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D—Tangent Surfaces of Timelike Biharmonic D—Helices according to
Darboux Frame on Non-degenerate Timelike Surfaces in the
Lorentzian Heisenberg GroupH

Talat Korpinar and Essin Turhan

ABSTRACT: In this paper, we study D—tangent surfaces of timelike biharmonic
D-helices according to Darboux frame on non-degenerate timelike surfaces in the
Lorentzian Heisenberg group H. We obtain parametric equation D—tangent surfaces
of timelike biharmonic D-helices in the Lorentzian Heisenberg group H. Moreover,
we illustrate the figure of our main theorem.
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1. Introduction

A smooth map ¢ : N — M is said to be biharmonic if it is a critical point of
the bienergy functional:

B2(¢) = [ 31T don,

where T(¢) := trV?d¢ is the tension field of ¢
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The Euler-Lagrange equation of the bienergy is given by T2(¢) = 0. Here the
section To(¢) is defined by

T2(¢) = —A4T(9) + trR (T(¢), d¢) do,

and called the bitension field of ¢. Non-harmonic biharmonic maps are called
proper biharmonic maps.

In this paper, we study D—tangent surfaces of timelike biharmonic D-helices
according to Darboux frame on non-degenerate timelike surfaces in the Lorentzian
Heisenberg group H. We obtain parametric equation D—tangent surfaces of time-
like biharmonic D-helices in the Lorentzian Heisenberg group H. Moreover, we
illustrate the figure of our main theorem.

2. Preliminaries

Heisenberg group plays an important role in many branches of mathematics such
as representation theory, harmonic analysis, PDEs or even quantum mechanics,
where it was initially defined as a group of 3 x 3 matrices

1
0 Yy, 2 €R
0

o =R
e W

with the usual multiplication rule.
The left-invariant Lorentz metric on H is

p = —da® + dy? + (zdy + dz)>.

The following set of left-invariant vector fields forms an orthonormal basis for
the corresponding Lie algebra:

0 0 0 0
{91—&, e2_8_y_x&’ e3—£}. (2.1)

The characterising properties of this algebra are the following commutation
relations:

p(elael) = p(eg,GQ) =1, p(e3’e3) =-1 (2'2)
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3. Timelike Biharmonic D-Helices According to Darboux Frame on a
Non-Degenerate Timelike Surface in the Lorentzian Heisenberg
Group H

Let IT C H be a timelike surface with the unit normal vector n in the Lorentzian
Heisenberg group H. If v is a timelike curve on Il C H, then we have the Frenet
frame {T,N,B} and Darboux frame {T,n,g} with spacelike vector g =T An
along the curve v. Let {T,N,B} be the Frenet frame fields tangent to the
Lorentzian Heisenberg group H along ~ defined as follows:

T is the unit vector field 7/ tangent to -, N is the unit vector field in the
direction of VT (normal to v) and B is chosen so that {T,N, B} is a positively
oriented orthonormal basis. Then, we have the following Frenet formulas:

VTT = HN,
VN = kT + 7B, (3.1)
VrB = —7N,

where k is the curvature of v and 7 is its torsion and

p(T,T) = —1, p(N,N)=1, p(B,B) = 1, (3.2)
p(T,N) = p(T,B)=p(N,B)=0.

Let 0 be the angle between N and n. The relationships between {T, N, B} and
{T,n, g} are as follows:

T T,
N = cosfn +sinfg, (3.3)
B = sinfn — cosfg,
and
T,
g = sindN — cos6B, (3.4)
n = costN +sinfB.

By differentiating (3.4), using (3.1), (3.3) and Frenet formulas we obtain

VT = (kcosf)n+ (ksinh)g,
do
Vrg = (—ksind) T+ (T + £> n, (3.5)

Vorn = (—kcosf) T — (T + 2—9) g.
s
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If we represent kcosf, xksinf and 7 + fl—z with the symbols &, kg, and 7,
respectively, then the equations in (3.5) can be written as

VT = ky¢g+ kypn,
Vrg = —k4T+7yn, (3.6)
Vrn = —k,T—748.

With respect to the orthonormal basis {e1, e,, e5}, we can write

T = Tie +Tres + Tses,
g = gie1 + ga€2 + gses. (3.7)
n = nie;+nge2 + nges,

To separate a curve according to Darboux frame from that of Frenet- Serret
frame, in the rest of the paper, we shall use notation for the curve as D-curve.

First of all we recall the following well known result (cf. [8]).

