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On Spacelike Biharmonic Slant Helices According to Bishop Frame in
the Lorentzian Group of Rigid Motions E(1,1)

Talat Korpinar and Essin Turhan

ABSTRACT: In this paper, we study spacelike biharmonic slant helices according
to Bishop frame in the Lorentzian group of rigid motions E(1,1). We characterize
the spacelike biharmonic slant helices in terms of their curvatures in the Lorentzian
group of rigid motions E(1,1). Finally, we obtain parametric equations of spacelike
biharmonic slant helices according to Bishop frame in the Lorentzian group of rigid
motions E(1,1).
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1. Introduction

Many important results in the theory of curves in E? were initiated by G.
Monge; G. Darboux pioneered the moving frame idea. Thereafter, F. Frenet de-
fined his moving frame and his special equations, which play an important role in
mechanics and kinematics as well as in differential geometry. At the beginning of
the twentieth century, Einstein’s theory opened a door to new geometries such as
Minkowski space-time, which is simultaneously the geometry of special relativity
and the geometry induced on each fixed tangent space of an arbitrary Lorentzian
manifold.

The notions of harmonic and biharmonic maps between Riemannian manifolds
have been introduced by J. Eells and J.H. Sampson (see [4]).

A smooth map ¢ : N — M is said to be biharmonic if it is a critical point of
the bienergy functional:

B2(¢) = [ 5T don,

where T(¢) := trV?d¢ is the tension field of ¢
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The Euler-Lagrange equation of the bienergy is given by T2(¢) = 0. Here the
section Ta(¢) is defined by

Ja(9) = —AsT(9) + trR (T(9), d9) do, (L.1)

and called the bitension field of ¢. Non-harmonic biharmonic maps are called
proper biharmonic maps.

In this paper, we study spacelike biharmonic slant helices according to Bishop
frame in the Lorentzian group of rigid motions E(1,1). We characterize the space-
like biharmonic slant helices in terms of their curvatures in the Lorentzian group
of rigid motions E(1,1). Finally, we obtain parametric equations of spacelike bi-
harmonic slant helices according to Bishop frame in the Lorentzian group of rigid
motions E(1,1).

2. Preliminaries

Let E(1,1) be the group of rigid motions of Euclidean 2-space. This consists of
all matrices of the form
coshz sinhz y
sinhxz coshz =z
0 0 1

Topologically, E(1, 1) is diffeomorphic to R® under the map
coshx sinhz y
E(1,1) — R?: | sinhz coshx 2z | — (z,9,2),

0 0 1

It’s Lie algebra has a basis consisting of

0 0 0 0 9]
X, = e Xy = coshxa—y + sinhx$7 X3 = Sinhxa—y + coshx&,
for which
[X17X2] = X3a [X27X3] = 07 [X17X3] = X2'
Put
B =, at =t (yt), 2t =t (y—2)
’ 2 ’ 2 ’
Then, we get
a 1 1 8 1 a 1 1 a 1 a
X =—, Xop=— R p—— [ —— Xq = — T __—_ 717.
R D) (e 8x2+e 8963)’ P72 <e a2 © 8x3>

The bracket relations are

(X1, X5] = X3, [X2, X5] =0, [Xy,X3] = Xo. (2.2)
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We consider left-invariant Lorentzian metrics which has a pseudo-orthonormal
basis {X1, Xy, X3} . We consider left-invariant Lorentzian metric [10], given by

g=— (dm1)2 + (e‘””ld:c2 + e‘l”lda;?’)2 + (e_l'lde - e“ldac3)2 , (2.3)

where
g(X1,Xp) = -1, g(X2,X,) = g(X3,X3) = 1. (2.4)

Let coframe of our frame be defined by

o1 1 1 1
0t =dzt, 02 = e % da® + €% dad, 03 = e % da? — e dad.

Proposition 2.1 For the covariant derivatives of the Levi-Civita connection of the
left-invariant metric g, defined above the following is true:

0 0 0
v = 7X_3 0 7X.1 3 (25)
X2 —X; 0

where the (i, j)-element in the table above equals Vx,X; for our basis
{Xk:a k= 17 27 3} = {le X27 XB}

We adopt the following notation and sign convention for Riemannian curvature
operator:

