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Four Dimensional Joint Moments due to Dirichlet Density and Their
Applications in Summability of Quadruple Hypergeometric Functions
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ABSTRACT: Using the Exton’s multiple joint moments in four dimensional spaces
due to Dirichlet density and a generalization of Bosanquet and Kestelman theorem ,
we prove some theorems in summability of the series containing quadruple hyperge-
ometric functions. These theorems generalize some well known generating functions
and multiplication theorems involving product of hypergeometric functions of one
and more variables. We discuss some other applications and establish several inter-
esting particular cases. Finally, we obtain an approximation formula of the series
involving Exton’s quadruple hypergeometric function K.
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Exton [7, p. 232] has defined the joint moments for k-dimensional random

variable (x1, ..., 2x) and with the density f (1, ..., 2x) in the form

Nlml,...,mk (X1, ey p) = / . (k) / it f (2, ., o) doy g,

— 00 — 00
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The Dirichlet density is defined by (see Exton [7, p.232] and Mathai and
Haubold [12])

F(I/1+...+I/k+1) -1 =1 1
= v .y 1—2y—...— Vit1
f(zlv ,IEk) F(Vl)---r(l/k-{-l) €Ty :Ck ( 1 :Ck) )

Vo, >00i=1,..,k),z1+ ...+ 2, <1

and
f (x1,...xx) = 0 elsewhere. (1.2)
Here, in Eqn. (1.2) all v; (i = 1,...,k + 1) are real and positive.
In our investigation, we consider the Exton’s quadruple hypergeometric function
K11 (..., .) defined by following Euler type integral formula (see Exton [6])

Kll(a’a a,a,a, bl; b?; b3; b4a ¢ G, G, d7 Z,Y, %z, t)
_ L'(e)T'(d)
F(bl)F(bg)F(bg)F(b4)F(c — b1 — bQ — bg)F(d — b4)

//// ubr—pbe=Lyba=Lgbi=1(1] _ gy oy qp)embri=ba=ba=l(] _ g)d=bi-1
R

(1 —uzx — vy —wz — st)” “dudvdwds

provided that Re(b1), Re(bs), Re(bs), Re(bs), Re(c — by — by — b3), and Re(d — by)
are positive and the region R is such that

u>0,v>0w>0ut+tv+w<1,0<s<1. (1.3)

For the sake of our present investigation, we define the Dirichlet density (1.2)
for four dimensional spaces in the form

f(@,y,2,1)
[(a) (o)~ ato) (g)=(ato2) ()= (ks tos)(§) = (ratos)

4
D(py + 01)l(pg + 02)0 (ks + 03)0(py + 00)T <a - Z(Mz + Ui))
i=1
x(lﬁ+Ul)—1y(uz+U2)—1z(us+03)—1t(ﬂ4+04)—1

4

(a S+ >) B
(1—za =yt —zy =t =1
in the region x > 0,y > 0,z > 0,t > 0 and % + % + % +% < 1 and otherwise
f(z,y,2,t) =0, provided that

4

(a — Z (u; + Ui)> >0,(u; +0;)>0(i=1,2,3,4),a,0,,0 are positive real.

i=1

(1.4)

We also present following generalization of Bosanquet and Kestelman Theorem
(see [1]):
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Theorem 1.1. Let f (x1, ..., x1) is a density function of random variable (x4, ..., 1)
in the region x; € (o, B;),0; > ai,a; > 0(Vi=1,2,...,k) and otherwise, f (1,
..xp) =0. Again, in this region g, (z1,...,zk) be a sequence of multivariable mea-
surable function and if for any constant n there exists

oo

D

n=0

B4 By
/ (k>/ gn (1'1,---,Z'k)f(l'l,-.-,l'k)dxl...dl'k Sn (15)

1 k

Then

n=0

Proof: Since f (z1,...,x%) is a density function of random variable (z1,...,2x) in
the region x; € (o, ;) ,8; > ai,; > 0 (Vi =1,2,..., k) and otherwise, f (z1,...xx)
= 0, therefore,

B By
/ (k). [z, ., xp) day..deg = 1 (L.7)

1 g

Further, with help of the Equs. (1.5) and (1.7) we may write

o0 B B
(k). (gn (x1,.yxk) — 1) [ (21, .y xk) doq..dag| <0 (1.8)
S|[wf SN k k

Also, f(x1,..,xx) # 0 in the region x; € (o, p5,;),8;, > wa,a; > 0(Vi =
1,2,..., k), hence from Eqn. (1.8) we easily get Eqn. (1.6). |

Remark 1.2. When we put o; = 0 (Vi =1,2,....k) in Theorem 1.1, it gives us
second proof of the Theorem due to Kumar and Yadav [11].

