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ABSTRACT: In the present work we introduce a composition formula of the pathway
fractional integration operator with finite product of generalized K-Wright function
and K4-function. The obtained results are in terms of generalized Wright function.
Certain special cases of the main results given here are also considered to correspond
with some known and new (presumably) pathway fractional integral formulas.
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1. Introduction and Preliminaries

In recent years, the fractional calculus has become one of the most rapidly
growing research subject of mathematical analysis due to its numerous applications
in various parts of science as well as mathematics.

The importance of the role played by the Wright function in partial differential
equation of fractional order is well known and was widely treated in papers by
several authors including Gorenflo, Luchko, Mainardi [5], Mainardi [14] and many
more.

Throughout this paper R and C denote the sets of real and complex numbers
respectively, also RT = (0,00),Ng =0,1,... and Z~ = —1, -2, ....
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Let g, 3; € R\{0} and a;,b; € C, i = (I,p);j = (I,q), then the Generalized
Wright function is defined for z € C by Wright [30] in the following manner:
(@i, o)

_ T (a; + na;) 2"
qu (2) = p% [ (b]aﬁj Y 1 Z (b ey ) K (1.1)

where I'(z) is the Euler gamma function [3]. The conditions for existence of (1.1)
together with its representation in terms of the Mellin-Barnes integral and of the
H-function were established by Kilbas et al. [8].

Generalized k- Gamma function I'y(z) defined as [2]

. nlk™ (nk)F !
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and (z),, ; is the k-Pochammer symbol [2] defined for complex z € C and k € R by

I'x (2) , keRt 2eC\kZ", (1.2)

! if n=20
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For R (z) > 0 and k € RT, then I'y(2) defined as the integral

o0 k
Tk (z) = / 7l e~ F dt, (1.4)
0
due to which the following identity holds [2]:

Tk (2) = k¥~'0 (Z) (1.5)

Recently, Gehlot and Prajapati [4], introduced the following generalized K-Wright
function defined in terms of k-gamma function by the series
(a”bv az

P Tk (a; +noy) 2"
(b],/i) 1 ZH Ty, (b; +nB;) nl” (L.6)
where k € RT and (a; + na;) , (bj +n8;) € C\kZ~Vn € Ny. Here, I'y(z2) is defined
n (1.2). For k = 1, the generalized K-Wright function reduces to the generalized
Wright function. Wright function [30], generalized Mittag-Leffler function [8] and
Bessel-Maitland function [15] are some other particular cases.

Here, in the present paper, we aim at establishing a (presumably) new fractional
integration formula of pathway type involving the generalized K-Wright function.
Some interesting special cases of our main result are also considered.

Recently, Nair [[20], p. 239] introduce a pathway fractional integral operator by
using the pathway idea of Mathai [16].
Let f(z) € L(a,b),n € C, R(n) >0, a > 0 and let us take a "‘pathway param-

eter"” o« < 1. Then the pathway fractional integration operator is defined and
represented as follows:

(1.3)

p"/’lg (Z) = p"/’lg

mn

( naa)f)() /Oa(lxa) [1_M}ﬁf(t)dt, (1.7)
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where L (a,b) is the set of Lebesgue measurable function defined on (a,b).
If we set @ = 0, @ = 1, and replacing n by n — 1 in (1.7) then we have the
following relationship:

~1,0,1
(PTH7) @) =T () [(1,1) (@] (1.8)
where I/, is the left-sided Riemann-Liouville fractional integral operator [23].

2. Pathway Fractional Integration of Generalized K-Wright Function
In this section we consider composition of the pathway fractional integral P(" oa)
given by (1.7) with the generalized K-Wright function (1.6).

