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Regular Matrix Transformation on Triple Sequence Spaces

S.Debnath, B.C.Das, D.Bhattacharya and J.Debnath

ABSTRACT: The main aim of this paper is to introduce the necessary and sufficient
conditions for a particular type of transformation of the form A : (aj m,n,p,q,r) be
regular from a triple sequence space to another triple sequence space.

Key Words: Triple sequence, regular matrix transformation,divergent triple
series.
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1. Introduction and Preliminaries

Several definitions for giving a value to a divergent simple series , as for example
the Cesaro’s and Holder’s means, can be expressed by means of a linear transfor-
mation defined by infinite matrix of numbers. Two types of transformations are
given as follows, one by a triangular and the other by a square matrix.

aii

a2,1 Aa22

az1 G32 033
T:| ag1 a42 Q43 Q44

a1 G122 ai3 ai4
a2,1 G22 0A23 424
as,1 az2 G33 034
Si| a41 as2 as3 as4
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For any given sequence (z,) a new sequence (y,) is defined as follows:
Yn = Y p_q An kTk for the matrix T,
Yn = Y peq An Tk for the matrix S,

provided in the later case y, has a meaning. If to any matrix of type T we
adjoin the elements a, , = 0,k > n (all n), we obtain a matrix of type S. Since
this addition does not affect the transformation, any transformation of the type
T may be considered as a special case of a transformation of type S. If for either
transformation lim,,_,~ ¥, exists, the limit is called the generalized value of the
sequence x,, by the transformation. When z,, converges, y,, converges to the same
value, then the transformation is said to be regular. The criterion for regularity of
these transformations is stated as follows:

For the following results, one may refer to Robison [9].

Theorem 1.1. A necessary and sufficient condition that the transformation T be
reqular is that

(a) limy,_yo0 Gnx =0 ,for every k
(b) limy, 00 D p_q Gne =1

() Y p_ylankl <A, foralln

Theorem 1.2. A necessary and sufficient condition that the transformation S be
reqular is that

(a) limy,_yo0 Gnx =0 ,for every k
(b) >y lank| converge for each n
(c) Y poqlankl <A, foralln

(d) limy, 00 2;0:1 anp =1

Corresponding to these definitions of summability for a single series, G. M.
Robison [9] have given definitions for giving a value to a divergent double series
by considering the double sequence for the series and established the conditions of
regularity of linear transformations on double sequence spaces.

A triple sequence (real or complex) can be defined as a function  : Nx N XN —
R(C), where N, R and C denote the set of natural numbers, real numbers and
complex numbers respectively. Different types of notions of triple sequences was
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introduced and investigated at the initial stage by Sahiner et. al. [10], Dutta et.
al. [1], Debnath and Das [2] and many others.

2. Main Result

We can define the following definitions for giving a value to a divergent triple
series. Let the series be represented as follows:

UL 1,1 FUL1,2 FUL13FUL1AFULLS T oo
Fur o1+ U2 U123 FUL2 4 F i
Fu1,3,1 + U132 F U133 F e

Fug1,1 + ug12 FUg13 UL ULLE F
FUug21+ Us 22 F Us 23 F Us24 F oo

+uq31 + Us 32+ Us 33+ -
+u+ ... . . B

Then the triple sequence () for this series is given by the following expres-
sion:

l,m,n
Llim,n = Zp:l,q:l,r:l Up,q,r
Thus we have the following recurrence relations

Ul m,n = (-Tl,m,n +xl,m—1,n—1 —Tl,m,n—1 _:El,m—l,n) - (xl—l,m,n +$l—1,m—1,n—1 -
Ti-1mn—1 = Ti-1m-1.n), (L, m,n > 1);

Um1 = (Tima1 — Tim—11) — (T1=1,m,1 — Ti—1,m-1,1); ([,m > 1)

Wan = @110 —TL1n-1) — (@i—11,0 — Ti—1,1,0-1); (L >1)



88 S.DEBNATH, B.C.DAS, D.BHATTACHARYA AND J.DEBNATH

Ul,mn = (ml,m,n - wl,m,n—l) - (-’L'Lm—l,n - xl,m—l,n—l); (m’n > 1)
i = w1 — r-1,1,1; (0> 1)

Ulm,1 = T1m,1 — T1m—1,1; (M > 1)

Ulin =T110n — T11,n-1; (N > 1)

