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Some new generalized topologies via hereditary classes
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ABSTRACT: In this paper, we introduce and study the notions of AX(J, u) in
hereditary generalized topological spaces introduced by Csaszar. Using these notions
we obtain new generalized topologies ku* via hereditary classes.
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1. Introduction and Preliminaries

In 1990, Jankovic and Hamlett [5] obtained a new topology 7* from the old one
via ideals. In 2002, Csaszar [1], introduced the notions of generalized topology. In
2007, Csaszar [2], showed that the construction leading from a topology 7 and an
ideal of sets to another topology remains valid, if topology is replaced by general-
ized topology and ideal by hereditary classes and he constructed the generalized
topology p*. In this paper we continue the study of construction of such general-
ized topologies by using p-semi-open, p-a-open, p-pre-open and p-G-open sets via
hereditary classes.

Let X be any nonempty set and u be a GT [1] of subsets of X. A nonempty
family H of subsets of X is said to be a hereditary class [2], if A€ H and B C A,
then B € H. A generalized topological space (X, ) with a hereditary class H is
hereditary generalized topological space and denoted by (X, u, H). For each A C X,
A*(H,p)={x € X : ANV ¢ H for every V € p such that x € V}[2]. For A C X,
define ¢ (A) = AU A (H,p) and p* = {A C X : X — A = (X - A)}. A
subset A of (X, u) is p-a-open [3] (resp.u-semiopen [3], p-preopen [3], u-B-open
[3]), if A C iucuin(A) (resp.A C cuin(A), A C iucu(A),A C cpincu(A)). We
denote the family of all y-a-open sets, p-semiopen sets, u-preopen sets and u-(-
open sets by a(u), o(u), 7(p) and 8(p). On GT, u C a(p) C o(p) C B(u) and
ap) C m(p) C Bu) [3]-
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2. A% (H,p) sets via hereditary classes

Definition 2.1 Let A be a subset of hereditary generalized topological space (X, p,
H) and k € {a(p),o(uw),m(n), (1)} Then AL(H,p) ={z € X : AnU ¢ H for
every U € k}.

When there is no ambiguity, We simply write A%, A7, A7, A7 and Aj for
A3, ), AL (H, ), AG(H, ), AZ(H, p) and AB(H, p), respectively.

Proposition 2.2 Let A be a subset of hereditary generalized topological space (X,
p, H). Then Aj(H, 1) € AZ(H, ) C AL (K, 1) € A*(H, ).

The converse of the assertions of Proposition 2.2 need not be true as shown in the
following example.

Example 2.3 Let X = {a,b,c,d, e}, p={0,{a}, {b},{a,b},{b,d,e},{a,b,d, e},
{a,c,d,e}, X} and H = {0,{c}}.

1. Let A= {c,e}. Then A* ={c,d,e} ¢ {e} = A.
2. Let A={a,d}. Then A%, = {a,c,d,e} € {a,c,d} = A%
3. Let A= {a}. Then A} = {a,c} € {a} = A},

Proposition 2.4 Let A be a subset of hereditary generalized topological space (X,
t, 3). Then AG(H, p) © AZ (3, ) € AL (H, 1) € A(IH, ).

The converse of the assertions of Proposition 2.4 need not be true as shown in the
following example.

Example 2.5 Let X = {a,b,c,d, e}, p=1{0,{a},{c}, {a,b},{a,c},{a,b,c},
{a,c,d,e},{b,c,d,e}, X} and H = {0, {a},{0}}.

1. Let A={a,b,c}. Then A* = {b,c,d,e} € {b,c} = A}.
2. Let A={d}. Then A* = {d,e} ¢ {d} = A},
3. Let A={c}. Then A}, = {c,d,e} € {c} = AZ.
Lemma 2.6 Let (X, u,H) be a hereditary generalized topological space,

k€ {a(p),o(pw),m(n), (1)}, kNAeH imply kN A% = 0. Hence H: = X — &, if
H e H.

