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Fixed Point Theorem in Fuzzy Metric Space

Santanu Acharjee

ABSTRACT: In this paper we prove a fixed point theorem on a fuzzy set defining a
new class of fuzzy metric space as structure fuzzy metric space
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1. Introduction

After Zadeh [5] introduced fuzzy sets in 1965, many researchers from various
areas have developed the theory of fuzzy sets and its applications. Deng [8],Erceg
[9], George and Veeramani [7] etc gave initial foundations of different forms of fuzzy
metric spaces. Grebiec [3] extended Banach’s [11] and Edelstein’s [13] fixed point
theorem in fuzzy metric space. Kramosil and Michalek [12] investigated common
fixed point theorems for compatible maps. The investigation of fixed point theo-
rems are going on fuzzy metric spaces.

In this paper we will study a fixed point theorem from view point of a new class
of fuzzy metric defined on a fuzzy set. This concept came to exist when the author
was investigating properties in a generalized closed set of bitopological space using
topological ideal. Often topological ideal is simply stated as ideal.

A non-empty collection I of subsets of a set X is said to be an ideal if it follows
following two conditions

(1) If A€ and B C A then B € I.
(2)IfAcl,Bel, then AUBE€I.

Fixed point theorems in any areas are most useful. Mathematical economists,
physicists,computer scientists etc are using fixed point theorems in their respective
research areas. Now a days fuzzy fixed point theorems are also playing crucial
role in mathematical economics, social choices,auction theory. One remarkable
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application of convex topological fixed point theory can be found in the 1994’s
Nobel laureate John Fr. Nash’s classic seminal paper of equilibrium point of "Non-
cooperative games" [14]. His proof is based on Kakutani’s fixed point theorem
[15], which is the generalization of Brouwer’s fixed point theorem .

2. Preliminary definitions

In this section we discuss some existing definitions.

Definition 2.1. ([6]) A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous
t-norm if * satisfies the following conditions

(a) *is commutative and associative;
(b) * is continuous;
(¢) ax1l=aVae€0,1];

(d) axb < cx*d whenever a <c and b<d and a,b,c,d € [0,1].

Definition 2.2. ([12]) Let X be a non-empty set, * be a continuous t-norm and
M : X? x [0,00) — [0,1] be a fuzzy set. Consider the following conditions for all
x,y,2 € X and t,s € [0,00);

(M1) M(z,y,0) = 0

(M2) M(z,z,t)=1

(M3) M(z,y,t)=1=>x=y

(M) M(z,y,t) = M(y,z,t)

(M5) M(x,y,t+s) > M(z,z,t)* M(z,y,s)

(M6) M(z,y,.): [0,00) = [0,1] is left continuous

Then (X, M, x) is said to be a fuzzy metric space.

3. Main result

This section contains some new definitions, terminologies and they are used to
prove one theorem in fuzzy fixed point theory.
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Definition 3.1. (X, M, x) is said to be a structure fuzzy metric space (SFMS)
if it satisfies conditions (M1),(M3),(M4),(M5) and (M6) of Definition 2.2.

Example 3.2. If X = R, define a xb = ab and M(z,y,t) = —m—rimmmr then
R
(X, M,x) is a SFMS.

Definition 3.3. A sequence < x,, > in a SFM S is said to be structure convergent
if there exists x € X such that lim, oo M(2y,x,t) =1Vt > 0. Then x is said to
be structure limit of < x, > and denoted by lim,_, T, = x.

Definition 3.4. A sequence < x,, > in a SFMS (X, M, x) is said to be structure
Cauchy sequence if for each t > 0 and r € N such that lim,, oo M(piy, Tpn,t) =
1.

(X, M, *) is said to be structure complete if every structure Cauchy sequence
wn it 1s structure convergent.

Definition 3.5. Let (X, M,x) be a SEFMS, f and h are self maps on X. Then
f and h are said to be normalized at x if and only if M (fhx,hfxz,t) = 1Vt € [0, 00).

The functions f and h are said to be normalized on X if f and h are normalized
at all points x of X.

Definition 3.6. The functions f and h are said to be common domain normalized
(CDN ) if they are normalized at the coincidence point of f and h.

Remark 3.7. A SFMS has a unique limit point.
Proof: Proof is easy, so omitted. O

Now we discuss the main theorem of this section.

Theorem 3.8. Let (X, M,*) be a SFMS and let f,h : X — X be two mappings
with the following conditions,

(a) J(X) C h(X)

(b) Either f(X) or h(X) is structure complete

(¢c) M(fx, fy,kt) > M (hx, hy,t) for all z,y € X and 0 < k < 1,¢t € [0, 00)
(d) limy_yoo M(x,y,t) =1

Then f and h have a coincidence point; moreover if f and h are CDN then f
and h have a unique fized point.
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Proof:

By condition (a), for some z, € X; we have x; € X such that fzg = hay =
y1(say). Thus by using mathematical induction, we have fz, = hzp,+1 = Ynt1
where n € N and yo = hxg.