Uu1,1,1 = T1,1,15

Now we define a new sequence by the relation

l m n
Yimmn = zpzl zq:1 D re1 Wy ,p,g,r Tp,q,r

We call this transformation and its matrix A : (a;mon,pqr) Of type T, here
p <l,g <m,r <n. Again we may write

Yi,mmn = Zzozl Z;il 27?0:1 a1 m,n,p,q,rLp,q,r

We call this transformation and its matrix A : (a,m,n,p,q,r) Of type S, here p, g
and r take all positive integral values. Any transformation of type 1" may be con-
sidered as a special case of a transformation of type S, for by adding the elements

(1) atmnpgr=0,1<p<[1<g<m,n<r, forall i,m and n,

(i) armmpgr=0,1<p<lm<gq,1<r<n,forall l,;m and n,

(ill) ar,momnpgr =0,1<p<Ilm<gq,n<r, forall |,m and n,

(iv) atmmpgr =0,1<p,1 <g<m,1<r <n,forall [,m and n,

(V) atmnpgr =0,1<p,1<g<m,n<r, for all [,;m and n,

(Vi) aimnpqr =0, <p,m < q,1 <r <mn,for all [,m and n,

(vil) arm,npgr =0, <p,m < g,n <, forall {,m and n,

For a given matrix of type 1" we obtain a matrix of type S such that the result-
ing transformation is identical with the original one. If for either transformation
Yi,m,n POssesses a limit, the limit is called the generalized value of the sequence

Z,m,n Dy the transformation.

It is well known fact that if a simple series converges, the corresponding se-
quence is bounded. Like as double series [9] the above result does not hold for a
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triple series. To proof this we consider the following example:

Consider the series

Uram = Liug1n=—1and upmn, =0, (1 >2,m>1)

This series converges, but the corresponding sequence is not bounded. Thus
convergent triple series may be divided into two classes according to whether the
corresponding sequences are bounded or not. The following definition of regularity
of a transformation is constructed with regard to convergent bounded sequence;
thus even if a transformation is regular it need not give to an unbounded conver-

gent sequence the value to which it converges.

A transformation on triple sequence is regular if whenever z; ,, ,, is a bounded
convergent sequence to L then y; p, n also converges to L.

Theorem 2.1. A necessary and sufficient condition that the transformation T be
reqular is that

(a) Uimi m n—o00Gl,mn.p,qr =0, for each p,q and r ,

(b) liml,m,n%ooE;Zizzl,rdalym,nypqu =1,

(¢) limim.n—ooShey | G1monp.gr |= 0, for each q and r
(d) limim nsooXgy | @tmnpgr |= 0, for each p and v,

(e) limy m.n—sooig—1 | @i.mm,pqr |=0, for each p and q ,

l,m,n .
(f) B0 1 vt | @lmnpgr | < As where A is some constant,

Proof of necessity:

(a) To show the necessity of condition (a), consider a sequence (xy . ) as fol-
lows:

- | 1 wherel=im=jn=%k
Lm,n 0 otherwise

Then liInl,7n,'rz~>oo Tl,m,n = 0 and Yimn = Almn,i,jk

Therefore for limy . n—o0 Yi,m,n =0, it is necessary that limy ,, n— o0 @1,m.n,ij.k =
0, for each 4, j and k. Thus condition (a) is necessary.
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(b) For condition (b) we consider the sequence () defined as follows:
Tlmn = 1
Then the sequence (y;m,n) becomes

l,m,n . .
Yimn = Xpi g1 r=10m,n,p,qr - SiNCe My noyoo Y1mn = 1, hence the con-

dition (b) is necessary.

(¢) To proof the necessity of condition (c), we assume that the condition (a) is
satisfied and (c) is not, and obtained a contradiction. Since we are assuming that
for r = 7 (some fixed integer) the sequence X! _, (a1 m n.p,q.r| does not approach to
zero, for some pre-assigned constant k£ > 0 there must exist a sub-sequence of this

sequence, such that each element of it is greater than k. We choose [1, m; and n;
such that

Zi)l:lmll,mh"hpﬂﬂ‘o' >k

Now choose Iy > 1, mg > m7 and ne > ny thus

E;I:1|al2ﬁm27n27pyq#0| < k/27 21192:1|al21m27n2qpqq17“0| > k/2

In general choose l; > l;_1, my > m;_1 and n; > ny_1 such that

SE it e ool < K/207Y BEan, memepiairo]l > K e e e e (1)
Equality (1) gives

Sl menparel >k —k/27 = R(1-1/27Y) L (2)
Consider the sequence (7, ) defined as follows:

