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A comparative study of the control of two beam models

Vilmos Komornik, Paola Loreti And Giorgio Vergara Caffarelli

ABSTRACT: We study the well posedness and the controllability of a realistic beam
model. It turns out that for some values of the papameters it is controllable, while
for other values it is not even well posed. In order to solve this problem we also
give a general abstract necessary and sufficient condition of well posedness of linear
distributed systems.
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1. On the well posedness of linear systems

Consider the linear evolutionary problem

v =Ay+f, y(0)=wo (1)

in a complex Hilbert space H. Assume that H has a Riesz basis e, ea,. .. formed
by eigenvectors of A, corresponding to complex eigenvalues A1, Ag, ...:

Aer = e, k=1,2,...

We are going to study the well posedness of this problem. It is rather well-known
that the condition
C :=sup R\, < 0

is sufficient for the well-posedness. It seems to be less known that this condition
is also necessary. For the reader’s convenience we prove both results. Fix T' > 0
arbitrarily.

Definition 1.1 Given f € L?(0,T; H) and yo € H, a solution of (1) is a function
y € C([0,T], H) satisfying y(0) = yo and such that

T
/ ye' + (Ay+ fle dt =0
0

for all test functions ¢ € C(0,T).
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Theorem 1
(a) If C < oo, then the problem (1) has a unique solution for every yo € H and
f € L*0,T;H). It is given by the series

y(t) = g(k v M (5) ds e @)

converging in C([0,T], H), where the coefficients ¢, and fr(s) are given by the
expansions of yo and f(s) according to the Riesz basis (ex):

Yo = Z CkCk;
k=1
f(s) = ka(s)ek.
k=1

(The last expansion holds true for almost every s € (0,T).)
(b) If C = oo, then there exists yo € H such that the problem (1) has no solution
(defined on the whole interval [0,T]) for any f € L*(0,T; H).

Remark 1 The proof will show that if C = oo but

Z |Ck|2625ﬁ)\kT < 00

k=1
and .

© 1/2
| (e i) as <,
0 k=1

then there still exists a unique solution y € C([0,T), H).

Proof:[Proof of part (a)] Assume that (1) has a solution y and expand it into a
series according to the Riesz basis (ex): we obtain for each ¢t € [0,7T] an expansion

y(t) = yk(t)er.
k=1

Using the definition of the solution, we obtain for each k& that

U () = My + fr, uk(0) = ¢,

whence .
y(t) = et +/ M3 £ (s) ds.
0

This proves the uniqueness of the solution and also the validity of the series repre-
sentation (2).
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It remains to verify that under the assumption on yo and f the series (2)
converges in C([0,7T], H). One can then easily show that its sum is a solution of
(1). Since the space C([0,T], H) is complete, it suffices to prove that the partial

sums of the series
oo
E cke’\ktek
k=1

and
Z/ t q)fk )dS (3

form two Cauchy sequences in C([0,T], H).
Since (ey) is a Riesz basis in H, there exists a constant ¢ > 0 such that for
every © € H, its expansion = ) xey, satisfies the inequalities

Y el < lzly < el

We shall frequently use these inequalities in the sequel.
For n > m we have

n 2 n n
H Z Cke/\ktekHH <ec Z x| 262Nt < 20T Z lex|2.
k=m-+1 k=m-+1 k=m-+1

We conclude by noting that the last expression does not depend on t € [0,T] and
that it converges to zero as m,n — oo because

oo
S Jerl? < cllyoll < .
k=1

Similarly, for n > m we also have

Z / (t— ka ) ds Bk /H Z e (t— S)fk )ekH ds

k=m+1

CT/ Z |2 ds
k=m+1
/ H Z fk 6k ‘ ds.
k=m+1

The last expression does not depend on the particular choice of ¢ € [0,T]. More-
over, thanks to our assumption f € L'(0,7; H), it tends to zero as m,n — oo.
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This completes the proof. O
[Proof of part (b)] Choose a subsequence (Ag,) satisfying
%)‘ke > ee
for £ =1,2,..., and set
> 1
Yo = Z Zekz .
=1

Since Y 1/¢? < oo, we have yo € H. We claim that for f € L?(0,T; H) given

arbitrarily, the problem (1) has no solution defined on the whole interval [0, T'.
Assume on the contrary that for some f € L?(0,T; H) there exists a solution

y € C([0,T]; H). Then, repeating the beginning of the proof of part (a) above, y

is given by the series (2) with ¢, = 1/¢ for all £ and with ¢; = 0 otherwise.
Observe that since

