Bol. Soc. Paran. Mat. (3s.) v. 352 (2017): 195-208.
©SPM —~ISSN-2175-1188 ON LINE ISSN-00378712 IN PRESS
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.v35i2.28329

Numerical treatment of nonlinear optimal control problems

Reza Khoshsiar Ghaziani, Mojtaba Fardi and Mehdi Ghasemi

ABSTRACT: In this paper, we present iterative and non-iterative methods for the
solution of nonlinear optimal control problems (NOCPs) and address the sufficient
conditions for uniqueness of solution. We also study convergence properties of the
given techniques. The approximate solutions are calculated in the form of a conver-
gent series with easily computable components. The efficiency and simplicity of the
methods are tested on a numerical example.
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1. Introduction

Optimal control is a subject where it is desired to determine the inputs to a dy-
namical system that optimize (i.e., minimize or maximize) a specified performance
index while satisfying any constraints on the motion of the system. Optimal con-
trol theory has received a great deal of attention and has found applications in
many fields of science and engineering [20,22,23,15,16,17,18,21,24]. Because of the
complexity of most applications, optimal control problems are most often solved
numerically. Numerical methods for solving optimal control problems date back
nearly five decades to the 1950s with the work of Bellman [3,4,5,6,7,8]. From
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that time to the present, the complexity of methods and corresponding complexity
and variety of applications has increased tremendously making optimal control a
discipline that is relevant to many branches of engineering.

Numerical methods for solving optimal control problems are divided into two
major classes: indirect methods and direct methods. It is seen that indirect meth-
ods and direct methods emanate from two different approaches. On the one hand,
the indirect approach solves the problem indirectly (thus the name, indirect) by
converting the optimal control problem to a boundary-value problem. As a result,
in an indirect method the optimal solution is found by solving a system of differ-
ential equations that satisfies endpoint and/or interior point conditions [11,14,12].
On the other hand, in a direct method the optimal solution is found by transcribing
an infinite-dimensional optimization problem to a finite-dimensional optimization
problem [2,9,10,13].

The two different ideas of indirect and direct methods have led to a dichotomy
in the optimal control community. Researchers who focus on indirect methods are
interested largely in differential equation theory (e.g., see [1]), while researchers who
focus on direct methods are interested more in optimization techniques. These two
approaches have much more in common than initially meets the eye. Specifically,
in recent years researchers have deeply investigated the connections between the
indirect and direct forms. These two classes of methods are merging as time goes
by.

This paper is organized as follows. In Section 2, we define a nonlinear quadratic
optimal control problem. In Section 3, we establish existence and uniqueness of
the solution of the defined control problem. Stability of solution of the problem
is presented in Section 4. In Section 5, we present an iterative numerical method
and give convergence analysis of the introduced method. Section 6, provides a non-
iterative method and analyzes its convergence. Finally, in Section 6, we present
optimal control results for a test problem.

2. Nonlinear Quadratic Optimal Control Problem

We consider the nonlinear dynamical system of the form

i(t) = f(t.2(D) + gl a()v(t), to <t <ty,
{ z(to) = xo, x(tf) = xy, ’ (2.1)

where z(t) € R™ and v(t) € R™ are the state vector and control function, respec-
tively, and x¢, z are the initial and final states at to,t;. Moreover, f(t,z(t)) € R"
and g(t, z(t)) € R"*™ are two real-valued continuously differentiable functions and
have continuous first derivative with respect to x.

The objective is to find the optimal control law v*(¢) that minimizes the quadratic
objective functional

Jlx(t),v(t)] = 5/1: f(:cT(t)Q:c(t) + o7 (t)Ro(t))dt, (2.2)
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subject to the control system (2.1), where @) is a symmetric positive semi-definite
n X n matrix and R is a symmetric positive definite m x m matrix.
Consider Hamiltonian of the control system (2.1) as

1

Sl Q) +v" (O Ru(t)]+ET (1) (¢ 2(1) +9(t, 2(t)v(®)],

where k(t) € R™ is known as co-state vector. According to the pontryagin’s max-
imum principle [32], the optimality condition for system (2.1) obtained by the
following nonlinear equations.