Timmn =0, 1 F# 10

Tim,n =SEN ALy my,ny,pog,ros b < 115

Llm,n =S8N Aly my na,p.g,res 11 < 1 < lo;
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(3)
limy 1 n—so0 Zi,m.n = 0, for the sequence (;m,,) we have

—_ vl
Yle,mene = Ep:laltm%ntypquoxpﬁqﬂ“o

_ oyl Iy
- Ep:lalta"”ta”tal’a‘]aTU'Tpaq,TO + Ep:lt,prlalt,mt,nmpﬂﬂ“ox%%m

Now from (1), (2) and (3) it follows that

| E;t;ialt,mt,nnpquoznq,ro | < Zz;ialt,mt,nt,p,qmo | < k/2t1
;t:lt,lﬂalt,mt,nt,p,q,mxp,q,m = E;lot:lt,lﬂ Ay ymeneparo | = k(1 — 1/2t7h)

Therefore

Yiymem, > k(1 —1/2071) — kg /2071 = |(1 — 1/2172)

Thus Y m,» does not have the limit zero, from which the condition (c) is neces-
sary.

(d) The above proof can be used for showing the necessity of condition (d).
(e) In a similar way we can proof the necessity of condition (e).

(f) We consider that the conditions (a) and (b) are satisfied and the conditions
(f) are not. Choose Iy, m; and n; such that

li,m1,n1
Ep:l,q:l,'r‘:l|allym11nlypyqﬂ“| < 1

choose lo > 17 , my > my and ng > nq thus

li,m1,n1 l2,m2,n2 4
Ep:l,q:l,r:l|alzym21n27p7q#| <2, Ep:l,q:l,r:l|alzym21n27p7q#| >2

In general we choose Iy > l;_1, m; > my_1 and ny > n;_1 , such that

le—1,me—1,m0-1 t—1 le,my,my 2t
p=1l,q=1,r=1 |at, m e pgr] <2070, p:Lq:LT:l|azt,mt,nt,p,q,r| > 290 (4)

Now from equations (4) we get

le—1,me—1,n¢ lt,me,ne—1
Epzl,qzl,r:ntflﬂ |alt7mt7nt7p7qm| + 2p:lt,l+1,q:mt,1-|r1,r:1 |a’lt7mt7nt ,p,q,r|

lyyme,my 2t t—1 2t 2t—1 _ o2t—1
+ p:lt,l+1,q:mt,1+1,r:nt,1+1|a’lt»mt»nt7p7%7‘| > 2% =2 227 -2 =2
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We now consider three sequences of integers as follows:
1 <lo<l3<ly<lgeeorriiiiiiianaiinnnn.
M1 < Mo < M3 < MY < TG eeveneeneeienieeinennns and

Ny <Nog < N3 < NG <M cevvviiiiiiiiiiiiinene.

le—1,my—1,m4—

1 t—1
p=1,q=1,r=1 |a’lt,mt»nt»P»Q»T| S 2 ’t >1

le—1,me—1,m¢ Le,myg,me—1
Epzl,qzl,r:ntflﬂ|alt7mt7nt7p7qm| + Ep:lt,l-‘rl,q:mt,l-‘rl,r:l altymtynt,p,qﬂ

+ th,mtﬂlt

2—1
oty L gmme L=+ Qmenepar] < 27T (5)

Consider the sequence (7 ) defined as follows:

Tlmn = SYN Ay my iy pogr s P < U1, <ma,r <ng;

Tlmn = 1/2891 1y ma na,p.g.rs

1<p<h,1<qg<my,1<r<mngli <p<ly,mi <qg<mgn <r<ng;

Llmmn = 1/2tilsgn Qly my,ne,p,q,rs
1<p<li,1<g<my_1,1 <r<my_1,l1
<p<lyymi—1 <qg<mg,ng—1 <1 <ng;

Here limy mn—soo®i,m,n = 0, now we consider

_ yle,me,mny a T
Ylyymyne = Hp=1,q=1,r=1¥¢,m¢,n¢,p,q,7Lp,q,r

_ oylt—1mie—1,me—1 le—1,me—1,n¢
= Zp:l,q:l,r:l alyme,ng,p.q,rTp,gr + Ep:l,q:l,r:nt,1+1alt7mt7"t7P7Q77‘$P7Q77‘

leyme,my—1
t 1 g=me 14 1,r=1 M manep,q,r Tp,g,r
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Ly, my