Theorem 2.1. Let a < 1, the parameters z,n,p € C, a;, 3; € R\ {0}, a;,b; € C,
i=(L,p):j=(1,9),RMn) >0,a>0,R(p+0)>0,0>0 and%(ﬁ) > —1,
then there holds the following formula:

b= R [ (1 a))f
(%,%)17(/)7 )a z 7
§ AN IR N 2.1
p+1¢q+1[ (%%) (1+p+1 -, ); “\Nal—a) 2

Proof: Let the left-hand side of the (2.1) be denoted by I. Applying (1.6) and
using the (1.7) to (2.1), we get

F 3 3 a-n
[ = pire oo 12 iz1 L'k (as +"0<) (CZ')

] 1

B Z i 1Fk al—l—naz)c (naa){ pton— 1}
g 1Fk b +n6)

By using the known relationship between the Beta function B («, 3) and the Gamma
function [20,28]

e D) (1+ 1—77_3)
GOl T (2 s 1)

BT {1 = (@ < L;R(n) > 0;R () >0).

(2.2)
Here, applying (2.2) with p replaced by (p + on) to the pathway integral and using
(1.5), after a little simplification, we obtain the following result

a +a n_lr (al-i-aln) T (p —+ O'TL) I (1 4+ 1—:%) o ntpton
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then, in view of (1.1), is easy to arrive at the expression of (2.1). This completes
the proof. O

Setting p =1 and ¢ = 1 in the Theorem 2.1 yields the following result:

Corollary 2.2. Let o < 1, the parameters z,n, p,a,b € C, o, 3 € R\ {0}, R(n) > 0,
d>0,R(p+0o)>0 0 >0 and §R(I—ZE) > —1, then there holds the following

formula:

b+B8n
B —letn (14
P Lo gk (o)) = (1 2%)
R 1d (1= N)?

(g’g)’( ,0)5 z 7
X 2ty [ (%7%) ,k(ﬁpi 1—5,"); c<m) 1 . (2.4)

3. The K,-function and its relationship with other special functions

The K4-function introduced by Sharma [26], is defined by the power series

P (N ¢ (@ — )t
w(bg), T ((n+y)a=p)

(3.1)
where a, 8,7,z € C, R (ay — ) > 0; (a;),, (i=1,2,...,p)and (b;), (j=1,2,...,q)
are the Pochhammer symbols which are defined as follows:

M_ L, (RZO,V#O)
I'(v) _{ y(y+1)..(y+n—-1), (neNyeC) - (3.2)

The series (3.1) is defined when none of the parameters b;s is a negative integer
or zero. If any numerator parameter a; is a negative or zero, then the series (3.1)
terminates to a polynomial in x. The series is convergent for all z if p > ¢ + 1.
When r = s+ 1 and |z| = 1, the series can convergence in some cases.

Ifweset 8=a—p,v=1,¢c=1and d=0in (3.1), then we obtain the following
relation:

(e o)
. a .. (a
KEPDCD®D (4 by, by )= S ( 1)(nb )(
n=0 Vn -

), =

Kia’a_ﬂ’l)’(l’o):(p’q) (@1, .oy ap; b1, .oy bg; ) = xﬁflng"ﬁ (@1, .oy ap; b1,y by ),
(3.3)
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where , M2 is the gencralized M-series [12,27], and defined as

ap), _ a"

pMEP (ay, .y ap; by, b Z q) Tan 1B (3.4)

where o, 3,2 € C, R (a) > 0 and (ay),, , (bj),, are known Pochhammer symbols.
New we state further relations with other Special functions.

(i) If weset p=1=gqanda; =1,b; =1 in (3.1), then we arrive at the
following relation:

a,8,7),(c,d):(1,1 > on d)(nJr’y)afﬁfl
DD 1 0) G ) = 3 Dl

)

(3.5)
where G, 3, (c,d, z) is the G-function (but not the Meijer’s G-function) defined
by Lorenzo and Hartley [13] (see also, [25]).

(ii). Further, if we put v = 1 in (3.5), then K4-function readily yields the
following relationship with R-function:

)(nJrl)a B—1

(a,,1),(c,d):(1,1)
K 1; 1;
4 ( 5 Ly ZL') F( n + 1 Oé — ﬁ) )

R (c,d, x) (3.6)

where x >d >0, a> 0, R(a— ) > 0; and Raﬁg (c, d, x) is the R-function defined
by Lorenzo and Hartley [13].
(#1). If we take d = 8 =0 in (3.6), we get

n+1)a 1
KA ODA0 (g gy = Z r n+1 , (3.7)

where F, (¢, x) is the F-function defined by Robotnov and Hartley, for example see
[6].