Here in our work, we introduce and investigate Exton’s multiple joint moments
in four dimensional spaces due to Dirichlet density and then employ these extended
spaces to summability of the series involving quadruple hypergeomtric functions.
Relevant connections of the results presented here with those that were obtained in
earlier works are also indicated precisely. Finally, in Section 5, we obtain an ap-
prozimation formula of series involving Exton’s quadruple hypergeometric function
Kll'
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2. Four Dimensional Joint Moments for Dirichlet Density and Their
Quadruple Summable Series

In this section, on using Eqn. (1.1), we consider four dimensional Exton type

joint moments due to Dirichlet density given in Eqn. (1.4) in the following form:

, [(a) (o)~ ato) (g)=(ato2) ()= (s F0s) ()~ (Ratos)

Fmn,p,q =

L(py +01)0 (kg + 02)T (g + 03) (g + 04)T <a > (i + 0i)>

i=1

/ / / / o1t m) =1y (s 42 m) =1 (g boa+p) =Ly (st +a)-1
R

4

Z(Mz‘ +0i)

a— —1
(1—zat—yp™t -2y~ = tél)( i=1 ) dzdydzdt

where, the region R is such that x > 0,y > 0,2 > 0, > 0 and §+%+$+%§ 1

, and (a - 2?21 (; + O‘i)) >0,(u;+0i) >0(=1,2,3,4),,8,7,9 are positive
real,

Vm,n,p,q € Ny (No =N U {0}) (Nisa set of natural numbers) (2.1)

Next, we present a theorem to get the sum of the series involving joint moments
given in Eqn. (2.1):

Theorem 2.1. If by, ba, b3, ba,c,d, hi, ha,hs, and hy € C (a set of complex num-
bers) such that Re (c) > Re (b1 +bs + b3), Re (d) > Re(bs) and Re(b;) > 0Vi =
1,2,3,4, also all conditions given in Eqns. (1.4) and (2.1) are satisfied, then the
quadruple series

i (@ tnsprq (01)m (b2), (b3), (ba)y

R hEhERI 2.2
(c)m+n+p (d)qm!n!p!q! m,n,p,q Tl P2 103 (2.2)

m,n,p,q=0

is summable for |hy0] < 1, max {|hial, |haf]|, |h3Y|} < land equal to

2F1 (b4, My + 04; d7 h46)
X Fg’) (b1, b2, b3, iy + 01, pio + 02, iz + 035 ¢; hna, ho B, hgy)  (2.3)

Proof: Make an appeal to Eqn. (2.1) in the Eqn. (2.2) and the definition of the
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quadruple hypergeometric function Ki; (., .,.,.) (see Exton [5]) to get the equality
Z (@)m+ntptq(b1)m(b2)n (b3)p(ba)g . hThghth
mmpg=0 (©)m+n+p(d)gm!niplg! b

F(a)(a)—(ul-i-al) (5)—(Mz+02) (,7)—(H3+Us) (5)—(M4+04)

T+ 01)T G + 92)T i + 02)T Gy + 00T (= 3 G+ 7))

//// o1 =1y (i bo2) =1y (g )= Ly(aoa) -1
R

4
a— itoi) )| —
1—za ™t —ypt—zy b —t5! < 5 )>
( y gl

Kii(a,a,a,a,by,ba, b3, by; ¢, c,c,d; hix, hay, haz, hat)dzdydzdt

(2.4)