+ Zp:lt,1+1,q:mt,1+1,r:nt,1+1alt,mt,nt,p,q,rxp,q,r

From (5) and (6) we get the following result

le—1,me—1,m¢—1 le—1,me—1,m¢-1 t—1
|Ep:1,q:1,7‘:1 ALy me,ne,poar Tp,gr | < Ep:l,q:l,r:l Ly me,ne,pogsrTp,gr | < 2

le—1,me—1,m1 Le,mg,me—1
Zp:l,q:l,r:nt,ﬁlalt,mt,nt,p,qwxp,q,r + Ep:lt,l+1,q:mt,1+1,r:1alt,mt,nt,p,q,rxp,qw

+ Le,mg,my a T
p=li_1+1,qg=ms_14+1,r=n,_1+1%e,m¢,ne,p,q,7Vp,q,r

_ l—1,mi_1,
= 1/2t ! [E,J:i,,?ltl,iﬁfzt,m | Qly,my nye,p,q,r |

le,me,ne 1
+ Ep:lt,ri-l,q:mt,l-i-l,r:l | Qly,my,ne,p,q,r |

l s — _
+ Eptzrlzt,?il,q:mt,l+1,7‘:nt,1+1 | QAlyymi,ne,p,q,r |] Z (1/2t 1)22t 1= 2t

Hence |ylt7mt7nt| 2 2 — 2t~ =2t
Therefore 1imi—oo|Yt, my ne| = 00

Since this sub-sequence of the sequence (yi.m.n) does not converge, so the se-
quence (y;,m,») does not have limit. Hence the necessity of condition (f) is estab-
lished.

Proof of sufficiency:

Let the limit of the convergent sequence (2, ) be z, then

o 721»77%" —
Yimn =T = Zpq g=1,r=1%,mn,p,q,rTp,q,;r — L

Using condition (b) we can write

l,m,n o
Y500 =1 =1 Omun,pag,r Tp,gr T 2lman = 1o (7)

Where

Z'Lml,m,n—)oozl,m,n =0

Therefore

— g =xhmn a (Tp.gr — T) — 2ZLmn®
Ytmn = Zip—1,g=1,r=1%,mn,p,q,r (Tp,qr l,m,n

Or,
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| Yt,mn — 2| < Ezil’zzl,rzlal,mm,p,q,r(xp,qw —x) |

+ | Zi}izzl,r:w-klal,m,n,p,q,r(xp,q,T — ) |

+ | Eggzsj:vﬂ,r:lal,myn,p,qm(xp,qm —z) |

+ | Egiﬁrl,q:l,r:lal,myn,p,qm(xp,qn“ —x) |

+ | Egﬂﬂ:vﬂ,r:w+1al,m,n7p7qm(xp,qm —x) |
+ | Zzlgﬁ-l,q:lw:w-‘,—lalﬂ”,”hp#]ﬂ‘(‘TP,Q,T —7) |
+ | Zggﬁil,q:w—l,r:lal,m,mp,q,T(xp,q,r —z) |

+ | Eggﬁ-l,q:v+1,r:w+1al7m,mp7q7r(xp,q,r —z) |
F | ZLmn® | e (8)

Consider 27 p,.n — 2, and choose u, v and w so large that for any pre-assigned
small constant € such that

| Z1mn — 2| < €/9A wheneverp >u ,q>v ,r>w

Now we consider H be the greatest of the numbers | z;,, n — 2 | for all p, ¢ and
r.We choose L, M and N such that whenever { > L, m > M, n > N , the following
inequalities are satisfied:

Y et | Gmonpgr | < €/ (QuvwH) (from condition (a))

Eézl | @1 n,p,q,r |[<€/(QvwH), ¢g=1,2,.....,v;7=1,2, ..., w (from condition (c))

Siiqlatmmnp.qrl<e/(QuwH), p=1,2,....,u;7=1,2,.....;w (from condition (d))

X | amonpgr |<€/(QuvH), p=1,2,....,u;g=1,2,.....,v (from condition (e))

Zimon < €/(9]2]) oo (from condition (7))

Hence whenever [ > L, m > M, n > N we get
Yimn — € < € using results (8) and (9) we have

hml,m,n—ﬂxn Ymmn — T = 0 or, Yumm — T



10.

11.

12.

13.

14.

15.

16.

REGULAR MATRIX TRANSFORMATION ON TRIPLE SEQUENCE SPACES 95

Hence the theorem.
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