For 0 < k < 1 and t € [0,00) we have M (y1,y2,kt) = M(fx,, fx1,kt) >
M(hxo; hzlat) = M(y07y1;t)

M(y25y37kt) = M(fxlafz27kt) > M(h’xlvhx25t) = M(ylvaat) > M(yovyla%)'
Thus M(y25y37t> > M(yoaylv kt_Z)

Proceeding by mathematical induction we have M (yn, Yn+1,t) = M (Yo, Y1, %)

Thus for r € Nvt € [0,00) we have M(ynvyn+7“7t) > M(ynayn+17%) *
M (Yns1,Yntrs 5) = M(Yns Ynt1, 5) ¥ M(Yns1s Unt2, §) ¥ M(Yng2, Ynirs §) > o >

M (Yo, Y1, 577) * M (Yo, y1, gpr) * - % M (Yo, Y1, 5=
If n — oo then lim, oo M (yn, Yntr,t) =1

Thus < y,, > is a structure Cauchy sequence. Let h(X) is structure complete;
then there exists v € h(X) such that lim, oo Ypnt1 = limp oo A1 = u =
limy, yo0 fxn. Let hp = u for some p € X

Thus M(fp,hp,kt) = lm,_oo M(fp, fon, kt) > lim,_yoo M (hp, han,t) =
limy, 00 M (u, hap,t) = 1. So, fp = hp and it proves that f and h have a co-
incidence point.

Now let f and h are normalized at some coincidence point 6. Thus from defi-
nition, we have M (fhé, hf0,t) = 1¥t > 0. This condition (M 3) implies fh = hf0.

Let f0 = h = v then M(fv,v,kt) = M(fv, f0,kt) > M(hv,h0,t) =
M(hfo, f0,t) > M(hv, ho, %) >..> M(hv, ho, k%) If n — oo then we must have
fv = v. In similar manner we can show that hv = v. Thus v is common fixed

point of f and h. Proceeding in the same way we may work for h(X).
Uniqueness of fixed point: Let A be another common fixed point of f and h; then

M(u A kt) = M(fo, fAkt) > M(ho,hAt) = M(u,At) = M(fv, fAt) >
M(hv,hX, £) = M(v,\, £) >..> M(v,\, 7). Thus if n — oo then v = X. Hence
the proof. O

References

1. J.X.Feng, On fixed point theorem in fuzzy metric space, Fuzzy sets and Systems, 46(1992),
107-113.



10.

11.

12.

13.

14.

15.

16.

17.

FixEp PoINT THEOREM IN Fuzzy METRIC SPACE 277

K. Kuratowski, Topology I, Warsaw, 1933.

. M. Grabeic, Fixed points in fuzzy metric spaces, Fuzzy sets and systems, 27(1988), 385-389.

. R. Vasuki, Common fixed point theorem in fuzzy metric space, Fuzzy sets and systems,

97(1998), 395-397.
L.A. Zadeh, Fuzzy sets, Inform. Control, 8(1965),338-353.
B. Schweizer and A. Sklar, Statistical metric space, Pacific Jour. Math, 10(1960), 314-334.

A. George and P. Veeramani, On some results in fuzzy metric space, Fuzzy sets and systems,
64(1997), 395-399.

Z.K.Deng, Fuzzy pseudo-metric space, J. Math. Anal. Appl, 86(1982), 191-207.
M.A. Erceg, Metric spaces in fuzzy set theory, J. Math. Anal. Appl, 69(1979), 205-230.
Y.J.Cho, Fixed point in fuzzy metric space, J. Fuzzy math, 5(1997), 940-962.

S. Banach, Theories les operation linearies, Manograie Mathematyezne, Warsaw, Poland,
1932.

O. Kramosil and J. Michalek, Fuzzy metric and statistical metric space, Kyber-
natika,11(1975), 326-334.

M.Edelstein, On fixed and periodic points under contraction mapping, J.London Math.Soc,
37(1962), 74-79.

J.F.Nash, Equilibrium points in n-person games, PNAS, 36(1950), 48-49.

S. Kakutani, A generalization of Brouwer’s fixed point theorem, Duke Math. Jour, 8(1941),
457-459.

B.C. Tripathy, S. Paul and N.R. Das, Banach’s and Kannan’s fixed point results in fuzzy
2-metric spaces, Proyecciones J. Math., 32(4),(2013), 363-379.

B.C. Tripathy, S. Paul and N.R. Das, A fixed point theorem in a generalized fuzzy metric
space, Boletim da Sociedade Paranaense de Matematica, 32(2)(2014), 221-227.

Santanu Acharjee

Mathematical Sciences Division

Institute of Advanced Study in Science and Technology
Paschim Boragaon, Garchuk, Guwahati-781035, Assam, India
E-mail address: santanuacharjee@rediffmail.com



	Introduction
	Preliminary definitions
	Main result