Now, in right hand side of Eqn. (2.4) in the hypergeometric integral formula
make some manipulations and use the Euler type integral formula (1.3) to get

oo

Z (a)m-i-n-‘rp-l‘q(bl)m(b2)n(bg)p(b4)q , -
m,n,p,q=0 (C)m+n+p(d)qm'n'p|q' m,n,p,q't1 2 t3lly
I 1 o )
N ﬁ/ st (1 - s)d e (1 — hads)~(Fatod) gg
—b4) Jo

['(0)T (b2) T (bg)(zc—bl—bQ—bg/// bi=1yba—1y,bs—1

x(1—u—v— w)(C b1 —bz—b3)— ( (11 +01)

x (1= haBv) ™ 2172 (1 = hgyw) ™52 qudvdw (2.5)

— hiou)™

Then, making an appeal to the Euler type integral formula of Gaussian hy-
pergeometric functionsFy (.) (see Srivastava and Karlsson [16], Srivastava and
Manocha [17], Mathai and Haubold [12]) and that of Lauricella’s triple hyper-

geometric functionF' 1(33) (.,.,.) (see Srivastava and Manocha [17] and Exton [7]) in
right hand side of Eqn. (2.5), we get

i (@) mtnsprq (01),, (02),, (b3), (ba),

S
o () mnip (d), minlplg! mopg L 2T
= o (b, pty + 04;d; ha)
X Fég) (b17 b27 b37 1251 + 01, Ko + g2, U3 + 03;C; thé, h’2/85 h37> (26)

Again, in right hand side of Eqn. (2.6), the hypergeometric function oF(.)
converges absolutely for |hsd| < 1 and Lauricella’s triple hypergeometric function
Fl(gg)(., .,.) converges absolutely when max{|hial, |ha/3|,|hsy|} < 1, therefore, the
series in left hand side of Eqn. (2.6) is summable.

Hence, this is the Theorem. O
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3. Applications in Summability of the Series Involving Quadruple
Hypergeometric Functions

In this section, we obtain the sum of series involving Exton’s quadruple hyper-
geometric function Ki1(.,.,.,.) on presenting following theorems:

Theorem 3.1. If all conditions given in Theorem 2.1 are satisfied, then for |T| <1
and the Diritchlet density (1.4), the series

oo "
Z Kll (a’a a,a,a, bl; b?; b37 -GGG, d, h’lza thv th, h’4t) e

r
r=0

is summable and equal to the formula

€T Fy (g + 043 d; —haT) x FS)
(b17 b27 b3a 1231 + 01, Ko + 02, U3 + 03;C; thé, h’2/85 h37) (31)

provided that max{|hial, |haf), |hsv|} < 1.

Proof: In Eqns. (2.4) and (2.6) replacing b4 by —r and then multiplying them by
T, , again summing r, from —oo, to 0o, we get

F(a)(a)f(“ﬁrdl)(ﬂ)*(#eraz) (7)7(“3+”3)(5)*(H4+04)

C(py + 01)(pg + 02)l(pg + 03)(py +04)'(a — E (1; +04))

//// (o) =1y (ot 2) =1 (g ) =1y (paos) =1

4
(a=32 (p+o4))—1
(1—zat—yp ™t =2yt =157t = g

Kii(a,a,a,a,by,ba,b3, —1;5¢,¢,¢,d; hix, hay, haz, hat)dxdydzdt

(oo} T

Z — o Fy (=7, py + 04;d; hyd)
70 '
é)(blaanbBa,u/l + 01, fy + 02, i3 + 035 ¢; hia, ho 8, hay) (3.2)

Then in right hand side of Eqn. (3.2), using the formula due to Chaundy |3,
p.62] (see also Brafman [2, p. 943|, Erdélyi et al. [4, p. 367], Srivastava and
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Manocha [17, p. 166, for p = 1 and q = 1]), we get

I (a) (a)—(ﬂﬁ-ﬁ) (ﬂ)—(uﬁ-az) (,y)—(ug-i-as) (5)_(%_,_04)
D(py+01)T (g +02) T (g +03) T (g +04) T (a - E‘il:l (u; + Uz‘))

Z//// )L (e o2) =1 (nata) =1y (rito) =1
r=0 R

X Kll (a7 a, a,a, b17 b27 b37 -6 GG da hll', h2y) h3Z, h4t)

