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Gain in regularity for a coupled nonlinear Schrédinger system

Juan Carlos Ceballos Mauricio Sepulveda  Octavio Vera Villagran.

ABSTRACT: We study the gain of regularity for the initial value problem for a
coupled nonlinear Schrédinger system that describes some physical phenomena such
as the propagation in birefringent optical fibers, Kerr-like photo refractive media
in optics and Bose-Einstein condensates. This study is motivated by the results
obtained by N. Hayashi et al.
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1. Introduction

In this paper we consider the initial value problem for the coupled nonlinear
Schrédinger system

i 4 U + |u?u+ BlvFu=0 (1.1)
iV + Vg + 020+ Bluffv=0 (1.2)
u(z, 0) = up(x) (1.3)
v(z, 0) = vo(x) (1.4)

where © € R, t € R. u = u(z, t) is a complex unknown function, v = v(x, t) is
a complex unknown function and  is a real positive constant which depends on
the anisotropy of the fiber. The study of the propagation of pulses in nonlinear
optical fibers has been of great interest in the last years. In 1981, I. P. Kaminow
[6] showed that single-mode optical fibers are not really ”single-mode” but actually
bimodal due to the presence of birefringence which can deeply influence the way
in which an optical evolves during the propagation along the fiber. Indeed, it
can occur that the linear birefringence makes a pulse split in two, while nonlinear
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birefringence traps them together against splitting. C. R. Menyuk [I0J11] showed
that the evolution of two orthogonal pulse envelopes in birefringent optical fiber
is governed by the coupled nonlinear Schrodinger system (L.1)-(1.4). If 8 = 0 the
equations in (I.1)-(1.4) are two copies of a single nonlinear Schrédinger equation
which is integrable; when 8 = 1, (I.T)-(1.4) is known as a Manakov system [9]. In
all the other cases the situation is much more complicated from different points of
view. The Cauchy problem for the system (L.1))-(1.4) was firstly studied by E. S. P.
Siqueira [13/14] for initial data ug € H'(R) and vg € H'(R), then the solution u €
CR: HR)NCYR: HYR)) and v € C(R: HY(R))NCYR: H~1(R)), using
the techniques developed in [IJ2]. This Schrodinger system has been extensively
studied for many authors [GJSJ9/TO/TT] and references therein.

An evolution equation enjoys a gain of regularity if their solutions are smoother
for t > 0 than its initial data. An equation need not to be hypo-elliptic for this to
happen provided that the initial data vanishes at spatial infinity. For instance, for
the Schrodinger equation in R™, it is clear from the explicit formula that a solution
is C* as the initial data decay faster than any polynomial. In 1979, T. Kato [7]
established a remarkable result for the regularizing property of solutions to the
initial value problem for the KdV equation

Ut + Uggy +UU, =0 = ER,t>O
(KdV) { u(z, 0) = ugp(x)

He proved that if the initial function ug(z) € L?(R) = H?(R) N L2(e** dx) (b > 0),
then the solution wu(t) is C*°(R) for ¢t > 0. A main ingredient in the proof was the
fact that formally the semigroup e 192 in L? is equivalent to U, = e~ t(0:=0)% i
L? when t > 0. In 1986, N. Hayashi et al. [4J5] showed that if the initial data ug(z)
decreases rapidly enough, then the solution of the Schrédinger equation

(s) iU+ Uz = MulP"lu, z €RtER
u(z, 0) = ug(z)

with A € R, p > 1 and v = u(z, t) is a complex unknown function that becomes
smooth for ¢ # 0, provided that the initial functions in H!(R) decay rapidly enough
as |z| — o0o. On the other hand, the gain of regularity for a higher order Schrédinger
equation was been proved in [I2]. Thus, it is natural to ask whether the equation
(LI)-(T.4) has a gain in regularity. It might be expected that the Schréodinger sys-
tems have an analogous regularizing effect as that of the (S) equation. This is our
motivation for the study of gain in regularity. Our aim in this paper is to show
that the Schrodinger systems have a regularizing effect. Indeed, that all solutions of
finite energy to (L.1)-(1.4) are smooth for ¢ # 0 provided that the initial functions
in H'(R) decay rapidly enough as |z| — oo. This paper is organized as follows.
Before describing the main results, in section 2 we briefly outline the notation and
terminology to be used later on and we present some Lemmas. In section 3 we find
estimates of finite energy. In section 4 we obtain a priori estimates and in section
5 we prove the main theorem. Our main result is
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Main Theorem. Let (ug, vo) € H*(R)x HY(R) and (x"ug, x™vg) € L2( )x L?(R)
for somen € N. Then, there ezists a unique solution (u(z, t), v(z, t)) of (LI)-(L.4)
satisfying

(u, v) € Cp(R: H'(R)) x Cyp(R : H*(R)) (1.5)

(J™u, J™) € C(R: L*(R)) x C(R: L*(R)), m=1,2,...n. (1.6)

Moreover (u, v) satisfies the integral identities:
Densities Conservation

llull 2y = [|uollL2@)y and  |[v]|L2@) = |[vollr2(r) (1.7)

Energy Conservation
2 2 1 4 1 4 2 2
||U'w||L2(R) + ||Uw||L2(R) ) ||U'HL4(]R) ) HUHL‘l(R) —p . [ul” [v]* dz
1 1
= luozllF2@) + lvozll72m) — 5 [1uollam) = 5 vollLagy = 8 [ luol® [vol1t:8)
®) (®) ~ 3 ® ~ 3 ( .

The pseudo conformal identity

| Ju o) + | 0172y — 28 [Jullpag) — 282 0]l 4@y — 48t /R uf? v]? d
= lzuolZ2@ + [l vollF2r) — 28 lJuol| 74y — 28 [[vol[pam) — 488% [ |uol? Jvo|* da
R

T
+/ [ 2t ||u\|i4(R) —2t HUHi‘l(R) —4515/ |u|? |v|2dx} dt (1.9)
0 R

and the inequality

t t

[Tl 2@y < cme and [|[J™v|[L2®) < eme’, m=1,2 ..., n(1.10)
where ¢, is a positive constant depending only on m, ||uol| g1 (r), |[voll a1 (w), || uol|22(®)
and ||2™ vol|L2(r)

The pseudo conformal identity (1.9) was firstly observed by Ginibre and Velo [3]

and is useful to obtain a priori estimates of Ju.

