f(Aq) C ¢y, V. Consequently (¢, U x ¢;, V) N G(f) # 0, a contradiction. O

4. g;j-closed spaces

Definition 4.1. [2] A bi-GTS (X, puq, po) is called gi;-closed if for every u;-open
cover U of X, there exists a finite subcollection Uy of U such that X = Uye, e, U;

i,j=1,2(i # j).

Theorem 4.2. Let (X, j1q, i15) be a bi-GTS. Then fori,j = 1,2(i # j) the following
are equivalent:

1. X is g;j-closed;
2. any filterbase (u;, j1;)-adheres in X ;

3. any net (p;, pu;)-adheres in X.

Proof: (1) = (2) Suppose J is a filterbase on (X, iy, 15) such that it has no
(145, pt;)-adherent point. So for each z € X, there exists a U, € y;(v) and I, € F
such that Fy Ney, Uy = (. Let us consider the p;-open cover {U, : © € X} of X.
Then there exist x1, 29, -+ ,x, such that X = Uzzlcuj Ug,. Now Fy, Ney, Ug, =10
fork =1,2,--- n, ie., (MG, Fuy, )N (Ug=yp, Uz, ) = 0. Since T is a filterbase, there
is some F' € F such that F' C Np_; Fyy, € X —Up_ ¢, Uy, = 0, a contradiction.
(2) = (1) Let {Gx : A € A} be a p;-open cover of X such that for any fi-
nite subset Ag of A, U,\EAOCHjG)\ # X. Consider § = {X — U,\EAOCM],G)\ :
Ag is a finite subset of A}. Then clearly J is a filterbase on X. So by (2) there ex-
ists some x € X such that F (p,, p1;)-adheres at z. Since {G'\ : A € A} is a yi;-open
cover of X there is some Ag € A such that z € Gy,. Now X —¢, Gy, = F € F
such that F'N ¢, Gy, = 0, a contradiction to the fact that J is (y;, p;)-adheres at
x.

(2) = (3) Follows from Theorem 2.6.

(3) = (2) Follows from Theorem 2.4. O
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Definition 4.3. Let pu be a GT on a nonempty set X. Then A family F of subsets
of X is said to have p-interiorly finite intersection property (in short p-IFIP) if
for every finite subcollection Fy of F there exists a non-void p-open set U such that
U C NTy.

Theorem 4.4. Let (X, 1y, 1t5) be a gij-closed bi-GTS. Then every family of p;-
closed set in X with p;-IFIP has a non-void intersection; i,j = 1,2(i # j).

Proof: Let & be a family of y;-closed sets in X with p,-IFIP such that NF = 0.
Then U = {X — F : F € F} is a p;-open cover of X. Now for any subcollection
{X—F, -+, X—F,}, there exists a non-null y;-open set U such that U C N;'_; F;..
Then U7y, (X — Fr) C e, (U2 (X — F)) € €0, (X — 00y ) C e (X - U) =
X —U # X. Thus X is not g;;-closed, a contradiction to the hypothesis. O

Definition 4.5. Let u be a GT on a nonempty set X. A filterbase F on X is said
to be a p-open filterbase if F C p.

Definition 4.6. Let p be a GT on a nonempty set X. A point x of X is said to
be a p-adherent point of a filterbase F on X if for each U € u(x) and each F € F,
FNU#9.

Theorem 4.7. Let (X, py, o) be a gij-closed bi-GTS. Then every p;-open filter-
base has a p;-adherent point; i,j = 1,2(i # j).

Proof: Let J be a p;-open filterbase such that it has no y;-adherent point. Then
for each @ € X there exist G, € p;(z) and F, € F such that G, N F, = 0.
Consider the p;-open cover {G, : x € X} of X. Then by g;;-closedness of X
we have xq,22, -+, 2, € X such that X = Up_ ¢, Go,. Again, G, N F,, =
0 = cu, Gy N Fyy = 0 (since, Fy, is pj-open)= Fy, C X\c,, Gy = N Iy, C
Mr—1 (X\ep,Gay) = X\ Uy Gy, = 0, a contradiction to the fact that F is a
filterbase. O

The converse of Theorem 3.6 is also true if we take yu; as a topology on X.

Theorem 4.8. Let (X, i1, ft5) be a bi-GTS. If every pi;-open filterbase has a ;-
adherent point, where p; is a topology, then X is gij-closed, i,j =1, 2(i # 7).

Proof: If possible let X be not g;;-closed. Then there exists a p,-open cover
{Gs : @ € A} such that for every finite subset Ag of A, X # UaeroCu,Ga =
X\ Uaeny ¢u,Ga # 0 = Naenyg(X\cy,Ga) # 0. Now T = {Naen, (X\cy,Ga) :
Ao is a finite subset of A} forms a pi;-open filterbase on X. So by the hypothesis
JF p;-adheres to some z € X. Now, x € G,, € p, for some g € A. Again
X\cuj Go, € F, contradicts that F p,-adheres at x. O

Definition 4.9. Let pu be a GT on a nonempty set X and (A, >) be a directed set.
Then {Oq € i : oo € A} is said to be a net of p-open sets.
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Definition 4.10. Let (X, iy, py) be a bi-GTS and {O, : o € A} be a net of ;-
open sets. Then a point x of X is called u;-adherent point of the net {Oy : « € A}
of ju;-open sets iff for each V' € p;(x) and each o € A, there exists f € A such that
B>aandVNOg#0;i,5=12(i#7).