7l
(1— 2ot —yf" = syt — g5~ 1) Bt gt
=T\ Fy (g + 045 d; —hydT)
x FS) (b1,ba, bs, iy + 01, piy + 02, i + 035 ¢ hcr, haf, hyy) (3.3)
Finally, make an appeal to the Theorem 1.1 in Equn. (3.3), we get Eqn. (3.1).
Again for |T| < 1 and max {|h1a|,|h2f]|,|hsy|} < 1, it is convergent and hence

the series consisting Exton’s quadruple hypergeometric function Kiq (.,.,.,.) is
summable. a

In similar manners we can obtain following Theorems:

Theorem 3.2. If all conditions given in Theorem 2.1 are satisfied, then for Dirich-
let density defined in (1.4), |T| < 1 and for the bounded sequences

< Hf:1 (¢),

o > (Vr=0,1,2,...), the series
Hj:l (d])'r

fe'e) P

(e A
Z %Kll (a7 a,a, a, b17 b27 b37 -GGG, d, h’lza tha th, h’4t)
r=0 7=1\"7/r

is summable and equal to the formula

!

P:0;1 (CP)Z—',U4+O'4'
F ’ ’ T, —hy6T
Q:O;l[ (dQ):—; ; 4

X Fég)(b1,bz,bsau1 + 01, o + 02, pi3 + 033 ¢; hia, hof3, hay) (3.4)

Proof: In this Theorem, to get thte result (3.4), we use the technique of Theorem
3.1 and make an appeal to the result due to Srivastava [13] (see also Srivastava
and Daoust [15] and Srivastava and Manocha [17, p. 165]).
. P:RU (Cp) : (aR)'(eU)' . .
Here in Eqn. (3.4), F ’ ' Tz, is two variable
W CDE 95y | (do): s); ()

Kampe’ de Fe'riet function [9] (see also Srivastava and Manocha [17, Eqn. (16),
p.63]. O
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Theorem 3.3. If all conditions given in Theorem 2.1 are satisfied, then for the
Dirichlet density defined in Eqn. (1.4), |T| < landany\ € C , the series is
summable and equal to

_ —h40T
(1-T)"F <u4+04,0/\dh45 4T>
X FS) (b1,b2, b3, jty + 01, fig + 02, pig + 035 ¢ hio, haf3, hay) (3.5)

Proof: It is easy to observe that by making an appeal to the result due to Srivas-
tava [14, p. 26 Eqn. (1.2)] (see Srivastava and Manocha [17, p. 150]), we have the
result (3.5). O

Further, make an appeal to the result due to Khan [10, p.181] (see Srivastava
and Manocha [17, p. 141], to get

Theorem 3.4. If all conditions given in Theorem 2.1 are satisfied, then for Dirich-
let density defined in (1.4), |T| < landany X € C and for the bounded sequences

I, (c)), _ .
<H]Q1(dj)T > (Vr =0,1,2,...), the series

P
1 (65),
Z 7K11(a;aaaaaablab2;b3a_T;
I, (4

T
GGG, 1+A— ) hlz; thv th, h’4t) |
r

18 summable and equal to

P:1;1((cp): u4+a4 —A

sl A ST, =T

Q:O;O{ (d@) : =5 = !

X Fés) (bla b?a b3a 1231 + 01, o + 02, 3 + 03;C; h’laa h?ﬂv h’37) (36)

Theorem 3.5. If all conditions given in Theorem 2.1 are satisfied, then for Dirich-
let density defined in (1.4), |T| < 1 and any A € C, the series

— (\), T"

E ( >T' Kll (a,a,a,a,/\+r,b2,b3,/\Jrr;c,c,c,d;hlz,hgy,hgz,h4t)
T

r=0

is summable and equal to

_a 1y —|— 04) (uy +01), [ hihaadT '
Z (). (), ( (1-1) )

h4d
Fy ()\-l-r,,u4+04+r;d+r; 4 )