T T
/O Fu(s) ds < / SO ds = 112 0.mumr) < 00

there exists a constant C' such that

T
/ |fk(5)|2 ds < C forall k.
0

Since y(T') € H, it follows from (2) that

| Ak, T T N 2 )
Z‘ é +/0 AT f, () d5’ < cly(T)|I < oo. (3)
=1

Hence all but finitely many terms of the sum are smaller than 1. Since

e}\kéT T
’ n / ke (T=9) g (5) ds‘
0

L
2 ot (o ([ e 1) o)

> em)"frtzT(1 — 70 )
- 0 (2RN,)V/2 )7
we conclude that for all sufficiently large ¢ we have

1 C
R e, T = 1
e (e (2m,w)1/2) <

so that

1 1
C > (2§R)\m)1/2<z - W)

But this is impossible because the right hand side tends to infinity by the choice
of )‘kr O
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2. Control of Kirchhoff beams

Given three numbers a, b, ¢ > 0, consider for a given (time) T > 0 the following
problem:

atgy + b*Upppr — Clpize =g in (0,m) x (0,7),
u(0,t) =u(m,t) =0 for 0<t<T,

Uz (0,8) = Uge(m,t) =0 for 0<t<T,

u(z,0) = u’(z) and ws(z,0) = ul(z) for 0<z <.

We may rewrite it in the form (1) by setting

y= (St) f= ((a[—(c)A)_lg) and A = (—b2(al —OcA)—1A2 é)

Set ‘ ‘
D) :={ve H(0,7) : v(0)=v(mr)=0}, j=1,2

and
DI = {ve H(0,7) : v(0) =v(r) =2"(0) =" (1) =0}, j=3,4

for brevity. Equivalently, D7 is the completion of the vector space generated by
the functions sinkx, k = 1,2, ..., with respect to the scalar product

o0
(u,v); == Z k ugog,
k=1

where
[ee] (oo}
u(x) = Z ugsinkr and wv(x) = Z v sin k.
k=1 k=1
(Note that this definition enables us to define a Hilbert space D’ for each real j.

Consider the Hilbert space H := D* x D3. One can readily verify that f €
LY(0,T; H) if and only if g € L'(0,T; D'). Furthermore, setting

+ 1 ) sin kx " +ibk?
et = SIMMT - ond AE = 22
g (Af ket b Vatck?

for k=1,2,..., we have a Riesz basis (ef) of H, formed by eigenvectors of A with
the eigenvalues )\f.

Since the eigenvalues )\ki are purely imaginary for all sufficiently large k, apply-
ing Theorem 1 we conclude that our problem is well posed. Hence for every

uw’ e D, w'eD?® and geL'(0,T;D'),
the problem (4) has a unique solution satisfying
we (0, 7); DY) N ([0, T, D*) 1 C*([0, T}; D).

We are going to prove the following exact internal controllability result:
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Theorem 2 Given u® € D* and u' € D? arbitrarily, there exists a function g €
L>(0,T; DY) such that the solution of (4) satisfies

w(z, T) =u(x,T)=0 forall 0<zx<m. (5)

Proof: Let us write the solution of (4) in an explicit form. Developing u, g,
u® and u! into Fourier series according to the orthogonal basis (sin kz) of L2(0, )
(which is also an orthogonal basis in Hg(0,7) and in (H? N H{)(0, 7)), we have

where k runs from 1 to co in all sums. Substituting these expressions into (4), we
obtain for each k the initial-value problem

{au% + ck*u}l + b?k*uy, = g, in (0,7, (©)

uk(z,0) = ul(z) and uj,(z,0) = up(x) for 0<z <.
Let us solve (6) for ug. Since the characteristic equation
(a+ck> )N +b’k* =0
has two distinct roots
ibk?
Va+ ck?

applying the variation of constants formula we find that

A=+ =: £y, (7)

u 1 b sinyg(t — s)
up(t) = ud cosyit + —£ sin vt + / s) ds. 8
(1) = ueon st + P sinyt 4 —— [ B ) ®)

Let us try to find controls of the form
gr(t) = ag cos Ve (T —t) + B sinye (T — 1) (9)

with suitable coefficients ay and (. Substituting this expression into (8), the
conditions (5) are equivalent to u,(T") = u(T') = 0 for each k, which leads to the
system of linear equations

'ykug cosviT + u,lc sin vy, T
1

T
+ m/o sin g s(ag cos Vs + Ok sinygs) ds =0
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and

— Wkug sin v, 1T + u,lC cos v T
1

T
_— cos cos si ds = 0.
PR /0 Yis(ay cos xS + Ok sinygs) ds

This system can be solved uniquely for o and § because its determinant

T . d
Jo sinyescosyys ds

T .

Jo sin? ys ds
T 4 J
Jo cos® s ds

T . d
Jo cosykssinys ds

is strictly negative. Indeed, this follows from the Cauchy—Schwarz inequality be-
cause the functions sin~s and cos ;s are linearly independent in L?(0,T).