Next, we define some more relationship between K4-function and various special
functions.

Mittag-Leffler function [18,19]:

a,a—1,1),(—¢,0):(1,1 o o (o) e
K PECOMD (115 ) = Ba(—ca®) = Zm (3.8)
n=0
Agarwal’s function [1]:
o na+pB—1
(a,a—fB,1),(1,0):(1,1) /4. 1. _ ay €L
K (1;1;2) = Bap(a®) = Y = (3.9)
— I (na + B)
Erdélyi’s function [29]:
a,a—p3,1),(1,0):(1, _ o 700 e
Ko GO (11 2) =af T g (@) =27y Ta+p) @7 %070
n=0
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Miller and Ross’s function:

K(L_ﬂal)a(cao):(l’l) 1 1 3.11
4 (,,:L') ZFH—f—ﬁ-ﬁ-l) ( )
Generalized Mittag-Leffler function [7]:
n .(n+l)a—pB—1
(@,8,1),(e00:(1,1) (1. 1. 1) — pa—f-1 i
K 1;1 = Eoa- 3.12
4 (itix) =2 ) = gy 612
New generalized Mittag-Leffler function [21]:
(8:2):(.0:(L1) (1. 1. o) — por—B—1F por—B—1 e
K4 (1’ 1, :C) ’Y Eoz ,oy— B( v an—\ ﬁ)
(3.13)
Wright function [17]:
K@BMEOWD (. 1, gy A 104 [ 1) 'cwa] (3.14)
* o INGD) (ay = B,a) ' ’

where ;U (x) is special case of the generalized Wright’s hypergeometric function
»¥q(z) defined in (1.1).
H function [17]:

: ory—F-1 1—7,1)
KB @01 (g, oy F UL | e (1=, .
4 WED = M2 2 01, 0-ar + 60)
_ (3.15)
H function [17]:
: o=l 1—7,1;1)
B0 (. oy F L1 e (1=71; .
4 o =" e [T 0,00 - v+ 8,051)
(3:16)

In the next section, we apply the integral operator (1.7) to the Ky-function
defined as in (3.1) and express the image in terms of generalized Wright hyperge-
ometric functions.

4. Pathway Fractional Integration of K,-function

In this section we consider composition of the pathway fractional integral Po(j_’)"c)

given by (1.7) with the generalized K4-function (3.1).
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Theorem 4.1. Let A < 1, the parameters x,c, B,v,n,p € C, R(ay—08) >0
R(n) > 0,d >0, R(p) > 0 and 3%(%) > —1, then there holds the following

formula:
{ “ T (b) } (zic)ﬁ-i-va-kp—ﬁ T <1+ 1_77_7)

(n,A,d) p 1-(a,8,7),(a,c):(p,q) J=1
Pyt (x—c)’ Ky (z)p= o
{ } {IT°_, T (@)} T (9) [d (1 — Nt

(aial)fv(’)/vl)a(7a+pfﬂva); xr —cC «
e | (b, 109, (a - B,a), (149a+p— 8+ 250 (m) |
(4.1)

Proof: Let the left-hand sidee of the (4.1) be denoted by J. By applying (3.1)
and using (1.7) to left-hand side of (4.1), then we have

- (al)n (ap)n ('7)n a” (x _ C)("H—V)a—ﬂ—l
Z (bl)n( q)n n!F((nﬁL’Y)Ozfﬂ)

J= PO(Z’/\’d) {(Jc —c)’
n=0

oo n

_ @ @), (D @ o [ ressps
77;0@1)".“(%)" T ((n+7)a—B) Foy {(x—c) +7)a+ }

By applying (2.2) and after a little simplification, we arrive at

n (x — C)nJr(nJr’Y)‘lJrP*ﬁ

e (a1),, - (ap), (v), @
= 7;) - (bg), WD (R +7) = B) [d(1— N)]Fete=P

C((n+7)a+p=B)T (14 )