1-T

hia
xFég) ()\—i—r ba, b3, py + 01 + 7, g + 02, iy + O35+ T 11— h26 h?ﬁ)
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provided that

h4é

hla
‘1—T‘<1’ maX{‘ﬁ‘,|h25|,|h37|}<1, (3.7)

4. Other Applications with Special Cases

With a view to describing and illustrating some special cases involving the results
of known and unknown bilinear and bilateral functions, we begin this section by
presenting the following Theorem:

Theorem 4.1. (Converse of Theorem 1.1 in four dimensional spaces). In
the region R giwen by x > 0,y > 0,z > 0,t > 0 and%—i—%—i—f—i—% <1, let
gn (2,9, z,t)be a sequence of four dimensional measurable function due to following
Dirichlet measure

T (a) (a)—(ul-i-al)(ﬁ)—(uz-i-@)(,y)—(us-i-as) (5)—(u4+04)

I (g +00)T 1z +02) T (15 + 03) T (j1g + o) T ( -5 +o—i>)

i=1

dF =

:L-(Hl'f‘al)_1y(ﬂ2+02)_1z(M3+US)_1t(M4+U4)_1

(1 — za_l — y571 — Zf}/_l — tail) (a7i§1 (#iJrUi))ildzdydzdt

where,

4
(a — Z (w; + Ui)> >0,(u; +0;)>0(i=1,2,3,4),a,8,7,0 are positive real,

i=1

(4.1)
and if for any constant n there exists
S Jgn (02, 8)] <1 (42)
n=0
Then
> /gn (2,y,2,t) dF’ <7 (4.3)
n=01"R

Proof: For non-negative measurable functions and in consequences of Lebesgue
convergence theorem for Dirichlet measure, which is defined in Eqn. (4.1), and the

series (4.2), we get
oo

>

n=0

Finally, the Eqn. (4.4) easily gives us (4.3). O

/gn (z,y,2,1) dF‘ < 77/ dF (4.4)
R R
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Now employing Theorems 3.5 and 4.1, we evaluate the bilateral generating
relation

i (\)r
rl
r=0
F(s)()\JrT bz,b3,u1+017M2+U27M3+03;C;h104,h2ﬂ,h37)Tr
)\Z M4+O'4 (i +o1)r <h1h4a5T>T

(A + 7, py 4 045d; hyd)

d)r(c)r (1-17)
had
oFf( AN+ 1y +og+r;d4r 1—4T)
hio
X F) (A1 ba, by, oy + 01 47, 1y o+ 02, i+ 035 ¢4 75 7 B B
provided that
had hio
’14T‘<LHMXHT—?’VQM|%ﬂ} (4.5)

Take ha — 0 in both sides of Eqn. (4.5) to get another bilateral relation

(A
Z ( ?T (A + 7, pg + 043d; had) Fs (A + 7, b3, g + 01, 13 + 035¢; haa, hgy) T

— 7l
)\Z (g +U4)r (i +01), [ hihaadT
), (€),, (1-17)*
By (At roig+outrd g 220
1 Ty [y 04 T, T 1T

hia
><F3()\+rb3,,u1+01—|—r,u3+03,c+r1 hgv)

provided that

h4d
% Il <1. (4.6)

Further, set hs — 0 in both sides of Eqn. (4.6) to get bilinear relation due to
Srivastava and Manocha [17, p. 298]

thé
<1, —
maX{’lT

<\
Z (r?r (A7, g +045d;had) 2Py (N + 1,y + 0156 ha) T

r=0
B )\Z ,U4+U4) (g +01), [ hihaadT
(d), (c), (1-1)
had
Fy ()\+r,u4+a4+r;d+r;14T)

hia
X o Fy ()\—i—r M+ o1 +ric+r llT)
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provided that

‘ e ’ <1 (4.7)

hla
1-T

1-T

Again on replacing b3 by x and hs by % and then take x — oo, in both sides
of Eqn. (4.6), we get

(A
T?T 2F1 ()\ + 7, oy + 04;d; h46) E1 ()\ + Ty Ky + 01, M3 + 0350 hlaah?)’}/)T

%
Il
=)