R(X,Y)Z =VxVyZ —VyVxZ —-VxyZ.
The Riemannian curvature tensor is given by
R(X,Y,Z, W) =g(R(X,Y)W, Z).
Moreover we put
Riji = R(Xi, X)Xk, Rijr = R(Xq, X;, Xy, X)),
where the indices 7, j, k and [ take the values 1,2 and 3.
Rig1 = X3, Riz1 = X3, Raze = X3

and
Ri212 = —1, Riz13=—1, Raz3=—1. (2.6)
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3. Spacelike Biharmonic Slant Helices with Timelike Normal in the
Lorentzian Group of Rigid Motions E(1,1)

Let v : I — E(1, 1) be a non geodesic spacelike curve on the E(1, 1) parametrized
by arc length. Let {T, N, B} be the Frenet frame fields tangent to the E(1, 1) along
v defined as follows:

T is the unit vector field 4/ tangent to , N is the unit vector field in the
direction of V1T (normal to 7), and B is chosen so that {T, N, B} is a positively
oriented orthonormal basis. Then, we have the following Frenet formulas:

VTT = KJN,
VN =«kT+ 7B, (3.1)
VB =7N,

where £ is the curvature of v and 7 is its torsion and
g(T,N)=¢(T,B) =g (N,B) =0.

The Bishop frame or parallel transport frame is an alternative approach to
defining a moving frame that is well defined even when the curve has vanishing
second derivative. The Bishop frame is expressed as

VTT = klMl — k2M27

VoM, =k T, (3.3)
VoeMsy = kT,
where
g(T,T)=1, g(M1,M;) =—-1, g(My, M) =1, (3.4)

g(T,M;) = g(T,Mz) = g(M;,M;) = 0.

Here, we shall call the set {T, M;, M; } as Bishop trihedra, k1 and ko as Bishop
curvatures and 7(s) = ¢’ (s), x(s) = /|k3 — k?|. Thus, Bishop curvatures are
defined by

k1 = k(s)sinh ) (s), (3.5)

ko = k(s) coshp (s).
With respect to the orthonormal basis {ej,e,, e5} we can write
T =T'e, +T?%ey + T3es,

M, = M{e, + Mie; + M;es, (3.6)
M, = Mje, + Miey + Mies.
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Theorem 3.1 ~v: I — E(1,1)is a spacelike biharmonic curve with Bishop frame
if and only if
k? — k2 = constant = C # 0,

k! + Cky = —ky [1 +2 (MQ)Q} + 2y MM, (3.7)

kY + Chy = —2k MM} — ky [—1 +2 (M})Q} .

Proof: Using (3.1), we have

n(y) = V3T - R(T,VrT)T

= (3Kk\ky — 3khko)T + (K} + k3 — k1 k3)My + (=K + k3 — kok?)M,
—k1R(T, M) T— ks R(T, M)T.
Thus, the equality (5) can be written as follows
Kiky — kbko =0,

K 4k} — kik3 = —ki1 R(T, My, T, M;) — ks R(T, Ms, T, M;), (3.8)
— kY + k3 — koki = ki R(T, M, T,M3) + ko R(T, M3, T, M,).

Making necessary calculations from (3.8), we have
ki — k3 = constant = C' # 0,

k! 4+ Ck; = —k1 R(T,My, T,M;) — ko R(T,M,, T, M), (3.9
ky 4+ Cky = —k1 R(T, My, T,M3) — ko R(T,Ms, T, M5).
It is easy to prove that: right curvature equations of above system is equivalent
to R(T, My, T,M,) = 1+ 2 (M})*,
R(T,M,, T,M;) = —2M{ M, (3.10)
R(T,M;, T, M,) = 2M| M3,
R(T,M,, T,My) = —1+2 (M})*,
This shows (3.4), complete the proof of the theorem. O

Definition 3.2 A regular spacelike curve v : I — E(1,1) is called a slant heliz
provided the timelike unit vector My of the curve v8 with some fized timelike unit
vector u, that is

g (M (s),u) = coshp for all s € I. (3.11)

The condition is not altered by reparametrization, so without loss of generality
we may assume that slant helices have unit speed. The slant helices can be identified
by a simple condition on natural curvatures.
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Theorem 3.3 Let v : I — E(1,1)be a unit speed spacelike curve with non-zero
natural curvatures. Then v is a slant heliz if and only if

k
-1 = constant. (3.12)
ko

Proof: Differentiating (3.11) and by using the Bishop frame (3.3), we find
g (VoM u) =g (k1T,u) = k19 (T,u) = 0. (3.13)

From (3.13) we get
9(T,u) =0.

Again differentiating from the last equality, we obtain

g (VTT, U) =g (klMl — kQMQ, ’LL)
= k1g My, u) — kag (Ma,u)
= ky cosh p — ko sinh p = 0.