B(6) = f(t,2(t) + g(t, 2(0) =R ™97 (¢, 2(6) k(1)
(1) =— (Qu(t) + (2HGH) T <>+zl k(B[ =R g7 (8, 2(t) k()] T 2220
x(to) = xo, x(ty) =xy, to <t <ty, 2.3)

where k(t) = [ki(t),ko(t), ...k, ()]T and g(t,z(t)) = [g1(t,x(t)), g2(t, 2(t)), ...,
gn(t,x(t))]" with gi(t,2(t)) € R™.

Also the optimal control law is given by v(t) = —R™1g” (t, x(t))k(t).

For the sake of simplicity, let us define the right hand sides of (2.3) as follows

1 (1 a(8), k(1) = f(t.a(t)) + g(t, z(£))[~Rg" (¢, x(t)k(t)],
o (t,2(t), k(1)) = —(Qu(t) + (2LLZONTk(1) (2.4)
+ 00 ki) [~ R gT (¢, w(t))k(t)) T 22l

Because the initial value of k(t) is not known, thus system (2.3) leads to

'T(t) = ¢1(ta x(t)a k(t))’
z(to) = wo, k(to) =B, to <t <ty,
where ¢; € R" and ¢, € R are two functions and g € R is an unknown parameter.

In order to obtain an approximate solution of system (2.5), let us integrate the
system (2.5) with respect to ¢, using the initial condition we obtain

H[t, x(t), v(t), k(t)] =

0) = a0+ 015 2(6),k(s)) s, )
k(t) 5+ft Bo(s,2(8), k(s))ds, to <t <ty. '
We consider (2.6), which in turn can be written as
t
Z(t)=Zo+ | Q(s,Z(s))ds, to <t <ty, (2.7)
to
where .
Z(t) = (Zi(t), Za(t), . Zns1)" = ((a(t), k(t) ) € R,
Zo(ﬁ) = (ZO1 (t)a ZOz (t)’ sy ZOn+1 (t))T = ( :Eo(t), ko(t) )T € %n-i-l’
and

QL Z(1) = (Qit,Z(#), Qolt; Z(1)), -, Qut (t, Z())"
= ( Oy (tw(t), k(1)) &t x(t), k() ) € R
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3. Existence and Uniqueness of The Solution

First, we want to find the sufficient conditions for the uniqueness of solution
in the space C([tg,tf] — R"T1) of real-valued continuous functions on the interval
[th tf]'

Here, we will use the infinity-norm ||.||o, that is given

12]lcc = max {|Zi]}. (3.1)

1<i<n+1

Theorem 3.1. Let Q : [to,tf] x R"*1 — R be continuous and there exists a
positive constant 0 < L, such that

1Q(t, 2) = Q(t, 2)lle < LI Z — Z| |0, Yt € [to, 1], (3.2)

then, the problem (2.7) has a unique solution.
Proof. We introduce an operator ®, acting on C([to,ts] — R"*1), defined by

(®2)(t) :ZO+/ Q(s, Z(s))ds, to <t <ty,. (3.3)

Observe that the right hand side of (3.3) is a continuous function on the interval
[to,tf], in other words, ® maps C([to,tf] — R"*!) into itself.

Next we define the weighted norm ||.||g, where 6 > 0, on C([0,T] — R"*!) as the
following

1Zllo = max e || Z]| (3.4)
te[tﬂvtf]

where L is constant.

Our proof is proceed as follows:

Step 1. We know that Q is continuous, then the operator ® : C([to,ts] — R" 1) —
C([to, ts] — R™T1) is continuous.