2. Preliminaries

We will use the following standard notation. For 1 < p < oo, LP(R) are all
complex valued measurable functions on R such that |u|P is integrable for 1 < p <

oo and sup ess |u(z)| is finite for p = co. The norm will be written as
z€R

1/p
l|ul| ey = (/ |u(x)|pdx) ; [[w]] oo (r) = sup ess [u(z)].
R TeR



44 J.C. CEBALLOS, M. SEPULVEDA AND O. VERA

For a non-negative integer m and 1 < p < oo, we denote by H™(R) the Sobolev
space of functions in L?(R) having all derivatives of order < m belonging to L?(R).
The norm in H™(R) is given by

1/2
ullgmey = | D [ID%u()|[72 ) dx
la|<m
For any interval I of R and any Banach space X with the norm || - ||x, we denote

by C(I : X)(respectively Cy(I : X) the space of continuous(respectively bounded
continuous) functions from I to X. We denote C*(I : X)(k > 1) the space of k-
times continuously differentiable functions from I to X. For an interval I, the space
LP(I : X) is the space consisting of all strongly measurable X-valued functions u(t)
defined on I such that ||u||x € LP(I).

Remark. We only consider the case t > 0. The case ¢t < 0 can be treated
analogously.

The following results are going to be used several times from now on.

Lemma 2.1(The Gagliardo-Nirenberg inequality). Let g, r be any real numbers
satisfying 1 < q, r < 0o and let j and m be non-negative integers such that j < m.
Then

1Dl oy < M D™ [y Iuill e

®) (2.1)

where % =j+a (%fm) +¥ for all a in the interval %n <a<l1,and M is a
positive constant depending only on m, j, q, v and a.
Lemma 2.2. For all u € H'(R) we have

lullZoe ) < 2 llullz2) ol z2m) (2.2)

lullLsy < 2 [1ullZ2m) el z2e) (2.3)
Lemma 2.3. Let u and v be the solutions of (1.1)-(L.4), then we have

d _ d 2 _
dt(|u| ) =2Imuly, and &(M )=2ImvTy, (2.4)

Proof. Multiplying (I.1) by @ we have
iUy + Ty + |ul* + B0 [ul?> =0
— PUThy A UTg + |u|* 4 B|v]? |ul? = 0. (applying conjugate)

Subtracting,
() = iy~ Wy =20 Ty 0 that o (Jul?) =2 Imu
U Ulgy — Ulgy = 20 IMUTyy so that — (|u|®) =2 Imuty,.
"t dt
The proof works in a similar way for v. The lemma follows. O

In this paper our main tool is the operator J defined by

Ju = i@ /4t (24t) ax(e*izz/‘ltu) =(x+2itdy)u
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This operator has the remarkable property that it commutes with the operator L
defined by L = (i 9; + 92), namely, LJ — JL =[L, J] = 0. In general,

JMy = et @ /4t (2it)m8;”(e*”2/4tu) =(x+2it0;)™ u, m €N

where J"u = J(J™ 'u) (m € N). Hence, applying J™ to the equations (1.1)-(1.4)
we have

i (J™w)e + (J™U)gw + J™(ul?w) + BT™(|v|* u) =0, (2.5)
i (J"0)¢ + (J™0) e + J™ (0| 0) + BT ™ |u?v) = 0, (2.6)
JMu(x, 0) = 2™ up(x), (2.7)

(2.8)

J"u(x, 0) = 2™ vo(x),

which allows us to get the estimates (1.9)-(L.10)) of the Main Theorem.
Throughout this paper c is a generic constant, not necessarily the same at each
occasion (it will change from line to line), which depends in an increasing way on
the indicated quantities.

3. Finite energy solutions

We begin obtaining estimates for the norm-H*(R). To estimate in H'(R) is im-
portant because in R we have the following Sobolev immersion H*(R) < L>(R).

Lemma 3.1 (densities conservation). Let (u, v) be the solution to (1.1)-(1.4).
Let (ug, vo) € L?(R) x L?(R), then

lull2®) = [luollz2®) and |[[v]|r2m) = |lvoll2 () (3.1)
Proof. Multiplying (I.1) by @ we have

iﬂut+ﬂumz+|u\4+ﬂ|v|2|u\2 = 0,
0.

— i UTy F Uy + |ul* + B 0] |ul? (applying conjugate)

Subtracting and integrating over z € R we obtain

d
T |[ullL2@®) = 0,

and integrating over ¢t € [0, T| we get the first term. Similarly for v, the lemma
follows. O

Lemma 3.2 (energy conservation). Let (u, v) be the solutions to (1.1)-(1.4).
Let (ug, vo) € HY(R) x H*(R), then

lal |22y + |valfam) < € (3.2)
Proof. Differentiating (1.1) with respect to the x-variable we have

TUg ¢ + Ugpps + (\u|2)m u 4+ \u|2 Uy + B (|v|2)z u+ |'U\2 uy =0 (3.3)
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Multiplying (3.3) by @, we have

1 Uy Uzt + Uz Ugazs + (‘UF)I Uy + |U|2 |u1\2 + 0 (|U|2)x uly + 3 |U|2 |uz|2 =0
— Uy Uy ¢+ Ug U + ([U]*) e g + [u|? [ue® + B ([0} Ty + Bv|? [ug]* = 0.
(applying conjugate)

Subtracting and integrating over x € R we have
d
—/ | | dz — 2Im/ |u|? U Ty dz — 26]m/ [0|? Uy d = 0
dt Jg R R

using (2.4) we obtain

d d d
G el da = [ G Qul?) o= [ o 5 (ul) da =

d 2 4 2
= . - 4
& [ de =5 5 [ pitdn =5 [ 1l (o) (3.4)

Performing similar calculations for (1.2]) we obtain

d 2 4 2
- / oul e~ o / lol* d — 8 / ul? (o) (3.5)

Adding (3.4) and (3.5)

/|ux|2dx+ /|vm\2 ‘5@/"4 _m/wdx

=6 [ 1o 5 () do =5 [ uf? 5 (o) do =

thus we deduce

d 1
& uslBage + lenlBacey = 5 ullece) = 5 ol = 8 [ a0 o] =0

then

(3.6)
Integrating (3.6)) over ¢ € [0, T] we have

1 1
HUI||%2(R) + H%H%?(R) ) ||u\|i4(R) ) H’UHi‘l(R) - Q/R uf* [v]? da

1 1
= ||U0x||2L2(R) + ||U0x||2L2(R) ) ||u0||%4(]R) 5 ||U0||4};4(]R) - ﬁ/R |uo|? |vo|* da

1 1
< ||U0w||2L2(R) + ||U0w||2L2(R) D) ||U0||[},4(R) ) ||U0||i4(n@)
1 1
t50 [|uol| 74wy + 3P [vol | 74wy
1 1
< luoal 72y + [[vol[2w) + 3 (14 8) luoll ey + 3 (14 8) llvoll 74 ry-
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Using (2.3) we have