Using above equation, we get

k
-1 — tanh g = constant.
ko
The converse statement is trivial. This completes the proof. O

Theorem 3.4 Let~y: I — E(1,1)be a unit speed spacelike biharmonic slant heliz
with non-zero Bishop curvatures. Then,

k1 = constant and ke = constant. (3.14)

Proof: Suppose that v be a unit speed spacelike biharmonic slant helix according
to Bishop frame. From (3.12) we have

kl = tanh pkz (315)

On the other hand, using first equation of (3.7), we obtain that ks is a constant.
Similarly, k; is a constant. Hence, the proof is completed. O

Theorem 3.5 Let v : I — E(1,1) is a non geodesic spacelike biharmonic slant
heliz with timelike normal in the Lorentzian group of rigid motions E(1,1). Then,
the parametric equations of v are

z! (s) = —sinh ps + a1,

COSh pe* sinh ps+a;

2 (D3 + sinh? p)

22 (s) = [(sinh p — Dy) cos [Dys + Ds] (3.16)
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+ (sinh o + D1) sin [Dys + Da]] + ag,
2 (D3 + sinh? p)
+ (sinh p + Dq) sin [D1s + D3]] + as,

23 (s) = [(sinh o — Dy) cos[Dys + Do)

where D1, Ds, a1, as, ag are constants of integration.

Proof: Suppose that « is a non geodesic spacelike biharmonic slant helix according
to Bishop frame.

Since the curve v is a spacelike slant helix, i.e. the vector M; makes a constant
angle with the constant timelike vector called the axis of the slant helix. So, without
loss of generality, we take the axis of a slant helix as being parallel to the timelike
vector X;. Then, using first equation of (3.9), we get

M} = g(Mi,X;) = cosh p. (3.17)

On other hand, the vector M; is a unit timelike vector, so the following condi-
tion is satisfied:

(M2)* + (MP)* = —1 + cosh? p. (3.18)

The general solution of (3.18) can be written in the following form:
M} =sinhpcos ¢ (s), (3.19)

M3} = sinh psin ¢ (s),

where ¢ is an arbitrary function of s.
So, substituting the components M{, M? and M; in the first equation of (3.9),
we have the following equation

M, = cosh pX; + sinh g cos ¢ (s) Xa + sinh psin ¢ (s) Xs. (3.20)
If we substitute (3.20) in (3.3), we may choose
& (5)6" (5) = 0. (3:21)
The general solution of (3.21) is
¢ (s) = Dis+ Ds, (3.22)

where D1, Dy are constants of integration.
Thus (3.20) and (3.22), imply

M, = cosh pX; + sinh g cos [Dys + D] Xo + sinh psin [D1s + Do) X5, (3.23)
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Using (2.1) in (3.23), we can choose
M2 = —sin [Dls + DQ} XQ + cos [Dls + DQ] Xg.

From above equations we get

T = —sinh X — cosh pcos [Dys + D3] Xo — cosh psin [Dys + Dy X3.  (3.24)

By the formula of the (2.1), we have

1 .
T = (— sinh g, —3 cosh pe* ™M 9071 (cos [Dy s + Dy] + sin [Dys + D)),

1 .
o cosh pe™ S 99=a1 (cos [Dy s + Dy] — sin [Dys + D)), (3.25)
where a; is constant of integration.

Integrating both sides of (3.25), we have (3.16) as desired. Thus, the proof is
completed. O

We may use Mathematica in Theorem 3.5, yields

Figure 1.

In terms of Egs. (3.15) and (3.16), we may give:

Corollary 3.6 Let v : 1 — E(1,1) is a non geodesic spacelike biharmonic slant
heliz with timelike normal in the Lorentzian group of rigid motions E(1,1). Then,
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the parametric equations of v in terms of Bishop curvatures are

k
o' (s) = —k—; cosh ps + aq,

M

k2

_k
k2 ginh pe 2 COShESTAL [<

2 k1
z°(s) = -— coshp — Dy | cos[Dys+ D
(5) 2 (D} + sinh? p) v 1) D 2

k
+ (1 cosh p + D1> sin [D1s + Da]] + ag,

ka
ky
ko sinh peE cosh ps—a1 L
3 k1 1
z°(s) = — —cosh o — Dy | cos|Dys+ D
() 2 (D% + sinh? p) [<k’2 v 1) = 2

k
+ (kl cosh p + D1> sin [Dys + Ds]] + as,
2

where Dy, Ds, ay, as,az are constants of integration.
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