_ - M4 + 04) (Ml + Ul)r hihaodT "
Z (). (c), <(1 - T)2>

had
<)\+T gy +0oa+r;d+T 1—4T>

hio
X 21 >\+T[L1+O'1+TM3+O'3,C+T1 , hay

provided that

< 1,]hsy| < oc. (4.8)

h45 hla
1-T "11-T

Similarly using Theorems 3.1 and 4.1,we may find the generating function due
to Chaundy [3, p.62] (see also Brafman [2, p. 943], Erdélyi et al. [4, p. 367],
Srivastava and Manocha [17, p. 166, for p = 1 and q = 1]) as

(oo} TT
S raFi (o + oaidihad) = TR (g + 04 d—hadT) (49)
r=0 '
Again with the help of the Theorem 4.1 in the Theorems 3.2, 3.3 and 3.4, we
may find the generating functions of Srivastava [13] (see also Srivastava and Daoust
[15] ), Srivastava [14, p. 26 Eqn. (1.2)], Khan [10, p. 181] respectively.

5. Approximation Formula

In this section, we obtain an approximation formula for the summation of the
series consisting Exton’s quadruple hypergeometric function Ky (., .,.,.).

To obtain this formula we make an appeal to the following theorems due to T.
M. Flett [Proc. Edinburgh, Math. Soc. (2) 18 (1972), p. 31-34] (see Joshi and
Arya [8]):

Theorem 5.1. (Theorem due to Flett (see Joshi and Arya [8]))
Letc>a,a>(c—b)>0,b>0,0<uaz <1, then the approzimation formula of
Gaussian hypergeometric function o Fy (.) is given by

F'a+b—¢c)T (c) (1
I'(a)T (b)

(1—2) """ <yF (a,b;¢2) < — )T, (5.1)
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Theorem 5.2. (Theorem due to Joshi and Arya [8]) Let 2 > ¢ > max {1,
2b1,2b2,2a1 — 1}, a2 <1, ¢ > ay, a; > (¢c—by) >0, by >0, ¢ > aa, az > (c—by) >
0,00 >0,0<z<1,0<y<1, then the approximation formula for the Appell’s
function F5.,.] (see Srivastava and Manocha [17, p. 53]) is given by

(1—2) 1 -

—1
y)c,az,;& 1 c+1 c¢+1 {1 alagblbgscy}
c c

+ 2
clc+1)

< Fylay,az,b1,b2;c52, 9]

e—as—by D (a1 + b1 — )T (ag + by — ¢) (T ()
F(al)F(ag)F(bl)F(bg)

y 12(@1)+2(cl){1+c(c+1)$y}1] (5.2)

c c 2(c—1)

<(-a) (1 —y)

We also use the Lauricella’s triple hypergeometric function Fg’)(., .,.) defined
by

Fég) [al? az, az, bla an b3; Gy, Z]

_ i (@1)m(a2)n(a3)p(b1)m(b2)n(b3)p My (5.3)
a0 (©)mtn+pm!nlp!
provided that max{|x|, |y|, |z|} < 1.
The asymptotic estimates of Kummer’s confluent hypergeometric function is
given as (see Srivastava and Manocha [17, p.38])
When d — a and z are bounded and d — oo, then

1F1 (a;d; 2) ~ e? (5.4)

Theorem 5.3. (The Approximation Formula of Lauricella’s Triple Hy-
pergeometric Function Fg’)(., o)

Let2>c¢> max{l, 2b1, 2bs, 2b3,2a1—1},a2 <l,a3<1l,c>ai,a > (C—b1) >
0,b1 > 0,¢ < ag,as > (¢ —ba) > 0,by > 0,¢c > as,az > (c—b3) > 0,bs > 0,0 <
r<1,0<y<1,0<z<1, then

F1(33) la1, az,az,b1,b2,b3;¢;2,y, 2]
< (1 _ :L_)C—(ll_bl (1 _ y)c—aQ—bz (1 o Z)c—as—b3

F(a1 + b1 —C)F(a2+b2 _C)F(a3+b3_c) (F(C))3
F(al)l“(ag)F(a3)F(b1)F(b2)F(b3)

y 12(01)+2(c1){1+w}11 (5.5)

c c 2(c—1)
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Proof: The Eqn. (5.3) may be written as