Step 2. We can show that ® maps bounded sets into bounded sets in C([to,tf] —
R, Let B, C C([to,tf] — R™!) be bounded; i.e., there exists a positive
constant 7 such that || Z|lg < r, VZ € C([to,ty] — R"T!). In this step, we show
®(B,) C B,. To this end, we choose 7, such that e L[| Zy|l o + M (t; — to) +
2(e2tr — efLto)] <, where M = [|Q(Z,0,0)]| o

For each Z € B,, we have

12Z]l00 < [ Zolloo + H[/t (1Q;(s,Z(s)) = Q;(5,0,0)| +1Q;(5,0,0))ds]; ||

t
< %ol + II[/t L|Zj(s)|ds]51 || + M (ts — to). (3.5)
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Since, Q is continuous, we have

[9Z]lp = e "2
t
< e_eLt(HZOHOO—i—M(tf—fo))‘i‘@_eLtH[/t L|ZJ(S)|dS]7illH
0
t
< efeLt[HZoHoo+M(tf*t0)+LT/ eGLst] (3.6)

to

z(eBLt o e@Lto)]} <r,

= maX]{e_eLt[HZ0||oo+M(tf—t0)+ 7 <

te(to,ty

thus ® maps B, into itself.
Step 3. We prove that ® is a contraction map.
Let Z,Z € C([0,T] — R™™1), then we obtain

[2Z — @Z|o

< II[/t [Q; (s, Z(5)) = Q;(s,Z(s)))ds] ;2] |

t
< ( max {LeiGLt/ etPLsds))||Z — Z)e. (3.7)
t€lto,ty] to
Because
t
max {Le_eLt/ et0Lsds)
telto,ty] to
1 —OL(t—t0)
= — (1 — 0
e {g—e )}
1
— (] — e OL(tr—to)y, 3.8
(1 = om0kt 55)
Then
t
lim [ max {LefeLt/ etflsds}y] = 0. (3.9)
60— 00 tE[to,tys] to

Hence, by choosing 6 sufficiently large, we make
t
[ max {LefeLt/ et ds)) < 1. (3.10)
tefto,ty] to

Hence for the chosen value of 8, the operator ® is a contraction map.
Now, by application of the Contraction Mapping Theorem ® has a unique fixed
point in C([0,T] — R"*1), which is also the unique solution of the problem.

4. Stability of Solution

In this section, we discuss stability of solution for (2.7) by using the concept of
stability. First, we give the definition of the stability of solution for (2.7).
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Definition 4.1. A solution Z(t) to (2.7) is said to be stable on the interval [to, /]
if for every € > 0 there exists § > 0 such that for all Z satisfying || Z(to) — Z||oe < 0
the solution W (t) for following problem satisfies || Z(t) — W (t)||c < € for all ¢ in
[th tf]7
t
Wt)=Z+ | Q(s,W(s))ds, to <t <ts. (4.1)

to

Theorem 4.1. Assume that Q(t, Z(t)) is a continuous vector function on

U=A{Z)lto <t <t7,[|2(t) = Zo@)[oo <7}, (4.2)

Suppose also, that there exists a positive constant L such that,
1Q(t, Z(t) — Qt. Z(1))llse < LIIZ(t) = Z(t)l| (4.3)

holds whenever (¢, Z(t)) and (¢, Z(t)) lie in the rectangle U, and let ||Q(t, Z(t))||co <
M for some real number M on U. Then the solution Z(t) is stable on the interval

[to, tf].
Proof. Since

Z(t)=Zo+ /t Q(s, Z(s))ds, to <t <ty, (4.4)
Wm2+fQ@wwmmmgtgm (4.5)

it follows that

t
1Z(t) = W(t)lloo < [|Z0 — Zl|oo +L/ 1Z(s) = W(s)llocds, to <t <tp. (4.6)
to

Now set ®(t) = || Z(t) = W (t)||oo and A = || Zo — Z||oo; then, (4.6) can be written as

t
qmgA+Q/¢QM&mgtgw. (4.7)
to
Multiplying (4.7) by exp(—Lt), we find that
t
%[exp(—Lt)/ D(s)ds] < dexp(—Lt). (4.8)
to

Integrating the inequality (4.8), we deduce that

L/t O(s)ds < AMexp(L(to —t)) — 1), j=1,2,...,n+ 1. (4.9)

to

From (4.7) (4.9), we have
D(t) < Aexp(L(to — t)). (4.10)

Thus, given € > 0 as the above definition, we choose § = eexp(L(to — ts)) and the
proof is completed now.
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5. Iterative Method (IM)