1 1
||uﬂ7‘|%2(R) + ||U1?||2L2(R) D) ||U||%4(1R) 9 ||U|\i4(R) - 5/R |u|2 |U|2 dx

< lwoal 72y + lvol 2wy

+(1+ B) lluollz2w) lluoallLz@ + (1+8) llvollz2w) [lvosllzzm)

< NlwoallF2my + lvol 72
+}(1+ﬂ) [luo I3 +|| 17 +}(1+f6’) [lvollZ2 ) + Ilvoall7
2 oflL2w) T lY0zllL2(r) vollzz(r) T 1Yo llL2(R)
< 5(3+5)||U0x||L2(R)+ (3+/3)||’00x||L2(R)
1 1
+5 (1+8) lluoll 22wy + 5 (1+ 8) llvollze )-
Then

1 1
Hqu%?(R) + H”m”%z(m) 9 ||U|\%4(R) 9 Hv”%‘l(]R) - 5/R |U|2 |v\2dx <c

with ¢ = ¢(||uoz||z2®), ||v0z||L2®)). Using again (2.3) we can estimate
1 1
HUJCHQL?(]R) + HUﬂCH%?(R) Sc+ 5 ||U||i4(R) +5 ||v||%4(]R) + ﬂ/ |ul? [o]* dz

1
ety ||U’HL4(]R 5 olzae) + 5 ﬁHUIlm +3 ﬁ\lvllm

<
< c+(1+ﬁ)IIUI|L2R ||uzlL2 ) + (1+ﬁ)llv|\L2<R)\I%IIL?(R
1 1
< C+2( +8) lullzee + 5 llallZem + 5 (1 +5)HUIIL2<R)+ [vz][Z2 )

and then we deduce
el F2) + lall7em < e+ 1+ 0) [[ullfzm) + 1+ 8) |[v]22
Using (3.1) we have
el 7@y + lvall7e @) < ¢+ (14 8) luollfz @) + (14 5) [lvoll22 ),
and the result follows. O

4. A priori estimates

In the proof stated below it is shown that L°°(R) estimates of solutions lead to
obtain a priori estimates of J"u. We estimate a Gronwall’s inequality type and we
establish decay of perturbed solutions.

Lemma 4.1. Let (ug, vo) € H*(R) x H'(R). Then, for any t > 0 we have

1/4 1/4
1+¢ 14t
||U||Loo < C (t) and ||U||L°°(R) S C (t) . (41)
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Remark. Using the Gagliardo-Nirenberg inequality we have

2 -2
[lullzr@y < e ||u||L/‘ZZZR)||UH%oo(D%§p.

Thus, using (3.1) and (4.1) we deduce the following L? estimate

1 (p—2)/4p 1 (p—2)/4p
lull Lo @) < c (1 + t) and  [[v]| Lo (m) < (1 n t)

for 2 < p < +c0.

Proof of lemma 4.1. We rewrite the equation (L.1) as Lu = — |ul|?>u — B |v|?u,
where L = i0; + 02. We consider the operator J = z + 2itd, such that
LJ = JL, then we have L(Ju) = — J(|u|>u) — BJ(Jv|>u). Hence, i(Ju); +
(Ju)ze = — J(Jul?u) — BJ(Jv|* u). Multiplying the above equation by (Ju) we
have
i (T0) (Ju)e + (78) (Ju)w = — J(lul? w) (Fa) — 8 I (o] w) (T)
— i (Ju) (Ju), + (Ju) (Ju),, = — J([ul>u) (Ju) = B I (|v]>u) (Ju)

(applying conjugate).

Integrating over x € R, subtracting and dividing by ¢, we have
d I .
Nl = - 21m/ T(lul? ) (T) dz — Qﬂlm/ J(lo2w) (Ta) dz. (4.2)
R R

We estimate the two terms on the right hand side of (4.2)
J(ulPu) =z |ul>u+2it (Ju]®)pu+ 20t |u]* u, and  Ju=1xu—2itU,.
Hence, using straightforward calculations we have

J(ul?w) (Ju) = 22 |ul* + 4% |ul? |Jug|* + 4t [u)?* Imu,
titx (Ju])e + 412 (Ju?), ul,.

Taking imaginary part
Im[J(lufu) (Ju)] = ta(jul')s + 4 Im[(|ju*), wa, ],

and integrating, we have

2[m/J(|u|2u) (Ju) dx 2t/x(|u|4)md:c+8t21m/(|u|2)muﬂxdx
R R R

= 72t/|u|4dx78t2.7m/|u|2uﬂmdx.
R R
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Using (2.4) we obtain

QIm/]R J(|ul? u) (Ju) dz

d
—2t/ |u|4dm—4t2/ lul? = (Jul?) dz
d
72t/|u|4d172t2—/|u|4dx.
R dt Jr

On the other hand, using the identity

d
— 212 /|u|4 x—4t/\u|4dx t{2t2/u|4dx},
R

we deduce

_ d
2Im/RJ(|u|2u)(Ju)dw - 2t||u\|i4(R)—%[2t2|\u||‘i4(R)}. (4.3)

Moreover,
J(fPu) =z wfu+2it(|v*)eu+2it|vPu, and Ju= 27— 2it,.
Thus, using straightforward calculations we have

J(w?u) (Ju) = 2 |)? |ul® + 4% |v]? |ug|* + 4t 2 |v|* Imu,
+2itx (Ju*)e |ul® + 412 (|v]?) e u Ty

then Im [ J(|[v]?u) (Ju)] =2tz (|v]?)s [ul* + 482 Im [ (|v]?), u Ty ]. Hence

2Im/]R J(|v|*vw) (Ju) dx

4t/m o2 w|u\2dm+8t21m/ [v|*) s uTiy, do
R

4t/m [v*)z Jul? do — 8t21m/ [v|? U Ty d.
R
Using (2.4), we obtain
S d
2Im/ Tl w) (Fa) dx:4t/x(|v|2)m \u|2dx—4t2/ w2 L (uf?) de. (4.4)
R R R dt
Hence, replacing (4.3) and (4.4) in (4.2), we deduce
Culfae = -2t 262 |l
; L2R) = La®) T dt LA(R)
d
— 4ﬁt/ z (v} Jul? dz + 4ﬂt2/ [v|* — (|ul?) dz.(4.5)
Performing the same calculations for the equation (1.2)), we obtain
Mol = =2t ol + 5 [26 10l
i L2R) = LA(R) dt LA(R)

f4ﬂgéxum>uw%M+4ﬂﬁ/Wm2dum> v.(4.6)
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Adding (4.5) and (4.6) we have

1700y + 170 By — 22 lullhey — 22 lolldege
= =2t flullag — 2¢ llollfem)
#4080 [ o G (uP)de+452 [ 5 () da
=4t [ () ol de =45t [ o (uP), o do.