> (a b
F [a1,a2,a3,b1, by, bs; ¢y, 2] = Z sz& la1, a2, b1, b2;¢ + py 2, Y]
pZO (c)pp'
(5.6)

Again, all ¢+ p > ¢,Vp € Ny , therefore the Eqn. (5.6) gives us

Fé3) la1,az,a3,b1,b2,b3;¢c;2,y, 2] < oF) (a3,b3; c; 2) Fy[a1, az, by, bas c;x,y]  (5.7)

Now, using the results (5.1) and (5.2) in Eqn.(5.7), we find the formula (5.5). O

Theorem 5.4. (The Approximation Formula of Series Consisting Quadru-
ple Hypergeometric Function Ki4(.,.,.,.))

Let for any a,2 > ¢ >, max{1,2(yu; +01),2(ps + 02),2(uug + 03),2b1 — 1}, by <
L,bs<1l,c>b1, b1 >(c—py—o01) >0, 03 +01>0,c< ba, by > (¢c— pg —02) >
0, pig + 02 > 0,¢ < b3, b3 > (¢ — g —03) >0, ig + 03 > 0,d — 00,d and p, + 04
are such that (d — p, + 04) are bounded, 0 < hia < 1,0 < hoff < 1,0 < hzy <
1,0 < hgd <1,h; >0 (Vi=1,2,3,4),0 < T < 1, then in the region R given by
xEO,yZO,zZO,tZO,qu%quqL%Sl, we have

T

oo
T
E Kll (a’a a,a,a, bl; b?; b37 -GGG, d, h’lza thv th, h’4t) _|
T
r=0

< T (1=h4d) (1- hla)c—bl—(ul-i-al) (1— hQﬁ)c—bz—(M-ﬁ-Uz) (1— h3,7)0—b3—(H3+03)

L(b1+(pq+01) =) T (ba+(pg+02) —c)T (b +(pr3+03) —c) (T(c)®
L'(01)T(b2)L (b3)T (g +01)T (no+02)T (g +0o3)

-1
% [1 _ 2(c;1) 4 2(c—1) {1 4 c(c+1)h1h2aﬁ} }

X

c 2(c—1)
(5.8)

Proof: Make an appeal to the Eqn. (5.4) and the Theorem 5.3 in the Eqn. (3.1)
of Theorem 3.1, to obtain the result (5.8).

O

Example 5.5. Let hy = hy = hg = hy = %0,04 =708=5~v=6,0 =8,T
0.4,d = 10000.9, py + o4 = 10000,b1 = 1.1,b0 = 0.9,03 = 1.2, uy + 01 = 0.6,
o2 = 0.6, 43 + 03 = 0.5,¢c = 1.3, then in the region R given by x > 0,y > 0,2

0,t>0,%+ % + % + % < 1, with help of Eqn. (5.8), we have

AVAE |

o TT
Z K11 (a,a,a,a,b1,ba, b3, —1; ¢, ¢, c,d; hix, hay, haz, hat) — < 9.138062885.
r!
r=0
(5.9)

Example 5.6. In above example 5.5 for the given all values, take hy — 0 , in
that region R, to get approximation formula of Lauricella’s triple hypergeometric
functionFj(js) (cyey2)
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FS) (a,b1,ba, bs; ; by, hoy, hsz) < 8.435493835. (5.10)

Again, an appeal to the Theorem 4.1 in Eqn. (5.10), gives us

F (b1, by, bs, py + 01, i + 02, 15 + 033 ¢ hir, hoB, hyy) < 8.435493835 (5.11)

Example 5.7. In example 5.5 for the given values, take hs — Oandhs — 0,
in that region R, to get approximation formula for Appell’s double hypergeometric
function Fy (.,.)

Fy (a,b1,be; ¢; hax, hay) < 4.779896696. (5.12)

Again, making an appeal to the Theorem 4.1 in Eqn. (5.12), gives us the equiv-
alent value obtained by Joshi and Arya [8, Eqn. (3.9)] for Fs(.)

F5 (b1,bo, py + 01, iy + 02; ¢; i, hof) < 4.779896696 (5.13)
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