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Existence for an elliptic system with nonlinear boundary conditions

Aomar ANANE, Omar CHAKRONE, Belhadj KARIM and Abdellah ZEROUALI

ABSTRACT: In this paper we prove the existence of a weak solution to the following

system
Apu = ANgv =0
|VulP=28% = f(z,u) — (o + DK (2)[ul* tulo|* T + fi
[Vo|77258 = g(z,v) — (B + 1)K (2)[v]*~ olul*+! + g1

in Q,
on 012,
on 012,

where Q is a bounded domain in RY (N >2), f1, g1, f, g and K are functions

that satisfy some conditions.

Key Words: Steklov problems, weights, elliptic systems, nonlinear boundary

conditions.
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1. Introduction
Consider the system with nonlinear boundary conditions
ANpu=Agw=0

(VulP~2 3 = f(z,u) = (@ + DK ()|ul]*  ulol "t + f
[Vo|?=250 = g(@,v) — (B + DK ()]~ olul** + g1

49
50
51
in Q,
on 0L, (1.1)
on 02,

Q will be a bounded domain in RY (N > 2) with a Lipschitz continuous boundary,

1< p<oo,1<g< oo and suppose the following conditions:

1 1
a>0, >0 2T +ﬂ%:1, K e L°09), K>0.
D N -1
fire L"(0Q), r = 7ij , <p<xifp<Nandp>1ifp> N.
pp—p+1 p—-1
- q N -1
g1 € L"(0Q), T = 14 <g<ooifg< Nandg>1ifqg> N.

@-q+1 q-1
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f:00xR—=Rand g: 902 xR — R are Carathéodory functions that verify:
(fa,p): There exist a > 0 and a function b € L"(99) such that,

|f(x,8)] < als|P~! +b(z) a.e. x € OQ and for all s € R.
hmsup%‘zp’s) :=m(z) € LP(9Q) with F(z,s) = [ f(z,t)dt.
|s]—=+o0

(ge,a): There exist ¢ > 0 and a function d € L™(9€) such that,

lg(z,8)| < c|s|97! +d(z) a.e. € 9Q and for all s € R.

lim sup qCTiTq’S) = n(x) € LT(0N) with G(z, s) = [; g(z,t)dt.
|s| =400

We say that (u,v) € WHP(Q) x WH4(Q) is a weak solution of (1.1) if

/\Vu\p*QVquod:c:/ f(x,u)cpdaf(aJrl)/ K(a:)|u|a*1u|v|ﬁ+lgada+/ frpdo,
Q 1) 9] o9

/\Vv|q72VvV¢dx:/ g(:z:,v)d)dcr—(,@Jrl)/ K(x)|u\°‘+1|v|ﬁflv1/1do+/ g1¢do.
Q o o0 o

for all (p,9) € WHP(Q) x W14(Q), where do is the N — 1 dimensional Hausdorff
measure.

Existence results for nonlinear elliptic systems when the nonlinear term appears
as a source in the equation complemented with Dirichlet boundary conditions have
been studied by various authors; we cite the works [1,3,4]. For the nonlinear
boundary condition, the authors in [2] proved the existence of nontrivial solutions
to the system

— p—2 — p—2 :
{Apu [ulP~2u, Aqv = |v[P~v in , (12)

\Vu|p_2% = F,(z,u,v), |Vv|q_2% = Fy(z,u,v) on 99,

where (Fy; F,) is the gradient of some positive potential F' : 92 x R x R — R.
The proofs are done under suitable assumptions on the potential F, and based on
variational arguments.

Our purpose in the present paper is to show that the problem (1.1) admits
at least a solution (u,v) € WP(Q2) x WhH4(Q), we also give a special case of the
problem (1.1) (see Corollary 3.3A). Our proofs are based on variational arguments.

2. Preliminaries
In this section, we collect some results relative to the eigenvalue problem

{ Apyu=0 in Q,

|Vu\p’2% = dm(x)|u|P~?u on 99, (2.1)

where the weight m is assumed to lie in M} := {m € LP(9Q);m™ # 0 and [, mdo <

0}.
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O. Torné in [5] showed, by using infinite dimensional Ljusternik—Schnirelman the-
ory, that the problem (2.1) admits a sequence of eigenvalues

1
= i f —_ ;7 p
Ai(m.p) éSrkSEEpA' uf’da,

where
Ty :={C C S;C is symmetric, compact and v(C) > k}

1
S = {ue Wl’p(Q);f/ m|ulPdo = 1},
b Jaa

~(C) is the Krasnoselski genus of C, and let

with

1 1
A1(m,p) = inf {/ |VulP;u € WHP(Q) and f/ m|u|Pdo = 1} .
b Ja b Ja

Q

Theorem 2.1 ([5] ) Assume m € Mz. Then Ay(m,p) is a nondecreasing and un-
bounded sequence of positive eigenvalues of the problem (2.1). Moreover A1(m,p) >
0 is the first positive eigenvalue of (2.1). Moreover \i(m,p) is simple, isolated and
it is the only nonzero eigenvalue associated to an eigenfunction of definite sign.