That is,

d

pr | Ju 2@ + 1 0172 — 282 [Jul[fag) — 2 ||U||i4(R)}

d
= —2t|[ullLs@) — 2t [[0]7s(g) + 48t %/RIU\2 |U|2d$+4ﬂt/RIUI2|vl2dw~

On the other hand, using the identity

d d
42 —/ lu? |v]? dez = — [4152/ |u|? |v|2dx} - St/ lul? |v]? de,

we deduce

d
= (11701 + 1170 2@y = 262 llullfom) — 222 llollfoqmy |

d
= —2t||u|\}{4(R)—2t|\v||‘z4(R)—4ﬂt/]R\u|2 \U|2dx+£ [4gt2/ﬂ§|u|2 |v|2dx}

and then, we obtain

a
dt

= = 2t ullfugey = 2¢ lolley = 45¢ [ Ju? 1ol da.

Let f(t) =— 2t ||u\|‘i4(R) — 2t ||v||4L4(R) — 46t [; |ul? [v|* dz. Then, we have
d 2 2
= L1170l + 1l T ey + £ £(8) | = £(0)-

Integrating over ¢ € [0, T] we have

t
| TGy + 11 Tl 22 @) + 1 () = ||xu0”%2(R)+||xUO||i2(R)+/O f(s)ds,
which we can rewrite as

t
T2y + 110 |2y + t £(2) sw/l f(s)ds

[H TulBagey + 1170 sy = 26 Nullfaey = 262 ollfay — 452 [ 1ul de]

(4.7)
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where o = ||z “0”%2(11&) + |z v0||%2(R) + fol f(s)ds. From (3.0) and integrating over
t € [0, T| we have

4 \|U:v||%2(ue) +4 ||UI||%2(R) -2 ||u||i4(]R) -2 ||U||%4(R) - 45/R \u|2 |U|2 dx
= 4||u01||%2(]R) +4||U01H%2(R) -2 ||UOH%4(R) -2 HUOH%A(R) - 45/R \U0|2 \”0|2 dz,

and then, we have the estimate
= 2 fullqey =2 lollaey =48 [ [uf? o do
< 4 ||U0z||%2(]R) +4 ||U0$H%2(R) -2 HUOHi‘l(R) -2 ||U0||i4(m) - 45/}}{ |uo|? |vo|” dz.
Using straightforward calculations as in Lemma 3.2, we have
=2 lulfage) = 2 bllfaey =49 [ 1o o de < &

with a = &( ||UOHL2(R)a HUOHLQ(R); ||U0z||L2(R)7 HUOm||L2(R))- Hence, a < « which
is finite by hypothesis. Then (4.8) can be written as

Fo<at [ ' G(s) F(s) d,

where F(t) = t f(t) and G(t) = 1/t. Since F and G are continuous on [1, ool,
Gronwall’s inequality implies that F'(t) < at, for all t > 1. We simplify to get that
ft) < @, for all t > 1. The hypothesis on (ug, vg) and integration of (3.6) together
imply that f(t) is uniformly bounded for all ¢, in particular for 0 < ¢ < 1. Hence,
there exists a constant c( [|uo||r2(r), ||uollz2®)s |[Y0z||L2®)s [V02||L2(®)) such that
f(t) <, for any t > 0. Therefore,

||Ju|\iz(R)+||JU||%2(R)+tf(t)Sct, for any ¢t>0

which we can written as

Il JUH2L2(R) + [ Jv ||%2(]R) -2t ||U||i4(R) -2 ||’UH4L4(R) —44¢ /R |ul? [o]* do < ct,

for any ¢ > 0. Hence using that Ju = '@ /4t (2it)d,(e~*"/4ty) and Jv =
e /4 (23 4) (e~ /4t y) we obtain

—ix? —ix?
417 [ (e /4tu)||%2(R)+4t2||8z(€ /4t11)||%2(]R)

=28 [lulldagy — 242 [[0]|a ey — 452 / ful? [of? di < ct,
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for any t > 0. Thus, simplifying by 2¢2, and passing the 3rd, 4th and 5th terms of
the left to the right, we obtain the estimate

—iz? —iz?
2([0x(e™ "/ * u) T2y + 211 0x(e™ /4P 0) |12 gy

AN

et 14 full by + 1ol [Lagm) + 20 / uf? [o? da

N

< et lullpaggy ol 7ay + B ullzam) + B 0] s
< Ct_1+(]~+ﬂ) ||U|‘i4(R)+(l+ﬁ) ||U||%4(R)7

for any ¢t > 0. Using similar calculations as in Lemma 3.2, and using (3.1) and
(3.2) we obtain

—ix —ixz? — 1+t
102 e =740 gy + 110/ 0) [y < et er < ().

for any ¢ > 0. On the other hand, using the Gagliardo-Nirenberg inequality, we
can estimate

—iz? —iz? 1/2 1/2
et /4 u || ooy < ]| (e /40w 11570 [ull}h

L2(R) L2(R)’
i _ix? 1/2 172
ey < (e 00 [ o2

and then, we deduce

2 2 1+t
e = il + e ey < ¢ (2.

for any t > 0. We obtain

1/4 1/4
||6 /4t’u,||Loc(]R) <c <t> and He /4tv||L°°(R) < C(t> )

for any t > 0. Therefore, we obtain

1/4 1/4
1+t 1+¢
||U||L<X>(R) <c (t> and ||v||Lx(R) <ec (t) ,

for any ¢t > 0. The lemma follows. a

Lemma 4.2. Let (ug, v9) € HY(R) x H*(R) and (2" ug, ™ vy) € L*(R) x L*(R).
Then, there exists a positive constant cn, depending on ||uo||g(r), ||vol|a(r) and
2™ uo||L2(w), ||2" vol|r2(r) but independent of t such that

J™u||2m) < cm € and I ]| r2r) < cm €, 4.9
(R) (R)

form=1,2, ..., n.
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Proof. From equation (1.1) we have Lu = — |u|?> u—3|v|? u where L =i 9;+0%. We
consider the operator J™u = (242t 0y)™u = €' /4 (2it)™ g (e~ 12° /41 4) with
Jmu = J(J™ tu) (m € N) such that LJ = J L. Hence L (J™u) = — J™(|u|?u) —
B J™(|v]?u). Thus

i (J™W) 4+ (T ew = — J™(Jul?u) — BI™(|v|* w).
Multiplying the above equation by (J™u) we have

i (Jmu) (M) + (T7u) (T w)ae = = ™ (Jul? u) (T7u) = 87 ([o]* w) (™)

— i (") (Jmu), + (M) (J7u),, = = T (uf? u) (J7u) = BT (v ) (J7).
(applying conjugate)

Integrating over z € R, subtracting and dividing by i, we have
d m 2 m 2 Tma,,
Gl = —2mm [ 7l ) (77w de

f2ﬂlm/R J™(Jo]2 ) (Jmu) de. (4.10)

In a similar way we estimate the same but using (1.2))

d m m Tm,,
Gl = —20m [ 7o) (T70) da
R

—261m/ J™(|ul? v) (J™v) d. (4.11)
R
Adding (4.10) and (4.11)) we obtain

d

= L™ By + 1170 ooy

= — QIm/RJm(|u|2u) (W)dx—?]m/RJm(h)Fv) (Jmv) dz
- 26Im/]R J™(Jo]?u) (Jmu) do — 2ﬂ]m/RJm(|u|2v) (Jmv) dz(4.12)
We estimate the first two terms in the right hand side. We have that
TU(uPu) = A @iy o (e )
— pin?/at (2it)magm (|e—ix2/4tu|26—ix2/4tu> .