Let us investigate the asymptotic behavior of ay and G for large k. From (7)
we deduce that

b
= —k =:dk.
Yk NG

Here and in the sequel the notation a; =< br means the existence of two positive
constants ¢; and ¢y such that

crag < by < coag
for all k. Therefore we have

/T . 1 — cos 2y, T
sinygs cos Vs ds = ————— —
0

47k
/Tsinzw gs = L sl T
0 2 4k 2
T .
T 2y T T
/ cos® yys ds = = + 20k 2
0 2 2

0,

Hence

ap < dk and ﬂk = ,ék
where &, and ), denote the solutions of the system

k3l cos dkT + k2upd ' sin dkT + (2d) T = 0,

— dk*uf sin dkT + k*uj, cos dkT + (2) ' Téay, = 0.
We conclude that

o] + 18i] = B2 ([kug] + [ugl).
Using (9), there exists thus a constant C' > 0 such that

|91 < (Jaw| + 181])* < 202k (|ku|? + Jug[*)

65
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for all k and for all 0 <t < T, and then
4 2
192 0.my = /O S gu(kcoska| da

Z|gk(t)|2k2/ cos? kx dx
0

™
= §Z|9k(t)|2k2
< O ST KA (KRR + [l )

= Cn([[u’lHs + llut )

for all 0 <t < T. This proves that g satisfies (6). O
One can show that the choice (9) leads to the control of minimal norm. Indeed,

putting Ry (s) = sinv, (T — s) for brevity, for any control gi(t) we deduce from the
equalities ug(T) = ul(T) = 0 that

1 T
0 Uy . 1 ‘/
up cosvip '+ —=siny. 1| = ————— R (s s) ds
| k Yk e Yk | ‘(G—FC]CQ)’}/]{;‘ 0 k( )gk( )

1
Rell -
= \(a—i—ckQ)vk\H k” ”ng
whence
1 T
lugyk cos T + uy, siny, T'| = m‘/o Ry(s)gr(s) ds
1
< — 1Rl llgkll,
= |G+Ck2|H k” ”gk”
and
0 1 1 T 1
. — /
| — wpyi sin v, T + uy cos v 1| = |a—|—ck2‘/0 Ve Ri(5)gr(s) ds
1
< — || Rg|l -
= |a—|—ck2\H k” ||g/€||7
so that
up Pl l® + Jup? = [a + k|2 (IRel1® + v 2 I REI) - llgwll-
Since

1R I? + 2 1By N1* =T,

it follows that
lgrll® = T~ a + kP ([up*lyel® + [ui[?),

with equality if and only if g is a multiple of Ry by the condition of equality in
the Cauchy—Schwarz inequality.
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3. A beam model of bending waves. The well-posed case

Given three positive numbers a, b, ¢, consider the problem

Ugger + 20Ut + b Uprze — 2CUe = g 0 (0,7) x (0,T),
w(0,t) = u(m,t) = Ugs(0,8) = Ugy(m,t) =0 for 0 < t < T,
u(z,0) = u®(x), us(x,0) =ul(z) for 0 <z <,

(2, 0) = u?(x), u(z,0) =ud(x) for 0 <z <7

(10)

for some given time T > 0. Let us rewrite it in the form (1) by setting

U 0 0 I 0 0
o o [ o o I 0
U=\, |" = o] & A= o o 0 I
Uttt g —b2A%2 0 —2(al —cA) 0

Introducing the same Hilbert spaces D7 as in the preceding section, now consider
the Hilbert space H := D* x D? x D? x D*. We have f € L'(0,T; H) if and only
if g € L'(0,T; D). Furthermore, denoting for each positive integer k by Ag1,. ..,
Ak4 the four numbers given by the formula

i\/—(a + ck?) £ v/a2 + 2ack? + (2 — b2)k*

and setting

1

Aij | sinkx
erj = )\zj T

AL

one can readily verify that every ey; is an eigenvector of A with the eigenvalue Ay,
and that these vectors form a Riesz basis in H.
For large k we have

Mej = (£ —c £ V@ B2k, j=1,2,3,4. (11)

If ¢ < b, then these formulas show that the real parts of the eigenvalues are not
bounded from above, so that the problem is ill-posed. On the other hand, if ¢ > b,
then they are bounded from above (indeed, they are purely imaginary apart from
maybe a finite number of terms), so that the problem is well posed. More precisely,
applying Theorem 1 we obtain that for every given

uw e D w'eD? vw?eD? weD' and ge L'(0,T;D'),

the problem (10) has a unique solution u in

N (0.7 0*)
j=0
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with D° := L2(0,7). In the rest of this section we restrict ourselves to the case
¢ > b. Then the problem is well posed and the four roots Ay, are pairwise distinct
for each k. We study the exact internal controllability of this system. We are going
to prove the

Theorem 3 Assume that ¢ > b. Given u® € D*, u' € D3, u?2 € D? and v® € D!
arbitrarily, there exists g € L>(0,T; D) such that the solution of (10) satisfies

w(z,T) = w(x,T) = up(z,T) = ugee(x, T) =0 forall 0<z<m.