In this section, we apply an iterative method to solve the optimal control system
problem.
We consider (2.6) which can be written as

x(t) = xo + F(t,x(t), k(t), F(t,x(t),k(t)) = | &1(s,2(s),k(s))ds, (5.1)

to

k(t) = B8+ G(t,z(t), k(t)), G(t,x(t), k(t)) = /t b (s,2(s), k(s))ds. (5.2)
We shall look for series solution to (5.1) and (5.2) as

x(t) = xo(t) + 21 (t) + 22(t) + ..., (5.3)

k(t) = k/’o(t) + k1 (t) + kQ(t) + ..., (54)

and define the partial sums

x"(t) = in(t)a k" (t) = Z ki(t), (5-5)

xo(t) = o, ko(t) =P,
w1(t) = F(t,20(t), ko(t)), k1(t) = G(t,z0(t), ko(t)), 56
T (t) = F(t,x'(t), k' (t)) — F(t,x" (), k"1 (t), i=1,2, ..., (5.6)
kig1(t) = G(t,x(t), k' (1)) — G(t,x* 1 (t), k' (1)), i = 1,2, ...,
so that
X (t) = wo(t )+F(t x'(t),k' (1) = :co(t)
' +F(t, ZJ ozz(t)a = Okz(t)), 1=0,1,2, (5.7)
K (t) = ko(t) + G(t, x'(t), k' (t)) = ko(t) '
G Y g ai(t), g ki(t)), i =0,1,2,
From (5.6), we have
xH(t) = F(t,x(t), k' (1)),
{ KL (1) = Gt (1), K (1), (5:8)

Now, we consider

t
2(t)=Zo+ [ Qls, Z(s))ds, to <t <1y, (5.9)
to
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Therefore, we have

Zo(t) = Z(to), (5.10)
Z1(t) = Zy +/ Q(s, Zo(s))ds, (5.11)
Ziya(t) = /t [Q(s,Z'(s)) — Q(s, 2" ' (s))]ds, (5.12)
where
Z"(t) = i Z;(t). (5.13)
i=0

5.1. Convergence Analysis of IM

In the following, we provide sufficient conditions for the convergence of IM
solution series.
Theorem 5.1. Assume that Q(¢, Z(t)) is a continuous vector function on

U={(t2Zt)0<|t—to| <71, [|Z(t) = Zo(t)|loo < 72}, (11,72 > 0). (5.14)

Assume also that Q(t, Z(t)) satisfies a uniform Lipschitz condition with respect to
Z(t) on U with Lipschitz constant 7, i.e.,

1Q(t, Z2(1)) = QL Z (W)l < YIZ(t) = Z(1)]| o (5.15)
for all t € [to,ts], and all Z(t) and Z(t), and let ||Q(t, Z(t))|lsc < M, for some real
number M on U.

Then the IM series solution converges to the solution of (2.1) on I = [to,to + X,
where

. T2
X = min{ry,

=3, (5.16)

Proof. The assumptions imply the following estimations

1Zo®)llec = [1Z(t0)loo, (5.17)

[Z1(®)]lee < ) 1Q(s; Zo(s))llcods < M(t —to) < Mx <ra,  (5.18)
[Zit1(®)llee < /t 1Q(s. Z'(5)) = Q(s, 2" ()| wdls (5.19)
<

t t

7/ |1Z' () = 27" (s) | o ds :7/ 1Zi(5)llocds,  (5.20)
to to

M ~ +1

(t _ to)iJrl < % (7X)i+1
oy G+
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From (5.17), we have

) N o0 oo M i ; M
I Jim 2"l < 3120w < 3 = (j),u ~to)' < ep(n), - (5:22)
i=0 i=0 ’

therefore the sequence Y_.° Z;(t) is absolute convergence.

6. Non-Iterative Method (INIM)

By considering (2.7), operators L and N can be defined in the following way

L(Z)=2Z, N(Z) = —/t Q(s, Z(s))ds.