Let w = e~ 1% /4ty . Then o (JwfPw) =0 (www) = Z Ot w 02w OFw,
i+j+k=m
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and hence

177 (fuf? w) [l 2z

o™ Y. owoiw ofw

i+j+k=m L2(R)

< @enm > Ha;w(agma’;wHLz(R)
i+j+k=m

< (@ym Z ||3;w\|L2m/i(R)Ha%wHLZm/J'(R)Ha;inLzm/k(R) (4.13)
i+j+k=m

using the Gagliardo-Nirenberg inequality we have

102 iy < 0wl [ Tl 2™,

108wl sy < 07wy Il )™

m k/m m—k)/m
105w /iy < 02wl a0k Nl )™,

for every i € {0, ..., m}. Then

D 105wl pem sy 105wl ponss gy 105wl [ ponrm@) < e |05 wl|L2@) [1w]]F ey
i+j+k=m

Thus, in (4.13)) we obtain

1T (P W)llr2@y < e 2™ 107wl 2w) |lw][f~
< eIl [[ullfe r)- (4.14)
In a similar way
T (o)) |2y < e llT™0ll L2 oll7 oo (ry- (4.15)

Using Holder’s inequality in (4.12) and replacing (4.14) and (4.15) in (4.12) we
have

d m m
= (17l e gy + 117012y |

< 2 ||Jm(|u|2u)||L2(R) HJmUHL?(R) +2 ||Jm(|v|2v)||L2(R) ||Jm”||L2(R)

fQﬂIm/RJm(|v|2u) (m)d:cfQQIm/RJmﬂqu) (Jmv) dx

< ¢ HJmUHL2(R) \|U||2Loo(R) HJmUHL?(R) +c ||JmU||L2(R) HU||2L°°(R) ||JmUHL2(R)
- Qﬂ[m/ J™(Jo]2 ) (Jmu) do — 26[771/ J™(Ju|? v) (J™) dx
R R
< c HJmUHi%R) H“HZLOOUR) tc ||va|\i2(R) HU||2L°°(]R)

fQBIm/RJm(h)Fu) (m)dx725fm/RJm(|u\2v) (J™v) da. (4.16)
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Now we estimate the third term in (4.16). Using the Holder inequality we have
~ 281m [ (o ) (T70) do < 281177 (o wllage) 1™l (417
R

We estimate the [|J™(|v|?u)|[r2(r) term. From the definition of J™ we have

Jm(|v|2u) — eix2/4t(2Z-t)ma;n(|v|2€fix2/4tu)
eix2/4t(2Z-t)ma;n(efia:2/4tv m 67i12/4tu)
A (254 9T (w W ) (4.18)

where w = e~ "% /4ty and z = e~ ¥ /4ty On the other hand, using 9™ (w W z) =
Z Ot w 09w 0% 2. and the Holder’s inequality, we have
i+j+k=m
10" (w @ 2)||L> ()
< S 10w Olw 0 ey
it+j+k=m
< Y 10wl iy 105w]] pom sy 11052 pam/e - (4.19)
i+j+k=m

Using the Gagliardo-Nirenberg inequality we have

102wl 2 mrszy < e 10wl |fagsy ]l ™

Le>=(R) >
100wl p2misry < 100 w][950 [wl| (e 2/™,
e | v [ T

for every i € {0, ..., m}. Hence, in (4.19), we obtain

107" (w W 2)||p2(w)

<Y 1wl ey 199wl e ay 1852 om e cry

i+j+k=m
m i+7)/m m k/m i+ m m—k)/m
< o >0 1ol oy Tl G )
i+j+k=m
(4.20)
Replacing in (4.18) and using Young’s inequality, we have
177 ([0 )| 2wy
m + m k 2 k
< e 0 (Tl Tl el | )
i+j+k=m
(’L+.7) 1+ m m k m
< e Y [ \|J%||L2<R>+—HJ%HLz(R) ol 2 a7 )
i+j+k=m

(4.21)
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This way we have

||Jm(|v\2 U)HL2(R) ||Jmu\|L2(R)

(Z+.7 2m— (1 m m— k m
< e Y = Ml 1™l e (ol 22 )
it+j+k=m
k m 7 m m—k)/m
te D e G Y Il )
i+j+k=m
(7’+.]) m m 7 m m—k)/m
< o X S (1l 1Tl e | ISl S
i+j+k=m
k i m m—k)/m
te Y Tl Il el ™
i+j+k=m

Rearranging the terms of this last estimate, we have
17" (jof? w)l| 2@y (177 ull L2y

m ( ) it+j)]/m m—k)/m
< el Y ol 22 G 1™ | S )

i+j+k=m
m ( ) 1+ m m—k)/m
tellT B > ol s | )
i+j+k:m
m 2 + k
tellTmulZam S || 1 Z s V™ |l E )™
i+j+k:m

Using Lemma 2.2, Lemma 3.1, and Lemma 3.2 we obtain

1T ([ @)l 2y 1™ ull 2@y < em [T ullZ2gy + cm [T 0] |22z
In a similar way we have

1T ([ul? )|l 2y 1770l L2y < e ([T ullF2m) + em 1T™0]Z2R)-
Thus, replacing (4.22) and (4.23)) in (4.16))

d

= (1™l ey + 170 ey | < em (1™ ullagey + 11770 ey |

integrating over ¢ € [0, T] and using Gronwall’s inequality we obtain
1T ul[L2 gy + 11 T 0 |72 ) < €m [||$muo||2Lz(R) + ||$m?10|\2L2(R)] e'.

The result then follows. O

(4.22)

(4.23)

(4.24)

(4.25)
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5. Main Theorem

In this section we state and prove our theorem, which states that all solutions of
finite energy to (L.1)-(L.4) are smooth for ¢ # 0 provided that the initial functions
in H'(R) decay rapidly enough as |z| — oco.