Theorem 4.11. Let (X, j11, j15) be a gij-closed bi-GTS. Then every net of u;-open
sets in X has p;-adherent point; i,j = 1,2(i # j).

Proof: Let {O, : @ € A} be a net of u;-open sets. Consider F,, = ¢, [U{Op : B €
A and B > a}] for each a. Then clearly F = {F, : « € A} is a family of p,;-closed
sets with y;-IFIP. By Theorem 4.4 there exists x € NF. Let o € A and V' € ().
Then VN (Ug>a0p) # 0, i.e., there exists 5 € A with 8 > « such that VN Og # 0,
proving that z is a p,;-adherent point of the given net. O

Theorem 4.12. A bi-GTS (X, juy, py) is gij-closed iff every family W of r(p, p;)-
closed sets having the property that for each x € X, there is U € U such that U is
a p;-nbd of x, has a finite subcover; i,j5 =1,2(i # j).

Proof: Let X be a g;;-closed space and U a family satisfying the given condition.
So for each x € X, we can find some U, € U and p;-open set V, such that
x €V, CU,. It then follows that {V,, : € X} is a u,-open cover of X. Then for

a finite subset {21, 22, -+, @} of X, X = Uj_ ¢ Vi, CUp_1c Up = Up_1 Uy,
Conversely, for any p,-open cover U of X, {Cuj U : U € U} is a family which satisfies
the hypothesis of the theorem and the rest is clear. O

Theorem 4.13. Let (X, py, fto) be a bi-GTS. Then X is g;;-closed iff each filterbase
F on X with at most one (p;, p;)-adherent point, (j;, j1;)-converges; i,5 = 1,2(i #
).

Proof: Let J be a filterbase on g;j-closed bi-GTS (X, pq, o) with at most one
(1445 p1j)-adherent point. So by Theorem 4.2 there exists a point zo € X such that
(tispj)-adF = {zo}. If F does not (p,, p;)-converge to zo then there exists a
V'€ p,(wo) such that for each F € F, F ¢ ¢, V. ie, FN(X\c,V) # 0. Now
§={FnN(X\c,,V): F € F}is afilterbase on X. Since X is g;;-closed, § has non-
void (f;, pt;)-adherence by Theorem 4.2. Consequently mGE97ui7ujG # (). Again

NeesVp,u, G = mFe?Vui,uj(F N (X\ew,V)) C (pg, p15)-adF N %Ai,uj(X\CujV) =
{zo} N Visioiss (X\ep, V), ie, o € Visos, (X\¢y, V), which is a contradiction. Hence
F (u;, pj) converges to xo.

Conversely, If possible let X be not g;;-closed. Then there exists a filterbase J on
X which has no adherent point in X. So by the hypothesis F is (y,, f4j)-converges
to some point z € X. Since z is not a (ui,,uj)-adherent point of &, there exist
U € p(z) and Fy € J such that F1 N, U = 0. Again since F (u;, p1;)-converges
to x, we have some F5 € J such that Fr C c#jU. But F is a filterbase on X and
so there exist F' € F such that F' C I} N F,, which contradicts F; N chU = () and
Fy C chU to hold simultaneously. O
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Definition 4.14. [5] Let (X, ju1, pty) be a bi-GTS. Then X is said to be (p;, 1;)-
regular if for any x € X and any p,;-closed set F not containing x, there exist
Ué€p; andV € p; withx € U, F CV such that UNV = 0; 4,5 = 1,2(i # j).

Theorem 4.15. [5] Let (X, uy,py) be a (p;, p;)-regular bi-GTS. Then p; C

Theorem 4.16. A (y;, p1;)-regular bi-GTS (X, py, j15) is gij-closed iff every cover
of X by O(u;, j1;)-open sets of X has a finite subcover; i,j = 1,2(i # j).

Proof: Let X be g;j-closed space and U a cover of X by 6(u,, uj)—open sets. Then
for each z € X, there is U, € U such that z € U,, and then x € V, C Cu, V., C U,
for a p;-open set V. Now {V, : & € X} is a p;-open cover of X and hence by
gij-closedness of X, X = Up_, ¢, Vy,, for a finite subset {z1,z2,...,2,} of X. Then
{Us,,Usy, ..., Us, } is a finite subcover of U.

Conversely, let X be (ui,,uj)-regular and U be a p;-open cover of X. Then by
Theorem 4.15 U is also a 6(y;, p1;)-open cover of X and so there exists a finite
subcollection Uy of U such that X = Upyey, U, ie., X = UUeuochU. O
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