Proof: Let x € kN A%, implies kN A ¢ H. Now H € H implies k N H € H for
x ¢ H}, thus H: C X — k. On the other hand X —x C H}. Hence H} = X — k. O

Definition 2.7 Let (X, u, H) be a hereditary generalized topological space, let x €
X and k € {a(p),o(p), 7(p), B(p)}. Then a subset N of X is said to be k- neigh-
bourhood of x, if there exists a k-open set U such that x € U C N. Set of all
k-neighbourhoods of x is denoted by kN(x).
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Proposition 2.8 Let A be a subset of hereditary generalized topological space (X,
1 H) and & € {a(p), o), 7(1), B()}. Then A% C c.(A).

Proof: Let x ¢ c,(A). Then there exists a U € kN(z) such that UN A = () € K,
so that x ¢ A%. Hence A} C c.(A). O

Proposition 2.9 Let v € {a(p),o(p), 7(p), (1)} and A be a k-closed subset of
hereditary generalized topological space (X, p, H). Then Al C A.

Proof: Let A be k-closed. By Proposition 2.8 we have A* C ¢, (4) = A. O

Remark 2.10 Let A be a subset of hereditary generalized topological space (X, p, H)
and & € {a(p), o(p2), 7(1), B(1)}. Then

1. AL(H, p) = A*(H, p), if k= pe
2. If H =0, then A%(H, p) = c(A).
3. If H = P(X), then A%(H, p) = 0.
4. If A K, then AX =1.

Theorem 2.11 If A and B are subsets of hereditary generalized topological space
(X, 1, H0) and k € {a(p),o(p), m(p), B(1)}. Then

1. AC B, then A¥ C B.

Af = ¢ (AL) Ccu(A) and AL is k-closed set in (X, p, H).
(AL); € Az

(AUB): =A% UB:.

AL =B =(A—B).—B.C (A= B).

IfUep, thenUNA,=UNUNALC(UNA)L

If Hy € K, then (AU Hg): = A* = (A — Hy)*.

If Hy C Ho, then AL(Ho) C AL(Hq).

© 2 RS & e

A (F N H) = AS(Hy) U A% (Ha).

Proof: 1. Suppose that A C B and x ¢ B¥. Then there exists a U € «N(z) such
that UNB € H. Since AC B, UNACUNB e H and = ¢ A%. Hence A C B;.
2. We know that A% C ¢, (A%), Let x ¢ Af. Then there exists a U € kN(z) such that
UNA € H. By Lemma 2.6, ksNA% = () involving x ¢ ¢, (A%), ¢ (AX) C AX C ¢, (A)
and A% = ¢ (A%).

3. By 2, A% is r-closed and by Proposition 2.9, (Af)% C A%.
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4. Let A,B C AU B. By (1), we have A;, C (AU B) and B C (AU B)%.
Therefore, A¥ U B C (AU B)}, let © € (AU B)%. Then for every U € «N(z),
(UNAUUNB)=UN(AUDB) ¢ H. Therefore, UNA ¢ Hor UNB ¢ H.
This implies that = € A} or x € B}, that is x € A} U B}. Therefore, we have
(AU B): C Ax U B:. Consequently, we obtain (AU B)f = A% U B}.
5. Since A = (A — B)U (BN A), by (4) we have AX = (A — B): U (BN A)%
and hence AX — B = AXN(X —B) =[(A-B);UBNAIN(X-B) =
[(A=B)rn(X =B)JU(BNA)LN(X - B)] = [(A=B); —BiJUD C (A DB);.
6. Suppose that U € ppand x € U N AY. Then x € U and x € A%. Let V be any
k-open set containing x. Then VNU € kN(z) and VN({UNA) = (VNU)NA ¢ H.
This shows that z € (U N A)% and hence we obtain U N A, C (U N A)%. Moreover,
UNACAandby (1), UNA)E C AL and UN(UNA)L CUN Af. Therefore,
UNAL=UnUnA);.
7. Since g‘fo S g‘f, (A U g‘fo): = A:: U (5{0)2 = A: Also AU g‘CO = (A - g‘fo) @] g‘fo
implies that (AU Ho)E = (A — Ho)L U (Ho)f = (A —Ho)k.
8. Let Hy C Hy and x € A% (Hz). Then UN A ¢ Hs, for every U € kN(z). This
implies that U N A ¢ 3, for every U € kN(z). Hence A% (Hz) C A¥(Hy).
9. Let « ¢ (A%(H;1) U A%L(Hz)). Then = ¢ both Af(H;) and A (Hsz). Now, z ¢
A% (Hy) implies that there exist atleast one U € kN(x) such that UNA € H;. Again
x ¢ A (Hz) implies that there exists atleast one U € kN(x) such that UN A € Hs.
Therefore, there exists atleast one U € kN(z) such that U N A € H; N Ha, which
implies that x ¢ AX(3Hy N Hz). Thus, (AL(H1) U A%(Hs)) C A% (FH; N Ha). Let
x € A% (31 NHz). Then for each U € kN(z), UN A ¢ (H; NHyz). Since UN A ¢
j‘(l ﬁi}fg, either UN A ¢ 3{1 or UNA ¢ g‘fg. HTUNA ¢ 9{1, then x € A:;(:H:l),
otherwise, z € A% (Hz). Thus x € AX(Hy) U A% (Hz). Therefore, Af(Hi NHz) C
A% (H7) U A% (Hs). Consequently, we have A% (H; N Ha) = A% (H;) U A% (Ha)).