Lemma 5.1. {(u*, v¥)} is a Cauchy sequence in C([0, T] : H'(R)) x C([0, T] :
HY(R)) for any T > 0. Moreover

I = 0 s gy + 1% = 073y gy < e(T) [l = 26 s gy + 1106 = 1 s gy | (5:1)

for any T > 0, where T is a positive constant independent of k and j.

Proof. Let (u”, v*) be the solution of (I.1)-(1.4), then

iuf +uf, 4 [ Pub g P =0
ivf ok 4 R PR 4 B [uFP =0
]+, ol + B = 0

iv] + vl + [P0+ B WP’ = 0.

ot

—~ o~~~
T W N
= L = =

Subtracting (5.2)) with (5.4) we have
i(uf —u?) + (uP —u?) g + [P PuF — 7P+ B (072 — [0 2u?) = 0. (5.6)

Multiplying (5.6) by (u* — wJ) we obtain the following equation and the conjugate
respectively:
i(uk —ud) (ub —ud)y + (uF —ud) (uF — )4

+ ([Pt — P ) (b =) + B ([0 P u” — o7 (uF — i) = 0

— i (P — ) (R =)y + (i — ) (R =) gy

+ (Ju*Puk — [ [Pl (ub — ) + B (v ub — |72 w/) (ub —u?) = 0.

Subtracting and integrating over € R we have
d , o
G =y = =20 [ (P = Pl (F =) da
- 26[m/(|vk|2uk WPl (F =) dz. (5.7)
R
In a similar way and performing similar calculations we obtain that

d . o
G0 =0l = —2m [ (P = o) (OF = o) do
R

- 2ﬂIm/(|uk|2vk — [ P07) (vF —vi)dx.  (5.8)
R
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We estimate in (5.7) the term

[ o = [P0 ] GF =) = [t = 2 o+ ol (0 = o)) (uF = )

= (Ju"P = ! ?) u* (uF =) + | jub — o]
then, using Holder’s inequality and ||a| — |b] | < |a — b| we obtain
Im/]RHuk|2u’C — |27 ] (uF — i) da
= Im/R( [uF)? — ! ?) u® (Wb — ) dx

= Im uF| = | uF W) uF (uk = ) dx
. AHI 1) (Jub| + o] ) u* (aF — ) d

< AHW%MMHWﬂ+WDWWM—MMx
Slémk‘“HWH+w4nwuw—unw
s|WWWWNWMMMM+WMWWWAJﬁ—me

= ||UkHL°°(]R) (Huk”L’-’C(R) + ||uj”L°°(R)) ||u® — Uj||2L2(R)-
That is,
2 Im/[\uk|2uk PR | (F =) da
R
< 2 [l poomy (1UP]] oo m) + 1[4 || oo ) ) 1uF — u |32 gy (5.9)
On the other hand

[ = [0 o) (F = a7) = (o (= ) (02 = o7 )] (uF = )

= R = I (o] 071 (o] = [o7]) G = )
then using Holder’s inequality and | |a| — [b] | < |a — b| we obtain
Im/[|vk|2uk Rl ] (aF =) da
R

= Im [ W (]* v V| = [07)) (uF = wd) dx
—I/R ([ + [7) (7] = [7]) (u¥ = ) d

< Amwwﬂ+wmmﬂ—wmw—wa
< \|Uj||Loo(R)(HUkHL°°(R)+|\Uj||Loo(R))/R|Uk—Uj||uk—Uj|d~’3
< 1 ey (10¥ gy + 7Ly ) [ — 262y 0% — 07| 2ry
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then
2 Im/[\wk|2uk — 024 | (uk — wi) dx
R

< Huj”Loo(R) ( Hvk||L°°(R) + ij||L°°(R)) (Huk - Uj||%2(R) + Hvk - Uj||2L2(R) ).
(5.10)

Hence, by replacing (5.9) and (5.10) in (5.7) we obtain
L .
it ||u —u]||2L2(R)

< 2 |[uFf gy (U] Lo @y + 107 e @) ) [0 — |72 gy

+ B 1wl Loy (10" || noe gy + 10722 (r) ) (= ]2y + [[0* = 07122 g) )-

(5.11)
In a similar way, we estimate (5.8)
2 Im/[|vk|2vk Wil | (OF = o) da
R
< 2Pz (0"l @ + 1107 | @) 10F = 07|22 ), (5:12)

and
2 Im/[|uk|2vk — [u? P07 ) (vF — i) dx
R

< H'UjHLOO(]R) ( ||Uk\|Loo(1R) + \|Uj||L°o(R)) ( Huk - Uj||%2(R) + ||UI’C - ij%?(R) )-

(5.13)
Replacing (5.12)) and (5.13) in (5.8)) we obtain
d ,
o Hvk - v’ ||%2(]R<)

< 2 [[oF]| ooy (0¥l Loomy + 107 || oo @) ) 110" — 07 || 72 gy
+ (07 oo @) (10| @) + 07| oo gy ) (1| = 07|22y + [[0F = 07| F2m) )-
(5.14)

Differentiating (5.0) with respect to the z-variable we have the following equation:

b uj):rt + (uk - uj)x:rx +( |uk|2 ut — |uj|2 w )

+ B Puk =2 ), = 0. (5.15)

Multiplying (5.15) by (u* — uJ), we obtain the following identity and its conjugate:
i (uF —ud)y (uF = u?) oy 4 (uF —wd), (uF — )

+ ([Pt = [P ud ) (uF —u)p + B (0P = 7P )y (uF — )y =0

— i (uf —u?)y (uF —w) gy + (uF —u?)y (uF — W) prn

+ (kP ok — w2l )e (uF —wd)e + B ([0F2 u* — 72w )e (ub —u?)z = 0.
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Subtracting and integrating over x € R we have

d . o
1 =) ey = = 2m [ (P = Pl ), (= ). do
R

- Qﬁlm/( [oF 2P — 072w ), (uk — ud), dz = 0. (5.16)
R
In a similar way and performing similar calculations we obtain

d . o
N =) ||Te@) = - 2Im/(lv’“l%’“ —[7]2 07 )y (vF —vT), da
R

—2ﬁlm/(|uk|2vk—|uj|zvj e (V8 —v3), dz. (5.17)
R

In order to estimate (5.16]), we have first that

(b2 ¥ — [od 2 ), (aF = ),
[P (u* =)o+ ([P = ! ), (uF = u)s
uF [2 Re(uF @*) — 2 Re(ul w) | (uF — uwi),
+ 2 Re(u. @) (u* — ) (ub — uwi),
= [P (" =)o+ (] = ]) (Ju*] + o)) uf, (uF =),
u® [2 Re(uf ©*) — 2 Re(u) @) ] (uF — wd),
+2 Re(u, @) (u* — ) (ub — )y,

then integrating and taking imaginary part in this last identity, we can estimate