Proof: Developing u, g, u°, u', u2, v? into Fourier series according to the functions
sin kz as in the preceding section, now we find for each £ = 0,1,... the following
system:

u” +2(a + ck*)uj + b2ktu, = g, in (0,7,
up(z,0) = upo(z), up(z,0) =upi(z) for 0<az<m,
up(x,0) = upa(x), v} (z,0) =ugg(z) for 0<x<m.

Since the four roots Ay; are distinct , the solution of this system has the form

ug(t) = kaje“ﬁ _1_/0 Ry (t — s)gr(s) ds (12)

where Ry is the resolvent of the system given by the formula

e)\klt
Ry (t) =:
k() (A1 — Ak2) (Ak1 — Ak3) (Ak1 — Aga)
6)\)€2t
_|_
(A2 = A1) (Ae2 — Ak3) (Ak2 — Aka)
e)\kgt
Jr
(Ak3 — A1) (Aes — Ar2) (Akg — Aka)

6)\k4t

4
=: Ry (t),
>\k4 — Akl)()\kﬁl - )\}c2)()\k4 - /\k?)) ; kj( )

_|_
(
and the complex coefficients vy; depend on the initial data via the linear system
3
Z)\Zjvk.j =Upp, p=0,....,3.
§=0

It is natural to seek controls of the form

4
gr(t) = ZQMRM(T —t) (13)
=1
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with suitable coefficients gx¢. Substituting into (12), the “final” conditions
uWP(T)=0, p=0,...,3

are equivalent to the following linear system:

4 4 T
DAL vt 4 ngij/ Rij()Rie(t) dt = 0,p = 0,...,3. (14)
j=1 0

jil=1

The determinant of this system is different from zero by the general theory of
linear ordinary differential equations. Furthermore, since the eigenvalues are purely
imaginary for all sufficiently large k, using also the asymptotic relations (11) we
obtain that

’I“j lf] = é 5

T
kG/R-tR t) dt —
; kj (1) Rie(t) {o 40

where the r1,..., r4 are strictly positive numbers depending on a, b, c¢. Using these
relations we deduce from (14) that

6
~ _k‘;eka

gkj ~ Uk

Ty
if k is sufficiently large. It follows from the definition of the functions Ry;, from
(11) and from the fact that the real parts of the eigenvalues are bounded from

above, that
|Ryej (t)] < k™

for all k, j and 0 < ¢t < T with some uniform constant ¢. Using the last two
estimates, we deduce from (13) that

4 4
lgk()] < k™2 lgri| < K oy
j=1 j=1

with another constant ¢’, independent of k. Finally, since

4

o0 oo
lg®lHe < "> K ge@)? < ™Y K Jogi[* < oo,
k=1

k=1 j=1

we have g € L°°(0,T; D') indeed. O

4. The beam model of bending waves. The ill-posed case

If ¢ < b, then the problem (10) is generally ill-posed. However, according to
the remark following the formulation of Theorem 1, for certain initial data there
still exist global solutions. It is then natural to study the existence of controllable
states.
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Using the notations of the preceding section, we may still assume that the four
roots Ay; are pairwise distinct for each k. Let us order them such that

R > Rz > Rz > RApa

for each k. We may repeat the computations of the preceding section, by only
changing the asymptotic relations for the integrals in (14). Now we have

T TS
KOET Ak =N / Ry (R0 de — 77 725
0 0 if J 7& l,
where the r1,. .., r4 are nonzero numbers depending on a, b, c. Using these relations

we deduce from (14) that

6
~ ,Iie)\ij

gkj ~ Uk
J > J

if k is sufficiently large. It follows from the definition of the functions Ry;, from
(11) and from the fact that the real parts of the eigenvalues are bounded from
above, that

|Riej (1)] < ck™

for all k, 7 and 0 < ¢t < T with some uniform constant c¢. Using the last two
estimates, we deduce from (13) that

4 4
lgk(t)] < k™) " lgri| < B fowy
j=1 j=1
with another constant ¢’, independent of k. Finally, since

e’} o) 4
lg@lIHr < "D Klge@))> < ™Y kY fowyl* < o0
k=1 k=1 Jj=1

so that g € L>(0,T; D') indeed.
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