T (x+(m+atp—pB+1)
2

next we use (3.2), then we obtain

)n+'ra+p*ﬁ

fz a1+n (ap+n)1“(b1)...1“(bq)r(7+n)an ($—C
T (b1 +n)..T(bg+n) T (a1)..T(ap) T (y) n!  [q(1— )P

(z — )™ I‘(va—i—p—i—na—ﬁ)l"(l—i—&)
[ =P ((n+7)a =B T (5 +m+y)a+p—B+1)

X

{ ¢ (bj)} (z — e)7trete=f (1 + 1—"_—A)

{IT7-, T (@)} T (9) [d (1 — A7
i {IT?_, T (ai +n)} T (v +n) L (ya + p+na — )
{Hg‘:lr(ijF”)} I'((n+vy)a-25) F(ﬂj+(n+7)a+p—ﬂ+1)
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L a” (x—c)"
[d(1—N)]"" nl’

whose last summation, in view of (1.1), is easily seen to arrive at the expression in
(4.1). This completes the proof. O

Setting p = 1 = ¢ in (4.1) then we obain the following result:

Corollary 4.2. Let A < 1, the parameters x,o, B,v,m,p € C, R(ay— ) > 0,
R(n) >0,d >0, R(p) > 0 and %(%) > —1, then there holds the following

formula:
+ya+p—pB
L (b) (e — )" 70T (14 1)

I (a) D(7) [d(1 -]+ 7

(a,1),(7,1) (va+p—B,a); T —c a
. 31/)3 l (bal)a(’}/o‘*ﬂ,a) (1+’ya+p—ﬂ+1_7]__/\,a); S<m) ] (43)

A8 a,8,7),(d,c):(1,1
Péjlr ){(:Cfc)pKi B,7):(dse):( )(:c)}:

5. Special cases of Theorem 4.1

In this section we state certain special cases of the Theorem 4.1, which are
also considered to correspond with some known and new (presumably) pathway
fractional integral formulas.

(i). fweset B=a—pF,y=1,a=1and ¢ =0 in (4.1), then we obtain the
following pathway fractional integral operator associated with generalized M -series.

et T T (e 1 (14 25
(I, T (ai)} [d (1 = N)]"F7

(aial)ll)a(lal)a(p—i_ﬁaa); x @
e | (00 (8,0), (1404 B+ t25.0) <m) ’

PO(Z’)"d) {zr pM;”g (a1, .., ap; b1, .y bgs )} =
(5.1)

the existence conditions can easily follow from Theorem 4.1.
(ii). If we set p=1=q and a; =1 = b; in (4.1), then we obtain the following
pathway fractional integral operator of G-function [13].

(x — c)n+7a+p7ﬁ r (1 + ﬂj)
T (y) [d(1 =)=’

(1, 1), (ya+p—B,0); e \®
I E i e AR € = ) I

Ad
P (@ = ¢) Gapy (a,c,2)} =
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(iii). If we put v =1 in (5.2), then we have the following result:

(o= )T (14 )
[d(1— N+’

(1,1), (a+p—B,a): e
X2¢2[(a_ﬁ,a),(l—i_a—'—pp—ﬁ—i—ﬁ,a);a(m> 1, (5.3)

Ad
PO(Z '{(z = ¢)” Rapl(a,ca)} =

where R, g (a,c,x) is the R-function [13].
(iv). Further, if we take ¢ = 0 and 8 = 0 in (5.3), then we arrive at the following
result:

[d (1= )]

(1,1), (a+p,a); " a
X 21/12[(04,&), (1+a+pp+%,a); a<m> ], (5.4)

where F, (a,x) is the F-function [6].

(v) fweset p=1=¢q,a,=1=0b;, =a—-1,y=1and ¢c=0in (4.1),
then we obtain the following pathway fractional integral operator of Mittag-Leffler
function [18].