Im/(|uk|2uk—|uj|2uj)gC (uF —ud), dx
/||uk|*|uj||||uk\+|uj|||u |[(u* — u),| do
Jr2/|uk| [l [u¥] = Ju] [w?]][(u* — )| dz

+2/|ug;||uf|\u || — )| de,
R
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then using Holder’s inequality and ||a| — ||| < |a — b] we have

Im/( F 2 — [l 2 Yy (F =) da
R
< /\u’“—uﬂ ] + ][] (¥ — )| de
R
+2|\uk||Lm<R>A[|u§|\uk|—\u ] (F — )| de

+ 20| ooy [ *ujllLoom)/luxll ut —wl)y| do

IN

[Ju* — UJ||L°<>(R) ( ||uk||L°°(]R) + HUJHLOO(R) ) HU?gHL?(R) [|(u* — Uj)m”L?(JR)
+ 2| oo ry | [uF ]| oo ) Ul 2y (0" = u?)a | 2Ry
+ 2 [|u¥]| oo ) [ || oo ) U] |22 Ry [[(0" = )] |22 ()

+ 2| [u || oo gy [ = w7 || ooy 2y (0" = w)allr2qz),

then using 2ab < a® + b2, we have

2Im/(|uk\2uk— [u? |? u? )y (uk — ud), dx

R

<l = gy (1l ey + el ey ) (1013 + 116" — )l 22 )
2l oo ¥l ey (1) + 1106 = w)al oy )
2l ey 107 ey (I oy + 0 = )y )

2 [0 ey |0 =l ey (Il ey + 105 = w)alfogy) - (5:18)
Continuing with the estimate of (5.16), we have

(0" b = 7 P )y (uF =),
= |vk| |(u* =)o + ([oF = o7 ) e, (uF — ud)s
u* [2 Re(vF 7") — 2 Re(v? v9) ] (uk — i),
+2Re(vj ) (uF — ) (WP — i),
=M — )P+ (0] — 7)) (0¥ + o)) (= ),
u* [2 Re(vE T%) — 2 Re(vl 07) ] (uF — u),
+2 Re(v)07) (uF — w?) (uF — i),
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then integrating and taking the imaginary part in this last identity, we can estimate

Im/(|vk\2uk Rl )y (0 =), da

R
/R| WP — 7| | [ [0F] + [o7] | [ud] [(uF = w?), | da
+ /R|Uk| [2[0F] [o¥] = 2[0d] [07]] |(u* — u!)y| da

42 [ Jodl 7] o = ) (= )| d,
R
then using Holder’s inequality and ||a| — ||| < |a — b| we have

Im/(|vk\2uk IRl ), (aF = 0d), da
R
/'Uk — o7 | (JoF] + [07]) [ul] [(u* — )| dz
R
+ 2||uk|\Loc(R)/RHU’;§| [ = o] [7]] |(u* = )| da

2 e Nl — | / i ] [ — )] de

IA

[|o* — 'UjHLOO(]R) (||’UkHL°°(R) + ||'UjHL°°(]R) ) ||U;HL2(R) (" — Uj)m||L2(R)
+ 2 [Ju¥ || oo r) 10| Lo ry VB 2Ry ([ (0" = u?)a ]| 2Ry
+ 2 [[u¥]| oo ) [1V7] | Loo ) [V 2Ry [|(0F = 07)a | L2(R)

+ 2|0 L gy 10" = @] Ly 0 L2y (" = 7)o 22),

then using 2ab < a? + b%, we have

2Im/(\vk|2uk — [P ud ), (uk — i), do
R
< k_ g k j k_d) |12
< T =z ) (07 ||y + [V || Loo(m) ) ||quL2(R + [[(w” — )z |[L2(m)
2 [l ey 0¥ ey (1R eqy + 110" = 0ol Faey)

2|l ey 107 ey (11021 + 165 = w)aeqgy

+ 2|07 ey 0 =gy (10311 eqg) + 1105 = w)alFamy) - (5:19)
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Replacing (5.18) and (5.19) in (5.16]) we have

IN

+ + + + o+ o+

G~ ) e

[ = ooy Clle oy + e ooy ) (113 aqay + N6 = 0)elFay )
2 ey el ey (bl + 110 =)l e ey )

2 | ey 1o ey (Il gy + 1108 = 0oy

2 [0 ooy [0 = 0l ooy (Il 2y + 10" = )l Fogey )

810" = [y (Il iz + 071 pe ) (Il oy + 110 = w)al Foqey )
2 B[l oo e 0 ooy (105N + 110 = 0l ey )

2 8[| o e 17 llemy (I213eqm) + 10" = )l 22w )

+ 28107 |l 1e* = /]y (I121Ba) + 110* =) lBagy) - (5:20)

In a similar way and performing similar calculations we obtain in (5.17) that

d .
it I (”k —v')s ||%2(]R)

+ + + 4+ o+ o+ 4+

0% =07l ooy (0¥ ooy + 10 ooy ) (021 ay + N 0F = 0)allFe ey )
20"l oo e 0 ey (11051 2y + 11 0F = 09Dl 2y )
210 oo sy 107 ey (I 32y + 110% = 07l By
2|07l 0" = ey (02 ey + 110° = vl Ry

k J k j 7112 k VAT
Bllu* = /oo my (Il ey + Il ey ) (11031 2y + 11 0° = 0)a ey )
2810 oo el (11eE13am) + 1% = 0)alFaqw))
28110 ooy 1 ey (Iud] 2y + 1 0° = 0)al ey

2 8[| ey 1% = ey (10412 + 110 =0 )alfemy) - (5:21)
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Finally, using (5.11), (5.14), (5.20) and (5.2I) we have