O

Corollary 2.12 Let A be a subset of hereditary generalized topological space (X, K,
H) and k € {a(p),o(p), w(p), B()}. Then (A7)} C AL = cu(Af) € cx(A).

3. Some new generalized topologies via hereditary classes

Let (X, 1, H) be a hereditary generalized topological space. For A C X, define
ccA=AUA k€ {a(p),o(n),n(n), B(r)}. According to [2], Corollary 3.4, ¢ is
enlarging, monotone and idempotent. Thus according to [3], Lemma 1.4, there exist
generalized topologies ku*, where k € {a(u),o(u), m(1), B(p)} such that ¢ A is the
intersection of all xu*-closed super sets of M; M € kp* iff X — M = (X — M).

Also ¢ (A) = AU ck(Af) C cn(4).

Definition 3.1 A subset A of a hereditary generalized topological space (X, p, H)
is said to be kp*-closed if A, C A.

Lemma 3.2 The sets {M — H : M € ku, H € H} constitute a base B for ku*.
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Proof: Let M € ku, H € 3 implies M — H € ku* since F = X — (M — H) =
X-(MnNn(X—-H)) =(X—-M)UH is ku*-closed by Definition 3.1, ¢ F iff
xe€M—-—H hencexe Mand MNF=MnN(X-M)UH)=(Mn(X-M))U
(MNH)=MnNH € X sothat x ¢ F¥, F! C F. Thus B C ku*. If A € ku* then
B =X — Ais ku*-closed, hence B C B. Thus z € A implies ¢ ¢ B and = ¢ B}
so that there exists M € ku such that x+ € M and H = M N B € H, therefore
r €M —HCX — B=A. Hence A is the union of sets in B. O

Proposition 3.3 Let A be a subset of a generalized topological space (X, u, ).
Then

1. AE(IH, w*) CAX(H,u*) C AL (K, u*) C A*(H, p*).
2. A5(30 %) © AL(IC 1) © A5 (30, %) © A*(3, "),

The converse of the assertions of Proposition 3.3 need not be true as shown in the
following examples.

Example 3.4 Let X = {a,b,c,d, e}, p={0,{a}, {b},{a, b}, {b,d, e},
{a,b,d,e},{a,c,d, e}, X} and H = {0,{c}}.

1. Let A = {d}. Then A*(H,u*) = {c,d, e} € {d} = AL(H,u*).
2. Let A= {b,d}. Then A% (H,p*) ={b,c,d,e} € {b,d} = AL(H,u*).
3. Let A = {a,c,d}. Then A} (3, u*) = {a,c,d, e} € {a,d} = AG(I(, u*).

Example 3.5 Let X = {a,b,c,d,e}, u = {0, {a}, {0}, {a,b}., {b,d.e},
{a? b’ d’ 6}7 {a7 C’ d’ e}? X} a'nd J_( = {@, {C}}'

1. Let A = {e}. Then A*(H,p*) = {c,d, e} € {e} = A%(H, pn*).
2. Let A= {b,e}. Then A% (H,p*) = {b,c,d,e} € {b,e} = AL(H,u*).
3. Let A = {a,e}. Then A} (3, p*) = {a,c,e} € {a,e} = AJ(IH, u*).