PO (0P By (a,2)) =

J U (1 + 1_7]_7)

Py {a? Ea (aa®)} =

[d(1 -\
(1,1),(p+1,a); X *
X2¢2l(1,a),(2+p+l—%,a);“<d(1—A)) ] (5:5)

(vi. Ifweset p=1=9¢q,a, =1=0b;, 8=a—-08,v=1a=1and
c=01in (4.1), then we obtain the following pathway fractional integral operator of
generalized Mittag-Leffler function (also known as AgarwalSs function) [1].
LB T (1 i TTIJ)

[d (1= )77

(1’1)a( Jrﬂaa); x a
e l (8, ), (1+pp+6+ﬁ,a); (m> ] (5.6)

(vii). f weset p=1=¢q,a;, =1=bj,a=1,0=—-8,y=1landc=0in
(4.1), then we obtain the following pathway fractional integral operator of Miller
and RossSs function [3].

A,d o
PN (af By (a)) =
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pltn+e+B T (1 4 1_77_7)

[d (1 _ )\)]1+p+ﬁ

(L1), 1+p+8,1); .
(1+ﬂ,1),(2+p+ﬂ+1—’7_7,1);“(m)]- (5.7)

PO 20 B, (B,a)} =

X 21y

(viii). f weset p=1=g¢q,a; =1=0b;,y=1and ¢ =01in (4.1), then we arrive
at the following pathway fractional integral operator of generalized Mittag-LefHler
function [7].

$U+P+1F(1+%)
[d(1— )7

A,d @
PN a? Bo o p (az®)} =

1/} (171>7(O‘+p7ﬂ7a); x ¢ (58)
22 (a-pia), (1+atp-B+2ya); Naa—n) |0 W
(ix). ff weset p =1=g¢q, a;, =1 =b;, and ¢ = 0 in (4.1), then we arrive

at the following pathway fractional integral operator of generalized Mittag-Leffler
function [21].

2N TP+ (1 + _7]__)
PO(IA,d) {zp E) - (aza)} _ 1 Jr/\ L
’ T (y) [d(1 =]

(1), (va+p—B,0); . o
<6 o, (1 ns oo e ) () | 09

(x). If we use relation (3.14) in (4.1) then we have the following interesting
result for Wright function.

(1A (1) L ()
Poj- {x"1¢1[ (Oé'}/*ﬂ,a); axr :|}— [d(liA)]'yaerfﬁ

(v, 1), (va+p—B,a); . o
><21/12[(VOé—ﬁ,a),(l—Fva—i-p—ﬁ_,_%,a); a(m) 1 (5.10)

(xi). If we use relation (3.15) in (4.1) then we have the following pathway
fractional integral operator of H-function [22,17].

(1-.1) ]}W“HFO+#Q
0,1),(1 —ay+ B, a) [d(1-— )\)]va+p—5

(1. 1), (va+p—B,a); . a
><21/12l(704ﬂ,oj),(ljvafpﬂJrl_n_j’a);a(m) ] (5.11)

Ad
Péi’ ’ ){poll’Ql {a:co‘
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(xii). If we use relation (3.16) in (4.1) then we have the following pathway
fractional integral operator of H-function [17] (see also, [9,10,24]).

(. A,d) =11 N (1-71:1) - AN AR (1 4 1_77_7)
P037r {:cﬂ Hy, [az 0,1),1 —ay+B,a51) } } - (1 — )\)]mﬂ,ﬁ
(Val)a(Va-i-p—ﬁ,a); T «
<2 (’Yaﬂaa)7(1+7a+pﬂ+%,a);a<m) (5.12)

6. Concluding Remarks

We conclude this investigation by remarking that the results obtained here are
general in character and useful in deriving various integral formulas in the theory
of the pathway fractional integration operator. Most of the results obtained here,
besides being of a very general character, have been put in a compact form avoiding
the occurrence of infinite series and thus making them useful from the point of view
of applications. Pathway fractional integral operator of several special functions
also given as special cases of our mail result.
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