Remark 2.2 This theorem is proved in [5] by applying infinite dimensional Ljusternik—
Schnirelman theory for existence of the sequence A;(m,p) and Picone’s identity for
simplicity of the first eigenvalue.

3. Existence of solution for a system Steklov problem

In the whole continuation, we note by Ay (m,p) (resp. A\1(n,q)) the first eigen-
value of the problem (2.1) for the integer p and the weight m (resp. the integer ¢
and the weight n). We also note

Mg = {m € LP(0);m™ # 0 and mdo < 0},
o9

My == {m € LY9Q);m" # 0 and mdo < 0}.
o9

Theorem 3.1 If m € M, and n € Mg, then the problem (1.1) admits at least a
solution for A;(m,p) > 1 and A (n,q) > 1.

Remark 3.2 We can have A;(m,p) > 1, since \;(m,p) is homogeneous respect
to the weight in the sense where

Al(m7p)

Ai(am,p) = Ya > 0.
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Consider the space W = W1P(Q) x W14() equipped with the norm
lwll = [lull1p +[lv]l1q, for w = (u,v) € W,

where

lullLp = </ |Vu|pda;+/ |U|pd$> " and [[v]l1,4 = (/ \Vv|qu+/ |v|qu) .
) Q o 0

Let the energy functional ® : W — R such that

1 1
O (u,v) = f/ |Vu|pdm—/ F(x,u)do—&—f/ [Vo|tdx — G(z,v)do
pJa o0 q.Ja oQ
+/ K(x)|u|a+1|v|5+1da—/ fluda—/ g1vdo.
a0 o0 a0

Remark 3.3 The conditions lim sup %‘Tpg) := m(x) imply that for alle > 0, there
|s]—=+o0

exists d. € L™ (09) such that a.e. x € O and for all s € R, we have

F(z,s) < (m(z) + e)j +d.(z).

aG(x,s)
[s[d

lim sup :=n(x) imply that for all € > 0, there exists d. € L™ (09) such that
|s|] =400

a.e. x € 02 and for all s € R, we have

G(x,s) < (n(x) + €)|Sp|p +d.(z).

Proposition 3.1 m — A\ (m,p) is continuous from Mz into R.

Proof: Let my, m € Mj such that my — m in LP(9Q). By definition of A\ (m,p),
for € > 0 there exists u. € WP (Q) verifying % Joq m|ucPdo = 1 and % Jo IVue|Pde <
A1(m,p) +e.

Since (m, u) — % S50 m|ulPdo is continuous in its two arguments (m, u), we deduce
for k sufficiently large,

p
1 / Ue
- \Y% < Ai(m,p) +e.
P Jo (% fm mk|u€|Pda)1/P 1( )
Consequently
A1(mg, p) < Ai(m,p) +e.
Thus,

limsup /\1(mk7p) < Al(m’p) +e.

k—4oc0
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As ¢ is arbitrary,
lim sup Ay (mg, p) < A1(m, p).

k— 400
Now we must show that A(m,p) < lkirninf A1(mg,p). Suppose by contradiction
— 400

that
A1(m,p) > liminf Ay (mg, p) = A
k—+o0

Let up € WHP(Q) such that %fQ my|ux|Pdo =1 be a solution of the problem

{ DNpu=0 in Q,

|Vu|p_2% = A1 (my(z), p)my(z)|ulP~2u  on 9. (3.1)

We distinguish two cases.

First case: ||ug|l1,p — 400, put v, = Hu:ﬁ’
(vk) there exists v € WHP(Q) such that vy — v weakly in WHP(Q) and vy, — v
strongly in LP(9€). Since wuy is a solution of (3.1) and %faﬂ mg|ug[Pdo = 1, then

for a subsequence still denoted by

%fQ |Vug |Pdx = Ay (my,p). Dividing by ||ug|[} , and passing to the limit, we have
%fﬂ |Vug[Pde — 0. Thus vy — v strongly in W1P(Q) and v = cst # 0. But
%faﬂ my|v|Pdo = m, passing to limit, we obtain 11;|cst|p Joqmdo = 0, this

contradicts [,, mdo < 0 and cst # 0.

Seconde case: (uy) is bounded, for a subsequence still denoted (uy), there exists
u € WHP(Q) such that up — u weakly in WHP(Q), uj, — u strongly in LP(Q) and
uj, — w strongly in La-1(8€2). Since uy, is a solution of (3.1), then

/ |V [P~ Vup Vods = /\1(mkyp)/ myug P Puppdo Vo € WHP(Q).
0 20

Now taking ¢ = ux — u, we have

/Q |Vug P2V V (ug — u)dz = Ay (my, p) /89 my[ug [P~ 2ug (up — u)do.
Passing to the limit, we obtain
/Q |Vur|P2Vu,V(u, — u)dz — 0 as k — +oo.
On the other hand

/ |Uk|p_2uk(uk —u)dzr — 0 as k — +oo.
Q

It then follows the (S*) property that u, — u strongly in W1?(Q). In addition
u # 0 (since ;%faﬂ ml|u|Pdo = 1). Thus A is an eigenvalue of the problem (1.1).
Since f@Q mdo < 0, we deduce 0 < A. Consequently, we have 0 < A < A1(m,p),
this contradicts the Theorem 2.1. Finally, we have

lim sup Ay (mg, p) < Ai(m,p) < lkim+inf/\1(mk,p)7 s0 A1(mk,p) = Ai(m,p).
—+o00

k—4o0
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Lemma 3.1 If m € M and n € Mgy, then the functional ® is coercive for
A1(m,p) > 1 and A (n,q) > 1.