Remark 3.6 Let (X, u*,H) be a hereditary generalized topological space. Then
1 Ca(p) Co(p*) C Bk and p* C a(p®) C m(p*) € Bu").

Theorem 3.7 Let (X, u,H) be a hereditary generalized topological space, k €
{a(), o), (1), B(u)} and A C A%. Then

1. A = (AY) = cx(A).
2. c.(A) =ci(A)

3 iu(X — A) =it (X — A).
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Proof: 1.For every subset A of X, we have AY = ¢,(A%) C ¢.(A) by Theorem
2.11. A C A% implies ¢, (A) C cx(AL) and so A}, = ¢, (A)) = cx(4).
2.Clearly for every subset A of X, ¢}(A) C cx(A). Let = ¢ ¢ (A), then there exists
a kpu* open set U containing x such that U N A = (). By Lemma 3.2 there exists a
Merkpand He Hsuchthatz e M —HCU UNA=0= (M—-H)NA=0.
By Theorem 2.11 (M NA) —H=0= (MNA) —H):=0=(MnNA):—-H; =
d=MnAL=0=MnNA:,=MnNA=10. Since M is ku-open set containing
x, & ¢ cx(A) and ¢, (A) C ¢ (A). Hence ¢, (A) = ¢;(A) which proves (2).
3. If A C A%, then ¢, (A) = c:(A) by (2) and so X — ¢, (A) = X — ¢(A) implies
(X —A) =i (X — A).

O

Theorem 3.8 Let (X, u, H) be a hereditary generalized topological space. Then,

1 AG(H, 0 (p) = AL (3, 0(p) = AZ (3 ).
2. A7 (3, o (p) = Ap(3, o (p) = AG(H, p).
3. AL (3, B(w)) = AG(H, B(p)) = AB(3H, ).
4 AL B() = A (I B(k)) = AR(H, ).
9. AL (I m(p) = AL (H m(w) = A7 (I p).

Proof: 1.Let z € A% (3, 0(u)). Then there exists ax € U € o(0) such that ANU ¢
H. By Theorem 2.3, of [3], o(¢) = a(c) = 0. Hence z € A% (H,o(p)) and x €
A5(3, ). Thus A%(3,0(1)) C A5(9 0(w)) and A% (3, a(u)) C A3(I, ). Simi-
larly A%(3, (1)) € AZ(3, o (12)) and A3(H, ) © A3 (H, o(12)). Hence A3 (3, o (1))
— A3 0 () = A3 (3, ).

Proof of 2, 3, 4 and 5 are similar as in proof 1. a

Theorem 3.9 Let (X, pu, H) be a hereditary generalized topological space and k €
{a(u),o(p), m(p), B()}. Then AL (I, ap)) = AL(IH, ).

Proof: Let © € A%(H,a(p)) then for any U € k(«) such that ANU ¢ H. By
Theorem 2.5, of [3], k(a) = x(u) . Hence x € AX(H,pu). Thus A% (H,a(u)) C
A2(X, ). Similarly AZ(H, i) C A% (36, a(p)). Henee AZ(H, a(u)) — A3, ). C

Corollary 3.10 Let (X,pu,H) be a hereditary generalized topological space and
r € {alp), o (), w(p), B(p)}. Then AL (I, B(p)) =Aj(H, 1).
Theorem 3.11 Let u and p' are GT’s on X and H be a hereditary class.

1. If pCp/ C B(u), then A% (H,u') C A% (H, p).

2. If u C i Ca(p), then A%L(H, u) = AL (H, p').
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Proof: (1). Let x € A% (X, 1'). Then there exists a U € a(u’) such that UNA € H.
By Theorem 2.2, of [4], a(u) C a(p'). We have UN A € H for any U € a(u) and
hence x € A% (3, p). Thus A%(H,p') C AL (K, w).

(2). Let @ € A% (3, p). Then for any U € a(u), UN A ¢ 3. By Corollary 2.3, of
[4], a(p) = a(p’). We have U N A € H when U € a(p’) and hence x € A% (K, i/).
Thus A%/(H, u) C AL(FH, /). Similarly A% (H, p') C A% (H, ). Hence AL(H, p) =
AL, ). O
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