We choose Zy(t) = Z(tg), as an initial approximation guess. By using the above
definition, we construct the following homotopy

H(Z,p) = Z(t) = Zo(t) + p[Zo(t) — t Q(s, Z(s))ds — Z(to)), (6.1)

where p € [0,1] is the so-called homotopy parameter, Z(t,p) : [to,tr] x [0,1] —
R+ and Z, defines the initial approximation of the solution of (2.7).
Let the solution of (6.1) be in the form

Z = Zy +pZ1 +p2Z2 +p3Z3+~~~ . (62)

In order to determine the functions Z;, j = 1, 2, ..., we substitute (6.2) into Equation
H(Z,p) = 0 and collect terms of the same powers of p, to obtain

{ Zo(z) = Zt(to), (6.3)
Z](ZL') = fto Sj,l(s)ds, j Z 1, ’
where

5 10 0 0 0 G[Z]

S? 0 Z 0 0 0 G [Zo]

1 72 -

) 0 Z 17 8 0 & 1)

o |= 0 2 217 L 0 5 7

Sz 0 Zi XZ3+72.2y Y7232, L7} G Zo]
and

G [Zo] = G™[Z0+ > Zmp™lp=0], n=0,1,2,.... (6.4)

m=1
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Then, the solution of (5.9) has the form
Z(t) =Y Z;(x). (6.5)
§=0

If it is difficult to determine the sum of series (6.2) for p = 1, then as an approximate
solution of the equation, we approximate the solution Z(t) by the truncated series

z%mZE:@@y (6.6)

6.1. Convergence analysis of NIM

In the following, we provide sufficient conditions for the convergence of SM
solution series.
Theorem 6.1. Consider the optimal control system that is rewritten as

t
Z(t)=Zo+ | Q(s,Z(s))ds, to <t <ty. (6.7)
to

Suppose that the following conditions are satisfied.
1. Zy € U, (Z) where U,(Z) ={Z € C([to, t/)|Z — Z||oc < 7}
2. The nonlinear terms Q(¢, Z(t)) is Lipschitz continuous with

1Q(t; Z(8)) = Qt, Z(1))lleo <AZ(t) = Z ()] co- (6.8)
Then the SM solution series is absolutely convergent.
Proof:
Define the sequence of partial sums {Z"(2)}22,. Now, we are going to prove that
{Z"(t)}32, is absolute convergence.
Let ZF(t) be an arbitrary partial sums, subtract Z(t) from Z*(t), we have

ko _ R ‘ _
20 - 2) = [ (3 81(0) - Qe Zla)da
- [ Q@2 @) - Q. Z(@)ds, (6.9)

Proceeding by induction we obtain
I1Z(t) = Z(@&)]| < ~(t = to)|IZ°(t) = Z()]],

122) - 2 <5 20 - 2,

1z - 20 <=0 20 - 2. (6.10)

Since the series of 317 4" U= Z0(1) — Z(1)|| = exp(t — t0)||Z°(t) — Z(t)] is

n!
convergent, therefore the series Z;‘io Zj(x) is absolute convergence.
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Figure 1: The mean absolute error for IM and NIM solutions with n = 8.

7. Illustrative Example

In this section, an illustrative example is considered to examine the effective-
ness and the accuracy of the proposed methods for solving NOCPs. All of the
computations have been performed by using the Maple software package.

In this example, we report mean-absolute error which is defined as:

1 n n
En = 5(lz(t) — x"(@)| + |k(t) - K" (@)])- (7.1)
where (x(t),k(t))T is the exact solution and (x"(t),k™(t))” is the approximate

solution.
Example 1. (see [33]) Consider the following optimal control problem

minimize J[x(t),v(t)] = /0 (z(t) — =v*(t))dt, (7.2)

subject to &(t) = v(t) — x(t), (7.3)

with boundary conditions

1 1
x(O):O, x(l): _(1__)27 (7 4)
2 e
where z(t) € R and v(t) € R.
The exact solution of this problem is
[t 1 —t
x(t)=1—=e"""+ (= —1)e ", (7.5)

2
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method n==~6 n=3~8 n =10 n=12
M 0.6321598101  0.6321213443 0.6321240915 0.6321208366
NIM 0.6321823899  0.6321240961  0.6321278613  0.6321209503

Table 1.The approximation values of 5.

v(t) =k(t) =1—e"t (7.6)

IM and NIM solutions: According to (5.10)-(5.13) and (6.3)-(6.6), one can
obtain the approximation Z"(t) of Z(t). For identifying of 3, by considering the
final condition z(1) = £(1 — 1) we should have x"(1, 8) — (1 — 1)? = 0. Table
1 shows the approximation values of § by using IM and NIM solution for different
values of n.