Proof: Suppose by contradiction that there exist a sequence w, € W and ¢ > 0
with w,, = (un,vy,) such that ||w,|| = +oo and |®(wy,)| < ¢. Put k, = ||w,]],

- Un Un

lip = %= and v, = . ¢ > |®(w,, )| implies that

1 1
c> 7/ |Vuy,|Pde — / F(x,up)do + f/ Vo, |Tde — G(z,u,)do
P Jo o0 qJa o0

+/ K(z)|un|a+1|vn\5+lda—/ flunda—/ grupdo.
o0 o o

Since [, K (x)|un|* T va|*Ttdo > 0, by the Remark (3.3) we have

(3.2)

1 1 1 1
c> 7/ \Vun|pda:+f/ Vo, |Tdz — 7/ (m(x)+€)|un|pda—f/ (n(z) + ¢€)|v,|%do
pJa q.Ja P Joa q Jog

7/ ds(x)daf/ d.(z)do — flundaf/ g1vndo.
I9) o9 o9 )
(3.3)
Let € > 0 such that \y(m +¢,p) > 1 and A;(n + &,q) > 1 (the continuity of
m — A1(m,p) is used here, see Proposition 3.1). Thus

c> 1/ |Vun|pd:r71/ (m(m)+5)|un|pd07/ ds(x)dcf*/ d.(z)do
P Jo D Joa o0 o0

- flundU—/ g1vndo,
0 0

(3.4)
and
1 1 )
c> = [ |Vu|%dz — = | (n(z) + ¢)|v,|?do — d.(x)do — d.(z)do
q.Jq q Jon a0 N (3.5)
—/ flunda—/ g1Undo
o0 a0
Therefore
c>(1- /Vunpdx—/ Eacalo—/ d.(z)do
(1= 5o ) 5 [ 17wl oo = [ oo
flunda—/ grvndo,
o0 Ele)
and
c> 1—7 /anqdm—/ dxda—/ d.(z)do

flundcr—/ g1undo.
o0 Ele)
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Dividing (3.6) and (37) respectively by k2 and k2, we obtain
1-—

(
<> /|Vu [Pdx
kP = /\1(m+5 P) "
1

(3.8)
-1 [ dg(x)da—k/ d’g(x)da/ flunda—l—/ glvnda],
n o0 oQ o0 o0
and
‘> (1 - > / |V, |?dx
kd = A(n+e,q) "
) (3.9)
~ o7 [ d.(x)do + d.(z)do | fiupdo —|—/ glvnda] .
n LJoo o0 o9 o9

Since u, is a bounded, for a further subsequence still denoted by w;,, — u weakly
in WHP(Q) and 4, — @ strongly in LP({2), on the other hand we have

/|Vﬂ|pdaj—|—/ \u|pd1‘<hm1nf </ \Vun|pdx+/ unpdx)
Q Q

In (3.8), passing to the limit we obtain 0 = fQ |Va|Pdx, thus @ = ¢; = est and
[tin]l1.p — ||@]|1,p. Since W1P(Q) is uniformly convex and reflexive, 1, — cst = ¢;
strongly in W1P(Q). (By a similar argument we show that v,, — cst = ¢y strongly
in WP()). Dividing (3.4), (3.5) respectively by k2 and k¢ and passing to the
limit, we have

[P lea|?
0> —7/(90( (z) +€)do and 0 > — . /BQ(n(x)—!—e)da.

Since € is arbitrary, we obtain

ea|? leal
— m(x)do > 0 and n(x)do > 0.
D Jaa q Joaa
Since [, m(x)do < 0and [, n(x)do <0, then ¢; = c; = 0, consequently ||, || —
0, where w,, := (@, Uy). This Contradlcts ||y || = 1. Finally ® is a coercive. O

Lemma 3.2 If m € M; and n € Mg, then the energy functional ® is a weakly
lower semicontinuous.

Proof: It suffices to see that the trace mapping W — L%(aﬂ) X L%(OQ) is
compact. O

Proof: [Proof of Theorem 2.1.] By Lemma 3.2, ® is weakly lower semicontinuous
and by Lemma 3.1, ® is coercive. ® is continuously differentiable. The proof is
complete. O

Now we can give a special case of Theorem 2.1.

Corollary 3.3A Suppose that m € Mz and n € Mgz. If \i(m,p) > 1, A (n,q) >
1 then the problem (1.1) admits at least a solution for f(x,u) = mlulP~2u and
g(z,v) = n|v|7 2.
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