Theorem 3.1. Let~: I — II C H be a non-geodesic unit speed timelike curve on
timelike surface 11 in the Lorentzian Heisenberg group H. v is a unit speed timelike
biharmonic curve on I if and only if

2 .2 _
K, + K, = constant# 0, (3.8)
" 3 2 / / 2 _ 2
Ky = K+ RgTg = Kghin + KyTg + KTy — Tgkn = Kn(l —4g7) — 4kgnagi,
" 3 l 2 / 2 _ 2
Ky — Ky = 2K, Tg — Kpkg — KnTg — KgTy = 4kpnigr + Kg(1 —4ng).

Theorem 3.2. Let~y:1 — II C H be a non-geodesic unit speed timelike bihar-
monic D- helix on timelike surface 11 in the Lorentzian Heisenberg group H. Then
parametric equations of timelike biharmonic D- heliz are

x(s) = CO;? N (cosh[Rs] sinh[p] + cosh[p] sinh[Rs]) + g1,
y(s) = CO;? R (cosh[g] cosh[Rs] + sinh[p] sinh[Rs]) + s, (3.9)
: (p + Rs) 2 ©1 2
z(s) = sinhNs+ o cosh” N — R cosh” R cosh[p] cosh[Rs]
M

1
2 . . 2 :
2 cosh” N sinh[p] sinh[Rs] — R cosh” Nsinh 2[Rs + ] + @3,

where @, ©1, P2, P3, are constants of integration and

R =sechNy/k2 + k2 — 2sinh X.

Using Mathematica in above system we have Fig.1:
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4. D—Tangent Surfaces According to Darboux Frame on a
Non-Degenerate Timelike Surface in the Lorentzian Heisenberg
Group H

A ruled surface is formed by a continuous family of straight line segments.

The D—tangent surface of v is a ruled surface

O (s,u) =~v(s) +uT(s). (4.1)

Theorem 4.1. Let~y: 1 — O C H be a non-geodesic unit speed timelike bihar-
monic D- heliz on timelike surface O in the Lorentzian Heisenberg group H. Then,
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equation of D—tangent surface of timelike biharmonic D- heliz is

O (s,u) [sinh Ns + (9;79;58) cosh? R — % cosh? R cosh[p] cosh[Rs]
f% cosh? R sinh[p] sinh[Rs] — 4%]{2 cosh? Rsinh 2[Rs + ¢]
cosh N . .
+p3 + | (cosh[Rs] sinh[p] + cosh[p] sinh[Rs]) + 1] (4.2)
[CO:S; R (cosh[p] cosh[Rs] + sinh[p] sinh[Rs]) + po] + usinh P|eq
1SR eh[o] cosh[Rs] + sinh[p] sinh[Rs])
~+u cosh P sinh [Ms + N] + po]es
+[C°3§1 R (cosh[Rs] sinh[g] + cosh[] sinh[Rs])

~+u cosh P cosh [Ms + N] + p1]es,

where @, ©1, P2, P3, are constants of integration and

R =sech N, /k2 + k7 — 2sinh X.

Proof: From the assumption we get

T = sinh Pe; + cosh P sinh [Ms + N] ez + cosh P cosh [Ms + N] es. (4.3)
Substituting Eq.(3.9) and Eq.(4.3) into Eq.(4.1) , we obtain Eq.(4.2). This
completes the proof. O

Theorem 4.2. Lety: 1 — O C H be a non-geodesic unit speed timelike bihar-
monic D- heliz on timelike surface O in the Lorentzian Heisenberg group H. Then,
equation of D—tangent surface of timelike biharmonic D- heliz are

cosh N

zo = | (cosh[Rs] sinh[p]+ cosh[p] sinh[Rs]) +u cosh P cosh [Ms+N]+ 1]

cosh N

yo = | (cosh[p] cosh[Rs]+sinh[p] sinh[Rs]) +u cosh P sinh [Ms+N]+ po]

(p + Rs)
Rz ¢
1

1
R cosh? R sinh[gp] sinh[Rs] — R cosh? R sinh 2[Rs + ¢]

+p3+ | (cosh[Rs] sinh[p] + cosh[p] sinh[Rs]) + 1]

h N
[COiSR (cosh[p] cosh[Rs] + sinh[p] sinh[Rs]) + 2] + usinh P]
_ [cosh N

R
[cosh N
R

zo = [sinhNs+ osh? X — % cosh? X cosh[p] cosh[Rs]

cosh N
R

(cosh[p] cosh[Rs]+sinh[p] sinh[Rs]) +u cosh P sinh [Ms+N]+ o]

(cosh[Rs] sinh[p] 4 cosh[p] sinh[Rs]) +u cosh P cosh [Ms+N]+ 1],
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where @, p1, ©2, P3, are constants of integration and

R =sech Ny /K2 + K2 — 2sinh .

Proof: From Theorem 4.1, we easily have above system, which completes the
proof. O

In the light of Theorem 4.2, we give the following figures for the D—tangent
surface of timelike biharmonic D- helix.
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