For Examples 1, the mean-absolute errors obtained by IM and NIM have been
illustrated in Fig. 1. From Fig. 1 we can see that the approximate solutions
obtained by proposed methods are in prefect agreement with the exact solution.

The obtained errors also show that the accuracy of the IM is slightly better.

8. Conclusions

There are some main goals that we aimed by this work. The first is to present
two methods, namely iterative an noninteractive methods, to derive approximate
analytical solution for NOCPs. The second is to address the sufficient conditions
for uniqueness of solution and to study the stability of the solutions. Furthermore,
a numerical test is presented to show the accuracy of the proposed methods. The
numerical results demonstrate the relatively rapid convergence of the proposed
methods. We should also point out that the illustrative example studied in the
paper show that the methods are very effective and convenient for solving NOCPs.

References

1. U. M. Ascher, R. M. Mattheij, and R. D. Russell, Numerical Solution of Boundary-Value
Problems in Ordinary Differential Equations. Philadelphia: STAM Press, 1996.

2. M. S. Bazaraa, H. D. Sherali, and C. M. Shetty, Nonlinear Programming: Theory and Algo-
rithms. Wiley-Interscience, 3 ed., 2006.

3. R. Bellman, Dynamic Programming. Princeton, NJ: Princeton University Press, 1957.

4. R. Bellman and S. Dreyfus, SFunctional Approximations and Dynamic Programming, T Math-
ematical Tables and Other Aids to Computation, Vol. 13, 1959, 247U251.

5. R. Bellman, §Dynamic Programming Treatment of the Travelling Salesman Problem,T Jour-
nal of Association of Computing Machinery, Vol. 9, No. 1, 1962, 61U63.

6. R. Bellman, R. Kalaba, and B. Kotkin, §Polynomial Approximation U A New Computational
Technique in Dynamic Programming: Allocation Processes, T Mathematics of Computation,
Vol. 17, 1963, 155U161.

7. R. Bellman, SDynamic Programming,T Science 1, Vol. 153, 1966, 34U37.

8. R. E. Bellman and S. E. Dreyfus, Applied Dynamic Programming. Princeton University Press,
1971.



10.

11.

12.
13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

NUMERICAL TREATMENT OF NONLINEAR OPTIMAL CONTROL PROBLEMS 207

D. Bertsekas, Nonlinear Programming. Belmont, Massachusetts: Athena Scientific Publishers,
2004.

S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge, United Kingdom: Cam-
bridge University Press, 2004.

F. B. Hildebrand, Methods of Applied Mathematics. Mineola, New York: Dover Publications,
1992.

D. G. Hull, Optimal Control Theory for Applications. New York: Springer-Verlag, 2003.
J. Nocedal and S. Wright, Numerical Optimization. New York: Springer-Verlag, 2 ed., 2006.

R. Vintner, Optimal Control (Systems and Control: Foundations and Applications). Boston:
Birkhlauser, 2000.

Ordinary Differential Equations. Philadelphia: SIAM Press, 1996.

A.E. Bryson and Y.C. Ho, Applied Optimal Control, Massachusetts, USA: Blaisdell Publish-
ing Company, 1969.

R.R. Bitmead, Iterative Optimal Control, in Lecture Notes on Iterative Identification and
Control Design , P. Albertos and A. Sala (Eds), Strasbourg, France: European Science Foun-
dation, 2000, 153U166.

R.R. Bitmead, Iterative Optimal Control, in Lecture Notes on Iterative Identification and
Control Design , P. Albertos and A. Sala (Eds), Strasbourg, France: European Science Foun-
dation, 2000, 153U166.