& Tl = By + 1195~ e
< 2 |y (e ooy + 1] ey [0 = 0] 2y
+ 2HUkHLoo(R)(||Uk||L°o(R)+||Uj||L°°(R))HUk—Uj||2L2(R)
Il bl e + 0l ) (et = 0|y + 0" = 07 gy )
ol = ey by + 107 e ) (I ey + 1105 = )l Fogey )
2 e oy (g + 165 = )l oy )
2t e ey (] ey + 1106 = 0)al ey
+ 2l ey [ — ey (el gy + 11— w)a ey )
o = e (108l + 110 ey ) (110213 + 110 = o)l Fay )
20 e 1wy (0B + 10F = o)l Baw))
+ 2ol 1@y (0312 + 105 = 0)alZeqr))
2010 ey I10F = 0] ey (1031 + 1 0F = o)) )
+ Bl N my (Mo + 1107 ooy ) (1l = 0| Baqgy + 1% = 07 32z )
+ Bl = ey (10l + I llzemy) (1 le + 16" = @)l ) )
+ 28l e 10 oy (1053 + 10" = w)a e )
2Bl 1 oy (002 + 0 = 0ol ey )
+ zﬁ”vj”Lw(]R) ||Uk—uj|\L°°(R) (||v%|||%2(R)+||(uk_uj)x||%2(]R)>
Bl = ey (bl ey + 1 ) (10212 + 10F = o) ey )
+ 20 ||UkHL°°(R) ||uk||L°°(R) <||U];||2L2(R) + ||(Uk - vj)w“%%n@)
+ 280 e ey (Il ey + 10° = o) ey )
+ 281l 10 = 0l (e + 10 = o)l 3acx)) (5:22)
hence
& et = By + 0%~ ey | S o+ en [k = By + [ = v ey
Now, using Gronwall’s inequality, the result follows. a

Lemma 5.2. Form = 1,2, 3, ..., n, {(J™u*, J"")} is a Cauchy sequence in
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C([0, T]: L*(R)) x C([0, T] : L*(R))
| T — T ([ gy + || 0% = T |[72m

< oT) [H z™ “]5 —a™ U% HiQ(R) + =™ Ug —a™ Ug ||i2(]R) (5.23)

for any T > 0, where ¢(T) is a positive constant independent of k and j.
Proof. Let (u*, v¥) be the solution of (I.1)-(1.4), then applying J™ to (5.2)-(5.5)
we have

i (J™uR) + (T g + T (PP ) + BT ([0 Pub) =0 (5.24)

Z(Jm k)t“l‘(Jm k)z +Jm(| k|2 k)—l—ﬂjm(|uk|2 k) -0 (5.25)

) (Jmu])t + (Jmuj)m + Jm(|uj\2u3) + ﬂJm(|U]|2u3) =0 (5.26)

i (J™07) + (T ) g + T (07207 + BT (Ju? 207) = 0. (5.27)
Subtracting (5.24) with (5.20) we have

i (JMuP — Tl 4 (T — T
+ I ([P Pat) = T ([ Pa?) + BT ([0 Pub) = BT ([0 *u?) = 0(5.28)
Multiplying (5.28) by (J™uF — J™ud) we have
i (Jmauk — Jmud) (J™uk — ™)y + (Jmuk — Jmad) (T — T )
+ (Jmuk = Jmad) [T ([uf Pu®) = T (e P ) ]
+ B (Jmuk — Jmad) [J™(|[o" Puk) — T (|07 )] = 0

— i (J™uk — Jmud) (Jmuk — Jmad ), + (JuE — T ) (Jmuk — Jmud) ,,
+ (T — ) [ () — (o P )
+ B (Jmuk — Jmud) [Jm(Jok 2 uk) — Jm(Joi2ud)] = 0. (applying conjugate)

Subtracting and integrating over x € R we have
d m m, j
T T — T2 )
= - 2Im/[Jm(|uk|2uk) — J™(|u? Pud)] (Jmuk — Jmud) do
R
- QBIm/[Jm(\kauk) — J"(|v Pud)](Jmuk — Jmud)de. (5.29)
R
In a similar way we obtain
d m m, J
T |7 0% — T |72
= - 2]m/[]m(\vk|2vk) — I (|07 Po?) | (Jmok — Jmud) da
R

- QﬁIm/[Jm(|uk|2vk) — J™(|u? Po?) | (Jmok — Jmed)de. (5.30)
R
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We estimate now (5.29) using Holder’s inequality
d "
o |7 U — T2
= - QIm/[Jm(\ukFuk) — J™(|u? Pu?)] (Jmub — Jmud ) da
R

- 25]77"L/[J"”‘(|vk|2 uF) — T Pu?) | (Jmuk — Jmud) da
R

< 2T PuF) = T (1 Pud) || ey || T — T | ey
+ 28| (W Py = T (P ) Loy (1T = T || 2wy
< 2 (™ (WFPu) 2y + 11T (0?2 0/ 2y ) ([T 0" = T[] 2wy

+208 (117" (0 )2y + 17 (07 @) |2y ) 1T u® = T 2y -

Using (4.14) and (4.21) we have

d m m, j
%HJ uF — T |32 gy

< 2 (™R P ) 2wy + 1™ (W Pu?) | L2y ) [T 0F = T || 2wy
+23 (\|Jm(|vk|2uk)||L2(R) + ||Jm(|”j\2uj)|\L2(R)) [[J™ b J™u? || L2 w)
< 2 (e I || 2yl [P oo ry + 2 [T 07 || L2y |07 || oo r)) [T ™0™ = T ™0 || 2wy

(p+q) ] 2m m m—r)/m
+ w(cs > [ 0 gy + 10 gy | 1ol e

ptg+r=m -
X ||JJm b - JmujHLz(R)
(p+Q) m,. J r m,.j ] 2 +
+ 28 ((:4 Z {m 1T 07| 2wy + - [T || L2y | ] JHLOOmR)(p Q)] /m||uj|\(£fo [E))/m
ptq+r=m -
x|l = I || e

Using that 2ab < a?+b2, (4.1)), (4.9) and by a straightforward calculation we obtain
d m, k m, j1|2 m, k m, j1|12
%HJ u’ = J" |[fary < ofT) + [|J"u” — T |72k,
In a similar way we obtain
d m, k m,.J m, k m, 71|12
2 TR = T Ly < e(T) + (|70 = T ||y
from where (5.23) follows. O

Remark. If the assumption (1.10) holds, then

et /My e CR\{0}: H™(R))  and  ¢'"'/4tv € C(R\{0} : H™(R))
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Proof of the Main Theorem. From Lemma 5.1 and Lemma 5.2 we obtain that there
exists u = u(x, t) and v = v(x, t) satisfying (1.5) and (L.6) and such that for any
T > 0 we have

u®  — w strongly in C(R: H'(R))
v*  — v strongly in C(R: H'(R))

and

Jmuk —  J™u  strongly in C(R: L%*(R))
JmF  —  J™y  strongly in C(R: L%*(R)).

It is easily verified that (u, v) solves (L.1)-(1.4) and satisfies (I.7)-(1.10). The proof
then follows. O

Corollary 5.1. If the hypotheses in Theorem 5.3 are satisfied, then

(5] (3]
we () C™MR\{0}: C" 2" HR))  and  we [) CT(R\{0}: C"T*TH(R))

m=0 m=0

Corollary 5.2. If (z" ug, 2" vg) € L?(R) x L*(R) for all n € N in Theorem 5.3,
then the solution (u, v) of (L.1)-(L.4) is infinitely differentiable in x and t fort # 0.
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