D.P. Bertsekas, Dynamic Programming and Optimal Control, Belmont,Massachusetts, USA:
Athena Scientific, 2000.

M. Dadkhah, M. T. Kajani and S. Mahdavi, 2010,Numerical Solution of Nonlinear Fredholm-
Volterra Integro-Differetial Equation Using Legendre Wavelets, Proceedings of the 6th IMT-
GT Conference on Mathematics, Statistics and its Applications, Malaysia.

W.L. Garrard and J.M. Jordan, Design of nonlinear automatic flight control systems, Auto-
matica 13(5) (1997) 497-505.

A. Fakharzadeh and S. Hashemi, Solving a Class of Nonlinear Optimal Control Problems by
Differential Transformation Method, the Journal of Mathematics and Computer Science Vol
5 No.3 (2012) 146 - 152

S. Wei, M. Zefran and R.A. DeCarlo, Optimal control of robotic system with logical con-
straints: application to UAV path planning, IEEE international Conference on Robotic and
Automation, Pasadena, (2008) 176-181.

M. Itik, M.U. Salamci and S.P. Banksa, Optimal control of drug therapy in cancer treatment,
Nonlinear Analysis 71 (12) (2009) 1473-1486.

B. Kafash, A. Delavarkhalafi, S. M. Karbassi, K. Boubaker, A Numerical Approach for Solving
Optimal Control Problems Using the Boubaker Polynomials Expansion Scheme, ournal of
Interpolation and Approximation in Scientific Computing Volume 2014 (2014), Article ID
jiasc-00033.

H. Jaddu and M. Vlach 2006, , SWavelet-Based Approach to Optimizing Linear SystemsT,
Japan Advanced Institute of Science and Technology, Ishikawa 923-1292, Japan.

M.S. Salim, Numerical studies for optimal control problems and its applications, Ph.D Thesis,
Assiut University, Assiut, Egypt, 1994.

I. Chryssoverghi, 1. Coletsos, B. Kokkinis, Discretization methods for optimal control prob-
lems with state constraints, Journal of Computational and Applied Mathematics 19(1) (2006)
1-31.

A. Jajarmi, N. Pariz, S. Effati and A. Vahidian Kamyad, S olving infinite horizon nonlinear
optimal control problems using an extended modal series method, J. Zhejiang Univ. Sci. C
12(8) (2011) 667-677.



208 REzA KHosHSIAR GHAZIANI, MoJTABA FARDI AND MEHDI GHASEMI

29. M. Razzaghi and S. Yousefi, 2002, SLegendre Wavelets Method for Constrained Optimal
Control ProblemsT, Math Meth. Appl. Sci.,Vol. 25, 529-539.

30. H. Saberi Nik, S. Effati and A. Yildirim, Solution of linear optimal control systems by differ-
ential transform method, Neural Comput. Appl. doi:http://dx.doi.org/10.1007/s00521-012-
1073-4.

31. S.A. Yousefi, M. Dehghan and A. Lotfi, Finding the optimal control of linear systems via
He’s variational iteration method, Int. J. Comput. Math. 87(5) (2010) 1042-1050.

32. E.R. Pinch, Optimal Conntrol and Calculus of Variations, Oxford University Press, 1993.

33. B. Kafash, A. Delavarkhalafi and S.M. Karbassi, Application of chebyshev polynomials to
derive efficient algorithms for the solution of optimal control problems, Scientia Iranica 19(3)
(2012) 795-805.

Mojtaba Fardi, Reza Khoshsiar Gaziani, Mehdi Ghasems
Department of Applied Mathematics, Faculty of Science,
Shahrekord University, Shahrekord, P. O. Box 115, Iran
E-mail address: Khoshsiar@sci.sku.ac.ir



	Introduction
	Nonlinear Quadratic Optimal Control Problem
	Existence and Uniqueness of The Solution 
	Stability of Solution
	Iterative Method (IM)
	Convergence Analysis of IM

	Non-Iterative Method (NIM)
	Convergence analysis of NIM

	Illustrative Example
	Conclusions

